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This paper develops a cooperative fencing control scheme of networked second-order nonlinear agents with multiple moving targets. A

position-only distributed observer is designed to estimate the center state of the targets. Then, to ful�ill state estimation, an optimal fencing

controller is designed to achieve evenly distributed fencing of multiple targets via output feedback and adaptive neural optimization. Sig-

ni�icantly, the asymptotical stability of the closed-loop system governed by the proposed collective fencing control law is guaranteed by the

input-to-state (ISS) principle under nonlinear dynamics constraints. Finally, illustrative simulations are provided to show the effectiveness

of the proposed fencing scheme.
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1. Introduction

Over the years, a mainstream research theme of multi-agent

systems (MASs) is coordinated formation [1–3], which has

been widely explored by a large volume of studies during

the past decades. Therein, a leaderless framework [4] was

initially studied to address the regulation problem, which

is essentially a consensus problem, as it involves regulating

the agents to achieve agreement in certain states. For more

sophisticated consensus tracking and following problems,
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the leader–follower framework [5] will be adopted, where

the leader (i.e. target) is governed by prescribed trajectories.

So far, most of the efforts are focused on only one leader.

Regarding more complex multi-leader scenarios, one kind of

representative work is the containment control [6], which

regulates a group of followers to converge to a convex hull

formed by the leaders. Conversely, fencing control acting as

an inverse problem of the containment control is to drive

a group of followers to fence (encircle) the leader(s) (i.e.

targets) in a convex hull [7–9], which has drawn extensive

attention for its application potential in collective convey,

perimeter surveillance, collaborative escort, patrolling, and

so on [10, 27].

Previously, most of the works concentrated on one

target or target case with the easily available center

of targets, where the target can be either stationary

[11, 12] or motional [13, 14]. As a pioneering work, a
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limit-cycle-based strategy was developed to form a circu-

lar formation for the target [11]. Later on, a cooperative

controller consisting of attractive, repulsive, and rotation

components was designed to fence a specified target [12].

Unfortunately, stationary targets are generally impractical

in real fencing applications, which has thus motivated more

recent efforts devoted to fencing for motional targets. For

instance, a distributed controller was developed to form a

circle formation with direct topologies [13] and switching

topologies [14], respectively.

Due to the more sophisticated environment and com-

plex tasks, more researchers were attracted to study the

fencing problem with multiple targets, where the core

challenge lies in deriving the center state of targets by

the followers. However, such a kind of central informa-

tion may not be directly accessible to all followers, par-

ticularly when they can only reach a limited number of

targets. As a representative work, Chen et al. [15] first

addressed multiple stationary leaders enclosing problems

under an estimation-and-control frameworkwith connected

topologies. Afterward, Shoja et al. [16] proposed an adap-

tive controller for networked nonlinear and heterogeneous

agents. Unfortunately, the relevant existing works [15, 16]

only consider first-order systems and have not touched

higher-order dynamics, which is more practical in industrial

unmanned systems, sensor networks, mechanical systems,

etc. To this end, Shi et al. [17] presented a fencing con-

troller for linear second-order MAS with the assistance

of Lasalle’s invariance principle. Li et al. [18] afterward

extended the targets enclosing problem with a smooth

estimator for the center of targets. Dong et al. developed

a time-varying formation control protocol with multiple

targets of either linear [19] or nonlinear dynamics [20],

respectively. Moreover, Hu et al. [21] proposed an adap-

tive fencing controller to encircle multiple moving targets

with unmanned surface vessel dynamics, which was after-

ward extended to the fencing control of scattered moving

targets [22].

It is still worth mentioning that the nonlinear con-

straints formanother researchhotspot inMAScontrol,which

intensifies the challenging evenly distributed fencing con-

troller design. Till now, lots of efforts have been devoted

to dealing with the nonlinear constraints in MAS forma-

tion. They canbe accordingly classified into control protocols

[23, 24] and optimization methods [25, 26]. However, due

to the challenges in stability analysis of nonlinear coupling

dynamics, it remains a dilemma to design a collective fencing

control protocol for nonlinear MASs governed by nonlinear

constraints.

To this end, we hereby seek to address the con-

strained fencing control problem of networked second-

order nonlinear agents with multiple motional targets. The

contribution is two-fold:

(1) Develop a position-only distributed observer for the

center of multiple targets with disconnected topology

among followers.

(2) Propose an adaptive fencing protocol for constrained

nonlinear second-order agents to evenly fence multiple

targets via output feedback and adaptive neural opti-

mization, respectively.

The rest of this paper is organized as follows. Section 2

formulates themain problem. Section 3 designs a distributed

observer and develops an evenly distributed fencing control

scheme via output feedback. Section 4 conducts extensive

simulations to verify the effectiveness of the present design.

Conclusions are finally drawn in Sec. 5.

Throughout the paper, ℝ,ℝ+ denote the real and

positive real numbers, respectively. ℝ𝑛 denotes the 𝑛-

dimensional Euclidean space. ‖ ∗ ‖ is the Euclidean norms,

1𝑚 = [1,… , 1]T ∈ ℝ𝑚, 𝐼𝑛 ∈ ℝ𝑛 is the identity matrix.

(∗)𝑖,𝑗 represents the (𝑖, 𝑗)th entry of matrix (∗), 𝜆min(∗) rep-

resents the smallest eigenvalue of matrix (∗), and ∇(𝑓) is the

gradient of function 𝑓.⊗ denotes the Kronecker product.

2. Problem Formulation

We consider an MAS with 𝑛 + 𝑚 agents, where the commu-

nication topology is denoted to be 𝐺(𝜈, 𝜀)with the vertex set

𝜈 = [𝜈1, 𝜈2, … , 𝜈𝑛+𝑚] and the edge set 𝜀 = 𝜈 × 𝜈. 𝐴 = [𝑎𝑖,𝑗] ∈

ℝ(𝑛+𝑚)×(𝑛+𝑚) is the adjacency matrix, where 𝑎𝑖,𝑗 = 1, 𝑖 ≠ 𝑗,

if (𝜈𝑖, 𝜈𝑗) ∈ 𝜀, and 𝑎𝑖,𝑗 = 0 otherwise. Self-loop is not allowed,

i.e. 𝑎𝑖,𝑖 = 0. 𝐿 = [𝑙𝑖,𝑗] ∈ ℝ(𝑛+𝑚)×(𝑛+𝑚) denotes the Laplacian

matrix, where 𝑙𝑖,𝑖 = ∑𝑛+𝑚
𝑖=1,𝑖≠𝑗

𝑎𝑖,𝑗 and 𝑙𝑖,𝑗 = −𝑎𝑖,𝑗, 𝑖 ≠ 𝑗.

Here, 𝐺(𝜈, 𝜀) of the MAS can be divided into followers

and targets, where the vertex 𝑖 is a follower if it has neigh-

bor(s) and a target otherwise. Let ℱ = [𝜈1, 𝜈2, … , 𝜈𝑛] and

𝒯 = [𝜈𝑛+1, 𝜈𝑛+2, … , 𝜈𝑛+𝑚] denote the follower and target

subsets, respectively, without generality. To distinguish the

follower group and target group, we hereby separate the

matrix 𝐿 into two parts, namely,

𝐿 = �
𝐿1 𝐿2

0𝑚×𝑛 0𝑚×𝑚
� , (1)

where 𝐿1 ∈ ℝ𝑛×𝑛, 𝐿2 ∈ ℝ𝑛×𝑚, 0𝑚×𝑛 ∈ ℝ𝑚×𝑛, and 0𝑚×𝑚 ∈

ℝ𝑚×𝑚 represent the zero matrices.

The agent’s dynamic can be described to be

�

𝑥̇𝑖(𝑡) = 𝑣𝑖(𝑡),

𝑣̇𝑖(𝑡) = 𝑓𝑖(𝑣𝑖) + 𝑢𝑖(𝑡) + 𝑑𝑖(𝑡), 𝑖 ∈ ℱ,

𝑟̇𝑘(𝑡) = 𝑣𝑑, 𝑘 ∈ 𝒯,

(2)
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where 𝑥𝑖(𝑡) ∈ ℝ2, 𝑣𝑖(𝑡) ∈ ℝ2, 𝑟𝑘(𝑡), 𝑣𝑑 ∈ ℝ2 denote the posi-

tions and velocities of follower 𝑖 and target 𝑘, respectively;

𝑓𝑖(𝑣𝑖) ∈ ℝ2 is an nonidentical nonlinear function concerning

with the velocity 𝑣𝑖; 𝑢𝑖(𝑡) ∈ ℝ2, 𝑢min ≤ 𝑢𝑖 ≤ 𝑢max denotes

the constrained control input with 𝑢min, 𝑢max being the con-

stant values; 𝑑𝑖(𝑡) ∈ ℝ2, ‖𝑑𝑖‖ ≤ 𝑏𝑖, is a bounded external

disturbance. Here, the agent dynamics are commonly used

in the literature, such as unmanned ground vehicles (UGVs)

and unmanned surface vessels (USVs) [27–29].

To proceed further investigation, a definition of well-

informed and uninformed followers is introduced first.

Definition 2.1 ([19]). The follower 𝑖 is defined well-

informed if ∑𝑛+𝑚
𝑘=𝑛+1

𝑎𝑖,𝑘 = 𝑚, and uninformed if

∑𝑛+𝑚
𝑘=𝑛+1

𝑎𝑖,𝑘 = 0, where𝛼𝑖,𝑘 are the elements of the adjacency

matrix 𝐴.

In practice, the well-informed followers are usually

equipped with communication devices and advanced sen-

sors such as vision cameras, laser radars, and millimeter

wave radars to obtain information about all targets, whereas

uninformed followers are only equipped with communica-

tion devices to obtain information about neighboring follow-

ers, which reduces the equipment cost.

With Definition 2.1, an assumption on communication

topology 𝐺(𝜈, 𝜀) is necessary.

Assumption 2.2. There only exist well-informed and unin-

formed followers in the target-follower MAS, and for each

uninformed follower, there exists a directed path to at least

one well-informed follower.

Assumption 2.2 indicates that the submatrix 𝐿1 in (1) is

positive definite, i.e. 𝐿1 ≻ 0 because there exists at least one

well-informed follower, i.e.

Lemma 2.3 ([19]). Under Assumption 2.2, one has that each

entry of−𝐿−11 𝐿2 is nonnegative and all the rows of−𝐿
−1
1 𝐿2 are

identical that equal [𝑎𝑖,𝑛+1, … , 𝑎𝑖,𝑛+𝑚]/∑
𝑛+𝑚
𝑘=𝑛+1

𝑎𝑖,𝑘, where

𝑎𝑖,𝑘 > 0, 𝑖 ∈ ℱ, 𝑘 ∈ 𝒯, and the matrix 𝐿1, 𝐿2 are

given (1).

Definition 2.4 ([17] (Equal fencing)). Let 𝜂𝑖 =

𝜌[cos 2𝜋𝑖/𝑛, sin 2𝜋𝑖/𝑛]T be the relative fencing vector with

the fencing radius 𝜌 > max‖𝑟𝑗 − 𝑟𝑘‖, 𝑗, 𝑘 ∈ 𝒯, one has that

the equal fencing for the follower group ℱ is achieved if

lim
𝑡→∞

‖𝑥𝑖(𝑡) − 𝑟̄(𝑡) − 𝜂𝑖‖ ≤ 𝜎, 𝑖 ∈ ℱ, (3)

with 𝑟̄ ∶= ∑𝑛+𝑚
𝑘=𝑛+1

𝑟𝑘/𝑚 and 𝜎 > 0.

It is worth mentioning that 𝜌 is available with a well-

informed follower in Definition 2.4, which fulfills the goal of

fencing the convex hull𝒞𝑜(𝒯) = ∑𝑛+𝑚
𝑘=𝑛+1

𝜆𝑘𝑟𝑘, 𝜆𝑘≥0 (see e.g.

[15]) by follower set ℱ. However, the velocity information is

always unavailable in practice and intensifies the difficulties

of designing a controller merely with position information,

which thus motivates the problem addressed in this paper.

Problem 1. Design a cooperative controller 𝑢𝑖 = 𝑔(𝑥𝑖, 𝑓𝑖,

𝑑𝑖, 𝑟𝑘), 𝑖 ∈ ℱ, 𝑘 ∈ 𝒯, via an output feedback for the target-

followerMAS governed by (2) to achieve the equal fencing in

Definition 2.4.

3. Main Results

In this section, the design and stability analysis of coordi-

nated equal fencing is divided into three parts, namely, a

distributed observer for the center of target set 𝒯, a fenc-

ing controller via output feedback, and convergence analysis,

respectively.

3.1. Distributed observer of targets’ center

Let �𝑟𝑖(𝑡) ∈ ℝ2, �𝑣𝑖
𝑑
(𝑡) ∈ ℝ2, 𝑖 ∈ ℱ, be the estimators of fol-

lower 𝑖 for 𝑟̄, 𝑣𝑑 in (2) and (3), respectively, one has that

⎧
⎪
⎪
⎪
⎪
⎪
⎪

⎨
⎪
⎪
⎪
⎪
⎪
⎪
⎩

�̇𝑟𝑖(𝑡) = −𝑘 �

𝑛

�

𝑗=1

𝑎𝑖,𝑗(�𝑟𝑖(𝑡) − �𝑟𝑗(𝑡))

+

𝑛+𝑚

�

𝑘=𝑛+1

𝑎𝑖,𝑘(�𝑟𝑖(𝑡) − 𝑟𝑘(𝑡))� + �𝑣𝑖
𝑑
(𝑡),

�̇𝑣𝑖
𝑑
(𝑡) = −𝛼𝑘 �

𝑛

�

𝑗=1

𝑎𝑖,𝑗(�𝑟𝑖(𝑡) − �𝑟𝑗(𝑡))

+

𝑛+𝑚

�

𝑘=𝑛+1

𝑎𝑖,𝑘(�𝑟𝑖(𝑡) − 𝑟𝑘(𝑡))� ,

(4)

where 𝑘 ∈ ℝ+, 𝛼 ∈ ℝ+ are observer gains of follower 𝑖.

Lemma 3.1. Under Assumption 1, the observer �𝑟𝑖(𝑡),

�𝑣𝑖
𝑑
(𝑡), 𝑖 ∈ ℱ, governed by (4) asymptotically converges to the

center state of target set 𝒯, i.e.

lim
𝑡→∞

�𝑟𝑖(𝑡) − 𝑟̄(𝑡) = 0, lim
𝑡→∞

�𝑣𝑖
𝑑
(𝑡) = 𝑣𝑑,

with 𝑟̄ and 𝑣𝑑 given in (2) and (3), respectively.

Proof. First, we define the observed position error �𝑥𝑖 ∈ ℝ2

and velocity error �𝑣𝑖 ∈ ℝ2 to be

�
�𝑟𝑖 ∶= �𝑟𝑖 − 𝑟̄,

�𝑣𝑖
𝑑
∶= �𝑣𝑖

𝑑
− 𝑣𝑑.

(5)
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Taking the derivative of (5) and substituting (4) into it yields

⎧
⎪
⎪
⎪
⎪
⎪
⎪

⎨
⎪
⎪
⎪
⎪
⎪
⎪
⎩

�̇𝑟𝑖(𝑡) = −𝑘 �

𝑛

�

𝑗=1

𝑎𝑖,𝑗(�𝑟𝑖(𝑡) − �𝑟𝑗(𝑡))

+

𝑛+𝑚

�

𝑘=𝑛+1

𝑎𝑖,𝑘(�𝑟𝑖 + 𝑟̄(𝑡) − 𝑟𝑘(𝑡))� + �𝑣𝑖
𝑑
,

�̇𝑣𝑖
𝑑
(𝑡) = −𝛼𝑘 �

𝑛

�

𝑗=1

𝑎𝑖,𝑗(�𝑟𝑖(𝑡) − �𝑟𝑗(𝑡))

+

𝑛+𝑚

�

𝑘=𝑛+1

𝑎𝑖,𝑘(�𝑟𝑖 + 𝑟̄(𝑡) − 𝑟𝑘(𝑡))� .

(6)

Let �𝑟 = [�𝑟T
1 , �𝑟

T
2 , … , �𝑟T

𝑛 ]
T ∈ ℝ2𝑛, �𝑣𝑑 = [( �𝑣1

𝑑
)T, ( �𝑣2

𝑑
)T, … ,

( �𝑣𝑛
𝑑
)T]T ∈ ℝ2𝑛, 𝑟 = [𝑟T

1 , 𝑟
T
2 , … , 𝑟T

𝑚]
T ∈ ℝ2𝑛. According to

Lemma 2.3, one has

⎧
⎪
⎪
⎪

⎨
⎪
⎪
⎪
⎩

�̇𝑟(𝑡) = −𝑘[𝐿1 ⊗ 𝐼2(�𝑟 − 𝐿−11 𝐿2 ⊗ 𝐼2𝑟)

+𝐿2 ⊗ 𝐼2𝑟] + �𝑣𝑑

= −𝑘(𝐿1 ⊗ 𝐼2)�𝑟 + �𝑣𝑑,

�̇𝑣𝑑(𝑡) = −𝛼𝑘(𝐿1 ⊗ 𝐼2(�𝑟 − 𝐿−11 𝐿2 ⊗ 𝐼2𝑟)

+𝐿2 ⊗ 𝐼2𝑟)

= −𝛼𝑘(𝐿1 ⊗ 𝐼2)�𝑟.

(7)

Let 𝜎 ∶= [�𝑟T, �𝑣T
𝑑
] ∈ ℝ4𝑛, it follows from (7) that 𝜎̇ = 𝐴𝜎with

𝐴 = �
−𝑘𝐿1 ⊗ 𝐼2 𝐼𝑛 ⊗ 𝐼2

−𝛼𝑘𝐿1 ⊗ 𝐼2 0
� ∈ ℝ4𝑛×4𝑛.

Recalling 𝐿1 ≻ 0 below Assumption 2.2, one has that 𝐴 is

a Hurwitz matrix, which implies that there exists a positive

definite matrix 𝑃 ≻ 0 such that 𝐴T𝑃 + 𝑃𝐴 = −𝜖𝐼4𝑛 with

𝜖 ∈ ℝ+.

Consider a Lyapunov function candidate 𝑉(𝜎) =

𝜎T𝑃𝜎/2, whose derivative is

𝑉̇(𝜎) = 𝜎T(𝐴T𝑃 + 𝑃𝐴)𝜎 = −𝜖‖𝜎‖2 ≤ 0,

which implies that 𝜎 converges to zero as 𝑡 → ∞, i.e.

lim𝑡→∞ 𝜎(𝑡) = 0. Equivalently, the observers �𝑟𝑖(𝑡), �𝑣
𝑖
𝑑
(𝑡), 𝑖 ∈

ℱ, finally converge to the center of the target set 𝒯.

Remark 3.2. Theobservers �𝑟𝑖(𝑡), �𝑣
𝑖
𝑑
(𝑡), 𝑖 ∈ ℱ,only leverage

position information of target set 𝐿, which implies that fewer

sensors are necessarily equipped.

Remark 3.3. The communications among followers are

not necessarily connected and undirected [15–18]. Further-

more, when there are two or more well-informed follow-

ers, the communication topology among followers can be

disconnected because these followers have access to all the

targets, which thereby can substantially reduce the commu-

nication burden among the followers.

3.2. Fencing controller design

To proceed with, let 𝜃𝑖(𝑣𝑖) ∈ ℝ𝑐 to be the radial basis func-

tions (RBFs) and 𝜔𝑖 ∈ ℝ𝑐 the optimal parameters with the

integer 𝑐 ∈ ℤ+ (see e.g. [30]), one has that the nonlinear term

𝑓𝑖(𝑣𝑖) in Eq (2) is parameterized on a compact set Ω(𝑣𝑖),

𝑓𝑖(𝑣𝑖) = 𝜔T
𝑖
𝜃𝑖(𝑣𝑖) + 𝜖𝑖,

sup
𝑣𝑖∈Ω(𝑣𝑖)

‖𝜖𝑖‖ ≤ 𝜖𝑀, ‖𝜔𝑖‖ ≤ 𝜔𝑀, 𝑖 ∈ ℱ,
(8)

with the bias term 𝜖𝑖, and the boundary 𝜖𝑀 > 0 and 𝜔𝑀 > 0.

Let �𝜔𝑖 ∈ ℝ𝑐 be an estimated parameter vector, and the esti-

mation of 𝑓(𝑣𝑖) is described to be

�𝑓𝑖(𝑣𝑖) = �𝜔T
𝑖
𝜃𝑖(𝑣𝑖), (9)

where 𝜃𝑖(𝑣𝑖) is abbreviated to be 𝜃𝑖 for simplicity. To further

investigate the feasibility of the fencing controller, the follow-

ing assumption is necessarily made.

Assumption 3.4. The upper boundaries 𝜖𝑀, 𝜔𝑀 for

‖𝜖𝑖‖, ‖𝜔𝑖‖, 𝑖 ∈ ℱ are available to each follower 𝑖, 𝑖 ∈ ℱ.

Then, we define the fencing position error 𝑒𝑖1 ∈ ℝ2 to

be

𝑒𝑖1(𝑡) ∶= 𝑥𝑖(𝑡) − �𝑟𝑖(𝑡) − 𝜂𝑖, 𝑖 ∈ ℱ, (10)

where �𝑟𝑖(𝑡), 𝜂𝑖 are given in (4) and Definition 2.4, respec-

tively. Substituting (2) and (5) into (10) yields

𝑒̇𝑖1 = 𝑣𝑖 − 𝑣𝑑 − �̇𝑟𝑖. (11)

To stabilize 𝑒𝑖1, a virtual signal 𝛼𝑑
𝑖
∈ ℝ2 and filter-passed

signal 𝛼𝑐
𝑖
∈ ℝ2 for follower 𝑖 are defined to be

𝛼𝑑
𝑖
∶= −𝑘𝑖1𝑒𝑖1 + �𝑣𝑖

𝑑
,

𝑐1𝛼̇
𝑐
𝑖
+ 𝛼𝑐

𝑖
∶= 𝛼𝑑

𝑖
, 𝛼𝑐

𝑖
(0) = 𝛼𝑑

𝑖
(0),

(12)

where 𝑘𝑖1 ∈ ℝ+ is the control gain and 𝑐1 ∈ ℝ+ is the time

constant. Combining (11) and (12) together yields

𝑒̇𝑖1 = −𝑘𝑖1𝑒𝑖1 + 𝑒𝑖2 + (𝛼𝑐
𝑖
− 𝛼𝑑

𝑖
) − �̇𝑟𝑖 + �𝑣𝑖

𝑑
, (13)

with 𝑒𝑖2 ∶= 𝑣𝑖−𝛼
𝑐
𝑖
∈ ℝ2 being the velocity error and �𝑣𝑖

𝑑
given

in (5). It follows from (2), (12), (13) that

𝑒̇𝑖1 = −𝑘𝑖1𝑒𝑖1 + 𝑒𝑖2 + (𝛼𝑐
𝑖
− 𝛼𝑑

𝑖
) − �̇𝑟𝑖 + �𝑣𝑖

𝑑
,

𝑒̇𝑖2 = 𝑢𝑖 + 𝜔T
𝑖
𝜃𝑖 + 𝜖𝑖 + 𝑑𝑖 − 𝛼̇𝑐

𝑖
.

(14)

To eliminate the effects of the error between filtered sig-

nals (𝛼𝑐
𝑖
− 𝛼𝑑

𝑖
) in (14), the compensated signals 𝑧𝑖1 ∈ ℝ2,
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𝑧𝑖2 ∈ ℝ2, 𝑖 ∈ ℱ, are introduced [31]

𝑧̇𝑖1 = −𝑘𝑖1𝑧𝑖1 + 𝑧𝑖2 + (𝛼𝑐
𝑖
− 𝛼𝑑

𝑖
),

𝑧̇𝑖2 = −𝑘𝑖2𝑧𝑖2 − 𝑧𝑖1.
(15)

Let 𝜛𝑖1 ∶= 𝑒𝑖1 − 𝑧𝑖1 ∈ ℝ2, 𝜛𝑖2 ∶= 𝑒𝑖2 − 𝑧𝑖2 ∈ ℝ2 be the

compensated errors, it follows from (14) and (15) that

𝜛̇𝑖1 = −𝑘𝑖1𝜛𝑖1 +𝜛𝑖2 − �̇𝑟𝑖 + �𝑣𝑑
𝑖
,

𝜛̇𝑖2 = 𝑘𝑖2𝑧𝑖2 + 𝑧𝑖1 + 𝑢𝑖 + 𝜔T
𝑖
𝜃𝑖 + 𝜖𝑖 + 𝑑𝑖 − 𝛼̇𝑐

𝑖
.

(16)

However, since the velocity 𝑣𝑖 and the acceleration 𝑣̇𝑖 of fol-

lower 𝑖 are not always available induced by the unknown 𝑓𝑖
and external disturbance 𝑑𝑖, an additional estimator �𝑥𝑖(𝑡) ∈

ℝ2, �𝑣𝑖(𝑡) ∈ ℝ2 using a serial–parallel structure [32] is

designed for 𝑥𝑖(𝑡), 𝑣𝑖(𝑡),

�̇𝑥𝑖 = −𝑐𝑖1 �𝑥𝑖 + �𝑣𝑖,

�̇𝑣𝑖 = −𝑐𝑖2 �𝑥𝑖 + �𝜔T
𝑖
𝜃𝑖(

�𝜉𝑖) + 𝑢𝑖,
(17)

where 𝑐𝑖1, 𝑐𝑖2 ∈ ℝ+, �𝜉𝑖 = [�𝑥T
𝑖
, �𝑣T

𝑖
, 𝑡]T, and �𝑥𝑖 ∶= �𝑥𝑖 − 𝑥𝑖 ∈ ℝ2

is the estimated position error, �𝜔𝑖 is the estimated parameter

vector given in (9).

Let �𝑣𝑖 ∶= �𝑣𝑖 − 𝑣𝑖 ∈ ℝ2 be the estimated velocity error, it

follows from (2) and (17) that

�̇𝑥𝑖 = −𝑐𝑖1 �𝑥𝑖 + �𝑣𝑖,

�̇𝑣𝑖 = −𝑐𝑖2 �𝑥𝑖 + �𝜔T
𝑖
𝜃𝑖(

�𝜉𝑖) + 𝜁𝑖 − 𝜖𝑖 − 𝑑𝑖,
(18)

with 𝜁𝑖 = 𝜔T
𝑖
𝜃𝑖(

�𝜉𝑖) − 𝜔T
𝑖
𝜃𝑖(𝑣𝑖) satisfying the following

assumption. Let 𝒵𝑖 = [�𝑥T
𝑖
, �𝑣T

𝑖
]T ∈ ℝ4, one has that (18)

becomes

𝒵̇𝑖 = 𝐴𝑖𝒵𝑖 + 𝐵(�𝜔T
𝑖
𝜃𝑖(

�𝜉𝑖) + 𝜁𝑖 − 𝜖𝑖 − 𝑑𝑖), 𝑖 ∈ ℱ, (19)

with

𝐴𝑖 =

⎡
⎢
⎢
⎢
⎣

−𝑐𝑖1 0 1 0

0 −𝑐𝑖1 0 1

−𝑐𝑖2 0 0 0

0 −𝑐𝑖2 0 0

⎤
⎥
⎥
⎥
⎦

∈ ℝ4×4,

𝐵 =

⎡
⎢
⎢
⎢
⎣

0 0

0 0

1 0

0 1

⎤
⎥
⎥
⎥
⎦

∈ ℝ4×2.

Define �𝑒𝑖2 ∶= �𝑣𝑖 − 𝛼𝑐
𝑖
∈ ℝ2 to be the modified fencing veloc-

ity error, it follows from (14) and (18) that the derivatives of

𝑒𝑖1, �𝑒𝑖2 rewrites

𝑒̇𝑖1 = −𝑘𝑖1𝑒𝑖1 + �𝑒𝑖2 + (𝛼𝑐
𝑖
− 𝛼𝑑

𝑖
) − �̇𝑟𝑖 + �𝑣𝑖

𝑑
− �𝑣𝑖,

�̇𝑒𝑖2 = −𝑐𝑖2 �𝑥𝑖 + �𝜔T
𝑖
𝜃𝑖(

�𝜉𝑖) + 𝑢𝑖 − 𝛼̇𝑐
𝑖
,

(20)

with �𝑣𝑖
𝑑
, �𝑣𝑖, 𝛼

𝑐
𝑖
, 𝛼𝑑

𝑖
given (5) and (12), respectively. Compar-

ing with the compensated signals in (15), one has that

the derivatives of the modified compensated errors in (16)

become

𝜛̇𝑖1 = −𝑘𝑖1𝜛𝑖1 + �𝜛𝑖2 − �̇𝑟𝑖 + �𝑣𝑖
𝑑
− �𝑣𝑖,

�̇𝜛𝑖2 = 𝑘𝑖2𝑧𝑖2 + 𝑧𝑖1 − 𝑐𝑖2 �𝑥𝑖 + �𝜔T
𝑖
𝜃𝑖(

�𝜉𝑖) + 𝑢𝑖 − 𝛼̇𝑐
𝑖
,

(21)

with �𝜛𝑖2 ∶= �𝑒𝑖2 − 𝑧𝑖2. To this end, an adaptive fencing con-

troller with output feedback is proposed as follows:

𝑢𝑐
𝑖
= −𝑘𝑖2 �𝑒𝑖2 − 𝑒𝑖1 − �𝑤T

𝑖
𝜃𝑖(

�𝜉𝑖) + 𝛼̇𝑐
𝑖
,

�̇𝜔𝑖 = 𝛾𝑖[−�𝑥T
𝑖
𝜃𝑖(

�𝜉𝑖) − 𝑘𝑖3 �𝜔𝑖],
(22)

where the control gain 𝛾𝑖 ∈ ℝ+ is a positive constant.

3.3. Convergence analysis

In this section, wewill present a detailed convergence analy-

sis of the closed-loop systemgovernedby the controller (22).

To proceed with, a necessary assumption concerning the

upper boundaries of 𝜁𝑖, 𝜃𝑖(
�𝜉𝑖) is required.

Assumption 3.5. There exist upper bounds 𝜁𝑀 > 0,

𝜃𝑀 > 0, such that for any follower 𝑖, 𝑖 ∈ ℱ, ‖𝜁𝑖‖ ≤ 𝜁𝑀,

‖𝜃𝑖(
�𝜉𝑖)‖ ≤ 𝜃𝑀.

Assumption 3.5 is necessary and reasonable, which will

be utilized in the proof of Lemma 3.6 later.

Lemma 3.6. For the closed-loop system governed by the

error dynamic (19), the compensated error (21), the adaptive

controller (22) under Assumptions 2.2, 3.4, 3.5 with the input

signals 𝜖𝑖, 𝑙𝑖, �𝑢𝑖, 𝜔𝑖, 𝑑𝑖, �̇𝑥𝑖, and �𝑣𝑖 are input-to-state (ISS) stable

[33] provided that the parameters satisfy

𝑘𝑖1 −
3

2
> 0, 𝑘𝑖2 −

𝑐𝑖2

2
− 1 > 0,

𝑘𝑖3 − 𝜃2𝑀

2
> 0.

𝑄𝑖 +
1

2
(𝑃𝑖𝐴𝑖 + 𝐴T

𝑖
𝑃𝑖 + (𝑃𝑖𝐵 − 𝐶)(𝑃𝑖𝐵 − 𝐶)T

+3𝑃𝑖𝐵𝐵
T𝑃𝑖 +𝒦𝑖) ⪯ 0,

where 𝑃𝑖 ∈ ℝ2×2 ≻ 0, 𝑄𝑖 ∈ ℝ2×2 ≻ 0, 𝑖 ∈ ℱ, are positive

definite matrixes and

𝐶 = �
1

0
� , 𝒦𝑖 = �

𝑐𝑖2 0

0 1
� ≻ 0. (23)

Proof. Since the optimal parameters 𝜔𝑖 ∈ ℝ𝑐 in (8) are

constants, it follows from (22) that

�̇𝜔𝑖 = 𝛾𝑖[−�𝑥T
𝑖
𝜃𝑖(

�𝜉𝑖) − 𝑘𝑖3 �𝜔𝑖]. (24)

Substituting (22) into (21) yields

𝜛̇𝑖1 = −𝑘𝑖1𝜛𝑖1 + �𝜛𝑖2 − �̇𝑟𝑖 + �𝑣𝑖
𝑑
− �𝑣𝑖,

�̇𝜛𝑖2 = −𝑘𝑖2 �𝜛𝑖2 −𝜛𝑖1 − 𝑐𝑖2 �𝑥𝑖 + 𝑙𝑖 + �𝑢𝑖.
(25)
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Define a symmetrical matrix 𝑃𝑖 ≻ 0 ∈ ℝ4, and pick a Lya-

punov function candidate 𝑉(𝑡) = 𝑉1(𝑡) + 𝑉2(𝑡) + 𝑉3(𝑡)with

𝑉1(𝑡) =
1

2

𝑛

�

𝑖=1

𝒵T
𝑖
𝑃𝑖𝒵𝑖, 𝑉2(𝑡) =

1

2

𝑛

�

𝑖=1

�𝜔T
𝑖
𝛾−1
𝑖

�𝜔𝑖,

𝑉3(𝑡) =
1

2

𝑛

�

𝑖=1

{𝜛T
𝑖1
𝜛𝑖1 + �𝜛T

𝑖2
�𝜛𝑖2},

(26)

with𝒵𝑖, �𝜔𝑖, 𝜛𝑖1, �𝜛𝑖2 given in (19), (24), and (21), respectively.

Combining (19), (21), and (25) yields the derivative of 𝑉𝑖(𝑡),

𝑖 = 1, 2, 3 fulfilling

𝑉̇1(𝑡) =

𝑛

�

𝑖=1

�
1

2
𝒵T
𝑖
(𝑃𝑖𝐴𝑖 + 𝐴T

𝑖
𝑃𝑖)𝑍𝑖 + 𝒵T

𝑖
𝑃𝑖𝐵�𝜔

T
𝑖
𝜃𝑖(

�𝜉𝑖)

+ 𝒵T
𝑖
𝑃𝑖𝐵𝜁𝑖 − 𝒵T

𝑖
𝑃𝑖𝐵

T𝜖𝑖 − 𝒵T
𝑖
𝑃𝑖𝐵

T𝑑𝑖)� ,

𝑉̇2(𝑡) ≤

𝑛

�

𝑖=1

�−�𝜔T
𝑖
𝒵T
𝑖
𝐶𝜃𝑖(

�𝜉𝑖) −
𝑘𝑖3

2
�𝜔T
𝑖
�𝜔𝑖 +

𝑘𝑖3

2
𝜔T
𝑖
𝜔𝑖� ,

𝑉̇3(𝑡) ≤

𝑛

�

𝑖=1

�− �𝑘𝑖1 −
3

2
�𝜛T

𝑖1
𝜛𝑖1

−�𝑘𝑖2 −
𝑐𝑖2

2
− 1� �𝜛T

𝑖2
�𝜛𝑖2 +

1

2
𝒵T
𝑖
𝒦𝑖𝒵𝑖

+
1

2
(�̇𝑟

T
𝑖 �̇𝑟𝑖 + (�𝑣𝑖

𝑑
)T �𝑣𝑖

𝑑
+ 𝑙T

𝑖
𝑙𝑖 + �𝑢T

𝑖
�𝑢𝑖)� .

Utilizing the inequalities,

𝒵T
𝑖
(𝑃𝑖𝐵 − 𝐶𝑖)�𝜔

T
𝑖
𝜃𝑖(

�𝜉𝑖)

≤
𝒵T
𝑖
(𝑃𝑖𝐵 − 𝐶𝑖)(𝑃𝑖𝐵 − 𝐶𝑖)

T𝒵𝑖

2
+
𝜃2𝑀

2
�𝜔T
𝑖
�𝜔𝑖,

𝒵T
𝑖
𝑃𝑖𝐵(𝜁𝑖 − 𝜖𝑖 − 𝑑𝑖)

≤
3

2
(𝒵T

𝑖
𝑃𝑖𝐵𝐵

T𝑃𝑖𝒵𝑖) +
(𝜁T
𝑖
𝜁𝑖 + 𝜖T

𝑖
𝜖𝑖 + 𝑑T

𝑖
𝑑𝑖)

2
,

with assistance of Assumption 3.5, one has

𝑉̇(𝑡) ≤

𝑛

�

𝑖=1

�
1

2
𝒵T
𝑖
(𝑃𝑖𝐴𝑖 + 𝐴T

𝑖
𝑃𝑖 + (𝑃𝑖𝐵 − 𝐶𝑖)

× (𝑃𝑖𝐵 − 𝐶𝑖)
T + 3𝑃𝑖𝐵𝐵

T𝑃𝑖 +𝒦𝑖)𝒵𝑖

−�𝑘𝑖1 −
3

2
� ‖𝜛𝑖1‖

2 − �𝑘𝑖2 +
𝑐𝑖2

2
− 1�

× ‖ �𝜛𝑖2‖
2 − �

𝑘𝑖3 − 𝜃2𝑀

2
� ‖�𝜔𝑖‖

2� + 𝜉,

with 𝜉 = ∑𝑛
𝑖=1

{‖𝜁𝑖‖
2/2+ ‖𝜖𝑖‖

2/2+ ‖𝑑𝑖‖
2/2+ 𝑘𝑖3‖𝜔𝑖‖

2/2+

‖𝑙𝑖‖
2/2 + ‖�𝑢𝑖‖

2/2 + ‖�̇𝑟𝑖‖
2/2 + ‖�𝑣𝑖

𝑑
‖2/2}. Define

𝑏𝑖1 ∶= 𝑘𝑖1 −
3

2
> 0,

𝑏𝑖2 ∶= 𝑘𝑖2 −
𝑐𝑖2

2
− 1 > 0,

𝑏𝑖3 ∶=
(𝑘𝑖3 − 𝜃2𝑀)

2
> 0,

one has that

𝑄𝑖 +
1

2
(𝑃𝑖𝐴𝑖 + 𝐴T

𝑖
𝑃𝑖 + (𝑃𝑖𝐵 − 𝐶𝑖)(𝑃𝑖𝐵 − 𝐶𝑖)

T

+3𝑃𝑖𝐵𝐵
T𝑃𝑖 +𝒦𝑖) ⪯ 0,

with 𝑄𝑖 ≻ 0 ∈ ℝ4 a positive definite matrix, and define

𝐸𝑖 = [𝒵T
𝑖
, 𝜔T

𝑖
, 𝜛T

𝑖1
, �𝜛T

𝑖2
]T ∈ ℝ8 and 𝑏𝑖𝑀 = min{𝜆min(𝑄𝑖),

𝑏𝑖1, 𝑏𝑖2, 𝑏𝑖3} with 𝜆min(𝑄𝑖) being the smallest eigenvalue of

the matrix 𝑄𝑖, one has

𝑉̇(𝑡) ≤

𝑛

�

𝑖=1

�−
𝑏𝑖𝑀

2
‖𝐸𝑖‖

2 − �
𝑏𝑖𝑀

2
‖𝐸𝑖‖

2 −
‖𝜁𝑖‖

2

2

−
‖𝜖𝑖‖

2

2
−
‖𝑑𝑖‖

2

2
−
𝑘𝑖3‖𝜔𝑖‖

2

2
−
‖𝑙𝑖‖

2

2

−
‖�𝑢𝑖‖

2

2
−
‖�̇𝑟𝑖‖

2

2
−
‖�𝑣𝑖

𝑑
‖2

2
� . (27)

From the fact that

‖𝐸𝑖‖ ≥
‖𝜁𝑖‖

�𝑏𝑖𝑀

+
‖𝜖𝑖‖

�𝑏𝑖𝑀

+
‖𝑑𝑖‖

�𝑏𝑖𝑀

+
�𝑘𝑖3‖𝜔𝑖‖

�𝑏𝑖𝑀

+
‖𝑙𝑖‖

�𝑏𝑖𝑀

+
‖�𝑢𝑖‖

�𝑏𝑖𝑀

+
‖�̇𝑟𝑖‖

�𝑏𝑖𝑀

+
‖�𝑣𝑖

𝑑
‖

�𝑏𝑖𝑀

≥ 𝜍𝑖,

with 𝜍𝑖 = �
‖𝜁𝑖‖

2+‖𝜖𝑖‖
2+‖𝑑𝑖‖

2+𝑘𝑖3‖𝜔𝑖‖
2+‖𝑙𝑖‖

2+‖�𝑢𝑖‖
2+‖ �̇𝑟𝑖‖

2+‖�𝑣𝑖
𝑑
‖2

𝑏𝑖𝑀
,

one has that

𝑉̇(𝑡) ≤ −

𝑛

�

𝑖=1

𝑏𝑖𝑀

2
‖𝐸𝑖‖

2 ≤ 0.

Accordingly, there exists a 𝒦ℒ function 𝛽2(⋅) and 𝛾𝜁𝑖(⋅),

𝛾𝜖𝑖(⋅), 𝛾𝑑𝑖(⋅), 𝛾𝜔𝑖(⋅), 𝛾𝑙𝑖(⋅), 𝛾�𝑢𝑖(⋅), 𝛾 �̇𝑟𝑖(⋅),𝛾
�𝑣𝑖
𝑑(⋅) satisfying

‖𝐸𝑖(𝑡)‖ ≤ 𝛽2(𝐸𝑖(𝑡0), 𝑡 − 𝑡0) + 𝛾𝜁𝑖(‖𝜁𝑖‖) + 𝛾𝜖𝑖(‖𝜖𝑖‖)

+𝛾𝑑𝑖(‖𝑑𝑖‖) + 𝛾𝜔𝑖(‖𝜔𝑖‖) + 𝛾𝑙𝑖(‖𝑙𝑖‖)

+𝛾�𝑢𝑖(‖�𝑢𝑖‖) + 𝛾 �̇𝑟𝑖(‖�̇𝑟𝑖‖) + 𝛾
�𝑣𝑖
𝑑(‖ �𝑣𝑖

𝑑
‖), (28)
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with 𝛾𝜁𝑖(𝑠) = 𝑠/�𝑏𝑖𝑀, 𝛾
𝜖𝑖(𝑠) = 𝑠/�𝑏𝑖𝑀, 𝛾

𝑑𝑖(𝑠) = 𝑠/�𝑏𝑖𝑀,

𝛾𝜔𝑖(𝑠) = 𝑠�𝑘𝑖3/�𝑏𝑖𝑀, 𝛾
�𝑢𝑖(𝑠) = 𝑠/�𝑏𝑖𝑀, 𝛾

𝑙𝑖(𝑠) = 𝑠/�𝑏𝑖𝑀,

𝛾 �̇𝑟𝑖(𝑠) = 𝑠/�𝑏𝑖𝑀, and 𝛾
�𝑣𝑖
𝑑(𝑠) = 𝑠/�𝑏𝑖𝑀.

Theorem 3.7. For the closed-loop system governed by (2)

and (22), under Assumptions 2.2, 3.4, and 3.5, Problem 1 is

solved.

Proof. Since 𝛽2(⋅) approaches to zero when 𝑡 → ∞, it fol-

lows from (28) in Lemma 3.6 that the limits of ‖𝐸𝑖(𝑡)‖ are

bounded by

‖𝐸𝑖(𝑡)‖ ≤ 𝛾𝜁𝑖(‖𝜁𝑖‖) + 𝛾𝜖𝑖(‖𝜖𝑖‖) + 𝛾𝑑𝑖(‖𝑑𝑖‖)

+𝛾𝜔𝑖(‖𝜔𝑖‖) + 𝛾𝑙𝑖(‖𝑙𝑖‖) + 𝛾�𝑢𝑖(‖�𝑢𝑖‖)

+𝛾 �̇𝑟𝑖(‖�̇𝑟𝑖‖) + 𝛾
�𝑣𝑖
𝑑(‖ �𝑣𝑖

𝑑
‖),

as 𝑡 → ∞. Combining with 𝜁𝑖 ≤ 𝜁𝑀 in Assumption 3.5 yields

‖𝐸𝑖(𝑡)‖ ≤
𝜁𝑀

�𝑏𝑖𝑀

+
(�𝛾𝑧𝑖2 + 1𝜖𝑀)

�𝑏𝑖𝑀

+
�𝑘𝑖3𝜔𝑀

�𝑏𝑖𝑀

+
√𝛾𝑧𝑖2𝑏𝑖

�𝑏𝑖𝑀

+ 𝛾𝑙𝑖(‖𝑙𝑖‖) + 𝛾�𝑢𝑖(‖�𝑢𝑖‖),

as 𝑡 → ∞. Finally, one has that

‖𝐸𝑖(𝑡)‖ ≤
𝜁𝑀

�𝑏𝑖𝑀

+
(�𝛾𝑧𝑖2 + 1𝜖𝑀)

�𝑏𝑖𝑀

+
�𝑘𝑖3𝜔𝑀

�𝑏𝑖𝑀

+
√𝛾𝑧𝑖2𝑏𝑖

�𝑏𝑖𝑀

+
𝑙𝑀

�𝑏𝑖𝑀

,

with lim𝑡→∞ 𝑙𝑖 ≤ 𝑙𝑀 and lim𝑡→∞ �𝑢𝑖 = 0when 𝑡 → ∞.

Accordingly, the compensated signal errors𝜛𝑖1, 𝜛𝑖2, the

estimationerror𝒵𝑖 and theparameter error �𝜔𝑖 areultimately

bounded. From the boundness of the compensated signal 𝑧𝑖1
and 𝑧𝑖2 [31], one has that the fencing errors 𝑒𝑖1, 𝑒𝑖2, 𝑖 ∈ ℱ, are

bounded as well. The proof is thus completed.

Remark 3.8. While the position-only design is more com-

plex compared to the simple state feedback design, it offers

the advantage of lower sensor costs, such as for velocity and

acceleration sensors. As a result, this type of algorithm has

greater potential for application in large-scale systems.

Remark 3.9. (i) To satisfy the input constraints of follower

𝑖, an optimal signal 𝑢𝑜
𝑖
via neurodynamic optimization is

given 𝑢
𝑖
≤ 𝑢𝑜

𝑖
≤ 𝑢̄𝑖,with 𝑢𝑖, 𝑢̄𝑖 ∈ ℝ satisfying 𝑢min = 𝑢

𝑖
, 𝑢̄𝑖 =

𝑢max. Then, we define a cost function,

min 𝐽𝑖(𝑢
𝑜
𝑖
) = �

𝜆𝑖1

2
(𝑢𝑜

𝑖
− 𝑢𝑐

𝑖
)2 +

𝜆𝑖2

2
(𝑢𝑖 − 𝑢𝑜

𝑖
)2�

s.t. ℎ(𝑢𝑜
𝑖
) ≤ 0, 𝑖 = 1, 2, … , 𝑛, (29)

where 𝜆𝑖1, 𝜆𝑖2 ∈ ℝ+ are the optimal weights and ℎ(𝑢𝑜
𝑖
) =

{−𝑢𝑜
𝑖
+ 𝑢

𝑖
≤ 0; 𝑢𝑜

𝑖
− 𝑢̄𝑖 ≤ 0}. (ii) To improve the calculation

efficiency, a one-layer recurrent neural network (RNN) with

finite-time convergence [34] is utilized, namely,

𝜖
𝑑𝑢𝑜

𝑖

𝑑𝑡
= −[∇𝐽𝑖(𝑢

𝑜
𝑖
) + 𝜍∇ℎ(𝑢𝑜

𝑖
)𝑘[𝑎,𝑏](ℎ(𝑢

𝑜
𝑖
))],

where 𝜖 ∈ ℝ+ is the time constant and 𝜍 ∈ ℝ+. ∇𝐽𝑖(𝑢
𝑜
𝑖
) and

∇ℎ(𝑢𝑜
𝑖
) represent the gradient of 𝐽𝑖(𝑢

𝑜
𝑖
) and ℎ(𝑢𝑜

𝑖
), respec-

tively. 𝑘[𝑎,𝑏](𝑠) is a limit function as

𝑘[𝑎,𝑏](𝑠) = �

𝑏, 𝑠 > 𝑏,

𝑠, 𝑎 ≤ 𝑠 ≤ 𝑏,

𝑎, 𝑠 < 𝑎,

(30)

where 𝑎 ∈ ℝ, 𝑏 ∈ ℝ satisfy 𝑏 > 𝑎 are the specified values.

Remark 3.10. The NN optimization utilizes only informa-

tion of follower 𝑖, 𝑖 ∈ ℱ, which implies that the fencing con-

troller in (22) is executed in a distributed manner.

4. Numerical Simulation

In this section, we consider a target-follower MAS consisting

of 7 followers and 3 targets. The topology of the MAS is illus-

trated in Fig. 1 under Assumption 2.2, where the connection

among the follower set ℱ is disconnected.

For the target set 𝒯, the initial positions of targets are

set to be 𝑟8(0) = [0, 25]Tm, 𝑟9(0) = [5, 15]Tm, 𝑟10(0) =

[−10, 0]Tm with a common velocity 𝑣𝑑 = [0.7, 0.7]Tm/s

in (2), which thus can maintain a convex hull 𝒞𝑜(𝒯). To get

the center of motional target set 𝒯with 𝐺(𝜈, 𝜀), the parame-

ters 𝑘, 𝛼 for the observer �𝑟𝑖(𝑡), �𝑣
𝑖
𝑑
(𝑡), 𝑖 ∈ 𝐹 in (4) are set to be

𝑘 = 1, 𝛼 = 0.5.

For the follower group ℱ, it follows from Assump-

tions 3.4 and 3.5 that the nonlinear terms are designed

to be

𝑓1(𝜉1) = −0.5 sin(𝑣21 ) + 2.45 cos(𝑣21 ) + 0.1 sin(𝑣1)𝑣1,

𝑓2(𝜉2) = −0.5 sin(𝑣22 ) + 1.75 cos(𝑣22 ) + 0.1 sin(𝑣2)𝑣2,

𝑓3(𝜉3) = sin(𝑣23 ) + 1.75 cos(𝑣23 ) + 0.2 sin(𝑣3)𝑣3,

𝑓4(𝜉4) = 0.6 sin(𝑣24 ) + 1.75 cos(𝑣24 ) + 0.4 sin(𝑣4)𝑣4,

𝑓5(𝜉5) = −sin(𝑣2
5
) + 2.8 cos(𝑣2

5
) + 0.6 sin(𝑣5)𝑣5,

Fig. 1. Communication topology of the target-follower group system.
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Fig. 2. The evolutions of the fencing position errors 𝑒𝑖1, 𝑖 ∈ ℱ in (10) and

the modified fencing velocity errors �𝑒𝑖2, 𝑖 ∈ ℱ, in (20), respectively.

Fig. 3. The evolutions of the estimated errors of the nonlinear term

𝑓𝑖(𝑣𝑖)− �𝑓𝑖(�𝑣𝑖)with output feedback controller (22).

𝑓6(𝜉6) = −sin(𝑣26 ) + 2.75 cos(𝑣26 ) + 0.8 sin(𝑣6)𝑣6,

𝑓7(𝜉7) = 0.6 sin(𝑣27 ) − 3.15 cos(𝑣27 ) + 0.3 sin(𝑣7)𝑣7.

For the proposed output feedback controller (22), the

parameters are set to be 𝑘𝑖1 = 4, 𝑘𝑖2 = 2, 𝑘𝑖3 = 0.02, 𝛾𝑖 =

1, 𝑐𝑖1 = 2, 𝑐𝑖2 = 1, 𝑖 ∈ ℱ according to Lemma 3.6. For

the RBF and NNs design, the number of NN nodes is 𝑁𝑖 =

101, 𝑖 ∈ ℱ for all 𝑓𝑖(𝑣𝑖), and the output 𝜃𝑖(𝑣𝑖) of the RBF node

is chosen to be exp(−‖𝑣𝑖 − 𝑐𝑖‖
2/2𝑏2

𝑖
), where the parameters

𝑐𝑖, 𝑖 = 1−7 are essentially designed to be evenly spaced in

the region of [5; 5]; [5; 5]; [15; 15]; [5; 5]; [10; 10]; [10; 10];

[25; 25], respectively, and 𝑏1 = 0.38, 𝑏2 = 0.38, 𝑏3 =

0.3, 𝑏4 = 0.45, 𝑏5 = 0.25, 𝑏6 = 0.75, 𝑏7 = 0.72. More-

over, due to all the positions of the targets being available to

Fig. 4. Trajectories of seven robots using the proposed fencing controller

(22) from initial positions to the final equal-fencing formation for the mov-

ing target group. Here, the black rectangles represent the follower group

with solid trajectories; the red circles represent the target group with

dashed trajectories.

Fig. 5. The evolution of the estimated position error �𝑟𝑖, ∈ ℱ, and the veloc-

ity errors �𝑣𝑖
𝑑
, ∈ ℱ, for the distributed estimator of the target’s center in (4).

the well-informed followers, the fencing radius is chosen as

𝜌 = 30m in Definition 2.4.

Precisely, as shown in Fig. 4, seven followers (black rect-

angles) fromdifferent initial positions achieve a regular poly-

gon formation for the three targets of the constant velocity

(red circles). In what follows, we illustrate the detailed evo-

lution of states in the equal-fencing formation. Precisely, it is

observed in Fig. 5 that the evolutions of estimated position

errors �𝑟𝑖, 𝑖 ∈ ℱ, and position errors �𝑣𝑖
𝑑
, 𝑖 ∈ ℱ, in Eq. (6),

respectively, drop in less than 16 s, i.e. lim𝑡→16𝑠 �𝑟𝑖(𝑡) =

0, lim𝑡→16𝑠 �𝑣
𝑖
𝑑
(𝑡) = 0, which vividly verifies the feasibility of

Lemma 3.1. As shown in Fig. 6, one has that the estimated

position and velocity errors �𝑥𝑖, �𝑣𝑖, 𝑖 ∈ ℱ, in (18) for the posi-

tions and velocities 𝑥𝑖, 𝑣𝑖 of the follower 𝑖, 𝑖 ∈ ℱ, converge to
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Fig. 6. The evolutions of the estimated position and velocity errors

�𝑥𝑖, �𝑣𝑖, 𝑖 ∈ ℱ, in (18) for the positions and velocities 𝑥𝑖, 𝑣𝑖 of the follower

𝑖, 𝑖 ∈ ℱ.

zeros, i.e. lim𝑡→∞ �𝑥𝑖(𝑡) = 0, lim𝑡→∞ �𝑣𝑖(𝑡) = 0, which demon-

strates the effectiveness of the output feedbackdesign.More-

over, it is observed in Fig. 2 that the fencing position errors

𝑒𝑖1, 𝑖 ∈ ℱ and modified velocity errors �𝑒𝑖2, 𝑖 ∈ ℱ, settle to

zeros 19 s, i.e. lim𝑡→19𝑠 𝑒𝑖1(𝑡) = 0, lim𝑡→19𝑠 �𝑒𝑖2(𝑡) = 0, which

verifies that the fencing formation is achieved. Additionally,

the difference of nonlinear term estimation 𝑓𝑖(𝑣𝑖)−
�𝑓𝑖( �𝑣𝑖) are

depicted in Fig. 3, which settles to zero in less than 28 s, i.e.

lim𝑡→28𝑠 𝑓𝑖(𝑣𝑖(𝑡))−
�𝑓𝑖( �𝑣𝑖(𝑡)) = 0. Therefore, the convergence

of the equal fencing with output feedback controller (22) is

guaranteed, which hasmore inspiring potential in real appli-

cations. However, it may pose more constraints on the non-

linear term 𝑓𝑖(𝑣𝑖) to achieve the fencing objectives.

5. Conclusion

In this paper, we have proposed distributed fencing control

protocols for constrained networked second-order nonlin-

ear MASs with output feedback. With such a fencing control

protocol, the follower group encircles multiple motional tar-

gets with evenly distributed phases around the circle. Uti-

lizing the output feedback laws, the fencing protocol has

achieved equal fencing via only position information. The

conditions are derived to guarantee the stability of the pro-

posed control protocol as well. Numerical simulations are

conducted to show the effectiveness of the proposed meth-

ods. Such a fencing control method has the potential for

hunting, patrolling resources, aquatic resource explorations,

rescue, supplies delivery, and escort of abundant industrial

multi-unmanned system swarms. Future work will explore

multi-robot fencing control for multiple moving targets with

unknown and limited velocities, time-varying communica-

tion topologies, and even in environments with obstacles.
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