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This paper presents a dynamic image-based visual servoing (IBVS) control law for a quadrotor unmanned aerial vehicle (UAV) equipped
with a single fixed on-board camera. The motion control problem is to regulate the relative position and yaw of the vehicle to a moving
planar target located within the camera’s field of view. The control law is termed dynamic as it’s based on the dynamics of the vehicle. To
simplify the kinematics and dynamics, the control law relies on the notion of a virtual camera and image moments as visual features.
The convergence of the closed-loop is proven to be globally asymptotically stable for a horizontal target. In the case of nonhorizontal
targets, we modify the control using a homography decomposition. Experimental and simulation results demonstrate the control law’s

performance.
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1. Introduction

Control of unmanned aerial vehicles (UAVs) is an active
area of research [1]. These vehicles can be used in many
applications such as search and rescue, infrastructure in-
spection, and aerial photography. Traditionally, motion
control of UAVs uses vehicle position and velocity feedback
from a global positioning system (GPS). However, depen-
dence on GPS has a number of limitations. First, GPS is only
available in outdoor applications with a clear view of the
sky. Furthermore, GPS cannot provide the relative distance
to a target of interest unless the target’s GPS position is
accurately known. When the target is moving, it must con-
tinuously send its GPS position to the UAV. On-board
computer vision can be used to replace GPS. Vision sensors
are lightweight and accurate tools which can localize the
vehicle in its environment. In particular, in this paper they
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can provide the necessary feedback to control the vehicle’s
pose with respect to specific visual targets of interest.

Visual servoing methods are divided into two main
approaches: position-based visual servoing (PBVS) and
image-based visual servoing (IBVS) [2]. In PBVS the pose of
the vehicle is extracted from the image and used to eval-
uate the motion control law [3-9]. In general PBVS requires
more a priori knowledge such as the camera calibration
parameters and target geometry. On the other hand, IBVS
minimizes an error function which is directly computed
from features in the image plane. By avoiding the
pose reconstruction in PBVS, IBVS can reduce sensitivity
to camera calibration error and does not require a
target model.

Traditionally, visual servoing control is divided into at
least two loops [2]. The outermost loop uses vision sensor
feedback to provide a velocity reference to the inner loop.
It typically operates at a relatively low frequency (e.g.,
30 Hz) due to the rate at which images can be acquired
and processed. The inner loop regulates the velocity of
the vehicle by providing force and torque commands to
the vehicle at a relatively high bandwidth (e.g, 200 Hz).
It is assumed that the vehicle can track the reference
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velocity perfectly and design is based on a purely kine-
matic vehicle model. However, the importance of including
the dynamics of the vehicle is underlined in [10, 11] for
both high speed tasks and underactuated systems. With
respect to underactuated quadrotor UAVs, a constraint
between angular displacement and linear acceleration
requires us to use the vehicle’s linear velocity dynamics in
the control design. We refer to visual servoing that directly
accounts for vehicle dynamics as dynamic visual servoing.
Dynamic IBVS approaches for UAVs that have appeared in
the literature include spherical image moment-based
designs [12-16], homography-based methods [17-19], a
virtual spring approach [20], virtual camera approa-
ches [11, 21, 22], and a nonlinear generalized state
transformation approach [23]. Although dynamic visual
servoing has clear practical significance, few published
works have thorough experimental results. Notable
exceptions include [24] and [25].

This paper takes a dynamic IBVS approach to regulate
the 3D position and yaw of the UAV relative to a target
consisting of a point cloud on a plane. To simplify the
problem we assume initially the target moves but remains
horizontal. To define the desired vehicle-to-target yaw and
position, an image is taken when the camera is co-planar to
the target and the vehicle is at its desired configuration.
This can be thought of as showing the controller its goal.
The target’s 3D position and yaw about its center of ge-
ometry can vary. We assume its linear velocity and yaw
rate can be measured (e.g., from a motion capture system).
The controller then regulates the relative position and yaw
to that defined by the reference image. We provide a proof
of asymptotic stability of the closed-loop for this case. To
generalize this problem we also consider the problem of
more general target motion in SE(3), i.e., 3D position and
3D orientation about its center. The control objective
remains the same: to regulate 3D position and yaw to its
desired value. In this general case, we provide simulation
results but no stability proof.

This paper is organized as follows. In Sec. 2, we recall
a dynamic model for the quadrotor. In Sec. 3, we present
the camera model and the notion of a virtual camera.
Next we provide the image feature kinematics of a moving
point. We define image moments of a moving horizontal
target and the corresponding kinematics. In Sec. 4, we
derive the dynamic IBVS controller and prove its stability
for the horizontal target case. In order to consider the
nonhorizontal target case, we introduce a homography
matrix in Sec. 5. In Sec. 6, we validate the control in sim-
ulation and experiment. In Sec. 7, we present our conclu-
sions and future work. In Appendix A, we review the
definition of the homography matrix and an algorithm for
its decomposition.

2. Quadrotor Model

In this section, we recall an established nonlinear quadrotor
model. We consider two coordinate frames which are
shown in Fig. 1: the navigation frame A and the body frame
B. The navigation frame is assumed inertial and its origin is
fixed to the surface of the earth. Its basis is the orthonormal
set of vectors {ey, e, e3} that are oriented north, east, and
down, respectively. The body frame has its origin fixed to
the quadrotor’s center of mass and its basis {by, b, b3} is
oriented forward, right, and down, respectively. The navi-
gation and body frames are related by a translation £" =
[€1,£5,£5]T and rotation R € SO(3).
The rigid body dynamics expressed in B is

mv = —mw x v+ F + mgR"es, (1a)
R = Rsk(w), (1b)
Jo=—wxJw+T, (1c)

where v = [v1,v,,v3]7 is the linear velocity of the vehicle
expressed in B, w= [w;,w,,w;]T is the angular velocity
of the vehicle in B, m is the mass of the vehicle, g is the
acceleration due to gravity, J is the inertia matrix of the
vehicle, and

0 —X3 X7
sk(x)=| x3 0 —x;
—X3 X1 0

The external force and torque acting on the vehicle are
denoted by F and T, respectively. The axis of rotation of each
propeller is aligned with the b3 axis and we have

4
F = [Fy, Fy, By = [0,0,—21’,-]
i=1

T
)

(2)

Fig. 1. Diagram of a quadrotor showing reference frames A/ and
B, Euler angles 7, and direction of propeller velocities €2; > 0.
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where f; = kﬁu,-2 is the thrust from Propeller j u; is the
control input normalized to [0, 1] which is proportional to
the speed (2; of Propeller j and k; >0 is a constant
depending on the aerodynamics of the propeller. The posi-
tion dynamics are omitted in (1) as they are replaced with
the image feature kinematics that is described in Sec. 3. In
this paper, we parameterize the rotation matrix by the ZYX
Euler angles so that

CoCy  SpSeCy — CpSy  CySyCy + Sy Sy
R(1) = | €4Sy SySeSe + CyCy  CySpSy — S4Cy
—Sy CQS(Z’ CypCy

)

where ¢y =cosf, sy =sinf, n=[p,0,¢]T, and ¢,0,v
denote roll, pitch, and yaw, respectively. Then

= Wuw,
where
1 S¢t9 Cétg
wa=|° S %
0 S %
Co Cy

and ty = tand. The quadrotor is configured as shown in
Fig. 1 where the front of the vehicle is oriented between
Propellers 3 and 1, and the right of the vehicle lies between
Propellers 1 and 4. The torque 7 = [11,7,,73]" applied to
the vehicle is

£
V2
T2 = %(fl +f3—fo—fa),

o+ —fi—fa)s

T =

2 2 2 2
T3 = —kui — kpuy + kuz + koqug,

where ¢ is the distance from the motor to the center of mass
of the vehicle and k;, > 0 is an aerodynamic constant. The
commonly used simple input models for F and 7 are chosen
to obtain a simple control law. These models could be
generalized to include aerodynamic effects such as blade
flapping and drag force which have been proven to be im-
portant experimentally [26, 27]. We have neglected gyro-
scopic torques due to variation in the angular momentum of
the propellers. Further details regarding modeling can be
found in [28-30].

3. Camera Models and Kinematics

3.1. Pinhole camera

We present a commonly used pinhole camera model found
in the literature, e.g,, [31, 32]. Figure 2 illustrates the model
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Visual Feature
P =[P, P, P]"

.. W Image Featlj{re
/-y = [y, y2]

Cc2

Fig. 2. Model of a pinhole camera. A visual feature point P is
projected onto its image plane coordinates y in pixels.

with intrinsic parameter matrix

)\1 0 Uy
A=10 X v |, (3)
0o 0 1

where A\, = f/py, k = 1, 2 are focal lengths in pixels, f is the
focal length in meters, pq, p, are the width and height of the
pixel in meters, yo = [ug, v]T is the principal point and 7 is
the image plane.

The projection of a point P = [Py, P,, P;]T in the camera
frame C onto the image plane in homogeneous coordinates

Y ~ AP,

where ~ represents equality up to a scaling of a nonzero
number and Y = [y’,1]7 is the homogeneous coordinate
of y. We assume for simplicity of presentation that the
frames C and B are perfectly aligned, and the camera is
rigidly attached to the UAV.

To allow for moving targets we assume that point P can
vary with time. We denote P" as the position of P in ' and
assume this position is measured. Without loss of generality
we assume Y, = 0, and the image coordinates are

P P,T
y:[)‘lp_:7 Azp—j . (4)

The single point image feature kinematics can be found by
differentiating (4) with respect to time [2]. We obtain

y=L,(v—vy)+Lw, (5)



Un. Sys. 2017.05:1-17. Downloaded from www.worldscientific.com
by NATIONAL UNIVERSITY OF SINGAPORE on 05/19/17. For personal use only.

4 G. Fink et al.

where
oA
_M g N
P P
LV: ]
0 M2y
P; P3
[y yi+A: ﬁy
X A At
L,=
Yi+Ai oy e,
Y A At

the linear velocity of the camera expressed in Cisv = RT'§H,
the angular velocity of the camera expressed in C is w, and
the lineag velocity of the target point P expressed in C is
v, =RTP".

3.2. Virtual camera

A classical IBVS control for a fully actuated 6 degrees of
freedom (DoF) vehicle solves for the desired six-dimen-
sional velocity screw of the vehicle by using at least K > 3
point features. The image Jacobians in (5) for each point are
stacked and the 6 x 2K stacked matrix is inverted to com-
pute the control law. Such an approach can lead to singu-
larities and it neglects the dynamics of the vehicle. For the
case of an underactuated UAV, angular and linear velocity
cannot be independently specified. This prevents the clas-
sical approach from being applied. Hence, we consider a
control based on a combined dynamics consisting of the
image kinematics and UAV dynamics. The proposed dy-
namic IBVS control law uses the concept of a virtual camera
to simplify the structure of the combined dynamics. The
virtual camera has the same intrinsic parameters as the real
camera and the same optical center, but it is oriented such
that its image plane is parallel to the e;-e; ground plane.
That is, the origin of the virtual camera frame, denoted by V,
is fixed to the origin of C and moves with the vehicle. We
denote the basis of V as {c},cY,c%}. The virtual and real
cameras are shown in Fig. 3.

The relation between the representations of P in V and C
is given by

P’ = [P‘{7P;apg]T:R0¢P7
where

Cy SySg CQ Sy
R9‘7’ = 0 C¢ —S¢
—Sy S¢ Cy C¢ Co

The kinematics of PV is

P’ = —ysk(es)P¥ — vV + v, (6)

Fig. 3. The real and virtual camera frames C and V), respectively.
The image plane of the virtual camera 7 remains horizontal (i.e.,
parallel to the e;-e, plane).

where vV = [v], v}, v§]T = Ry, is the velocity of the camera
expressed in V, v{ = Ry, v, is the target velocity expressed
in V. The corresponding projected image point y' in the
virtual camera image plane is

(7)

pY PY T
v = b= g gt |

— A
Pyt Py

The conversion from the real camera image coordinate to
virtual camera image coordinate is

A2y
V_l[)\l 0 0] 21

Yy = R9¢> Aye |, (8)
0O X\ O
B 2 Ay
where
Aoy1
B=elRys| My2 | = MA2csCh— Y1 A2y + Y2154 €.
A1 Az

The matrix Rj, is assumed measured from the on-board
attitude and heading reference system (AHRS). Based on (6)
and (7) we can solve for the image kinematics in the virtual
camera:

1[-N O y 1 Ayy |
e (S (s .
0 - y3 AMAz | —A3y]

An important property of these kinematics is that they
are independent of roll and pitch rates. The kinematics of
the real camera (5) does not have this independence. In fact,
the virtual camera can be seen as defining new state



Un. Sys. 2017.05:1-17. Downloaded from www.worldscientific.com
by NATIONAL UNIVERSITY OF SINGAPORE on 05/19/17. For personal use only.

coordinates in which dependence on roll and pitch rates is
eliminated. The new coordinates are similar in nature to
those used in our work in [23, 33] where they were also
used to eliminate roll and pitch rates.

3.3. Moment features

To further simplify the interaction matrix we use image
moments defined in [34, 35]. We assume there are K > 1
target point correspondences in the images denoted by
Py, 1 < k < K. These points make up a target which remains
horizontal and can rotate about its geometric center.
Figure 4 shows a target composed of four (ie, K = 4)
points. A frame 7 is attached to the target. The origin of 7
is at the geometric center of the target. We denote this
geometric center by vector P". The basis of 7 is {t, t,, t3}
which is defined so that the t; — t, plane is parallel to the
e; — e, plane, and t; = e;. The yaw between N and 7 is
denoted by 1, and its positive direction is defined in Fig. 4.
We remark that the image moments defined simplify the
kinematics in the case where the target plane is parallel to
the camera image plane. This is ensured by using a
virtual camera frame. When the target is parallel to the
camera image plane, all target points have the same depth
P% in V. The image moment feature s = [s1,5,,53,54]7 is a
function of image coordinates in the virtual camera and is
defined as

S1 = S3y‘1)ga (93)
S2 = 53)’597 (9b)
oy = [F20 +M02’ (9¢)
H20 + Moz
2111 M Ay

1
4= 5 arctan (9d)

)‘gllzo - )\%Moz ’

Fig. 4. Horizontal target composed of K =4 points denoted
P,1 <k < 4. The position of the geometric center is denoted
P" ="K . P! where P is P expressed in \V. The angle between
target frame 7 and N is .
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where y;; = e S K VY V) is the ith virtual image plane
coordinate for the kth point, 11; = SR — Y1) vo—
Y3g), and pj is the desired value of 1; which corresponds
to when the vehicle is in its desired pose. For simplicity we
assume A\; = \, so the image kinematics are

A0 O Sy
1 ~ .
SZ = P—g* 0 X O|VV+ —51 ¢, (103)
5 00 1 0

where P%" denotes desired depth and

V= Rg(v” -V}

72) =¢Y—1
Cl/’ —Sy 0

and the velocity of the target’s geometric center is

K

1
v v
Vt—K E Vik

k=1

and vy, is the linear velocity of the kth point in V. The image
features sq, s,, S3 are used to control the translational mo-
tion of the vehicle, and s, controls the yaw motion. Without
loss of generality, we regulate the image feature s to a de-
sired value s* = [0,0,1,0]". This ensures that the vehicle’s
lateral position tracks the target’s geometric center, its yaw
is the same as the target, and its height above the target is
PY . Nonzero s} and s} values can be chosen, but are less
practically relevant since we require the target to remain in
the camera’s limited field of view. The values of s5 and s}
can be chosen to regulate specific desired heights and yaw.
We remark in practice that the choice of s] = s3 = 0 does
not imply that the camera is directly above the geometric
center of the target. An offset can exist due to misalignment
between the body and camera frames; and the center of
mass and geometric center.

4. Dynamic IBVS Control for Moving Horizontal
Targets

The control of UAVs is typically divided into an inner and
outer loop. We adopt this structure here as shown in Fig. 5.
This inner-outer loop structure is often used independent of
the sensors employed (e.g., camera or GPS). The inner loop
tracks an orientation reference of the vehicle, and the outer
loop provides a roll, pitch, and yaw reference to the inner
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Camera Outer Loop:
m — %
Dynamic VS| 7] T

Inner Loop

n

v, n

Vehicle

P

Fig. 5. Inner-outer loop Dynamic IBVS control structure.

loop in order to achieve control of translational and yaw
motion. This structure arises in part from a difference in
sensor frequencies and provides a practical solution to
motion control found in many autopilots [36]. The multi-
loop structure is useful for saturating the reference angles
to avoid unsafe large roll and pitch angles. In the case of
visual servoing, the decoupled control structure is natural
due to the low frequency at which the camera acquires and
processes images. On the other hand, the relatively fast IMU
sensors driving the inner attitude control allow it to run ata
higher rate. The control objective in this paper is to develop
a control law that regulates the image feature s to a desired
value s*. To derive the control we make two practical
assumptions. The first is a small angle approximation i.e.,
we assume that the roll and pitch angles are small. Hence,
thrust in the virtual camera frame V is

FY = F3[—syc,, 54, —CoCy) T = F3[—0, ¢, —1]". (11)

This is a practical assumption as small roll and pitch is
required to keep the target in the camera’s field of view. The
second assumption is that the inertia matrix is diagonal
J = diag(J1,/,,/3) i.e., the quadrotor’s mass is symmetrically
distributed.

The dynamics of the quadrotor and the target in the
virtual camera frame V is

v = —{bsk(%)f’v +ge; +F'/m — ag, (12)

where a} is the acceleration of the target.

Here we use the previously made assumption that the
camera frame C and the body frame B are identical. The
assumption is realistic in our experimental platform as we
have placed the camera as close to the center of mass as
possible. The frames are only offset slightly in the b; di-
rection. We assume knowledge of ¢, and v} (e.g, trans-
mitted from a friendly vehicle or measured from optical
flow). To derive a control law we write the dynamics (12)
with the image moment kinematics (10) as

51 = =Mk, vi + 1), (13a)
§ = =k, V3 — 511, (13b)
3 (13¢)

(13d)

S3 = 7ka3,

.V .
< ~v
V1= Vv + uy,

iy = — P+ u,, (13e)
A—— (13f)
$4 = Uy, (13g)

where 63 =s3 —1, k, = 1/P%", and the inputs are uy =
—F30/m — 9, — agy, uy=F30/m+vi9 —af, up=
—F3/m+g— ajs;, and u, = —.

Theorem 4.1. Subsystem (13a)-(13f) is globally asympto-

tically stable and subsystem (13g) is globally exponentially
stable with input

t
Up = kpgvz — kp, 63 — khi/ 63(e)de, (14a)
0
Ug = —kpp(Vi/kp —s1), (14b)
Uy = —kp, (V3 / kit — 52), (14c)
uy, = kysSy, (14d)

where kyp, Kng, Kni» Ke1, Koo, and ky, are positive constant gains
such that khi < khpkhd and Pg*kéz > kézl

Proof. First we consider the height motion subsystem (13c)
and (13f) and we define the error signal

63253—1.

In addition, we augment the state by with an integral

(= / sa(e)de.

Let uF:khp63—khd\7;+kh,-§ then the closed loop
dynamics are

b3 0 -k, 077[6
Vi | = [ knp —kna kui| | V3
; 1 0o o0]l¢

Then if Ky, Kpg, kni > 0 and ky; < k,ky,kyq the closed loop
origin of the height motion subsystem is globally exponen-
tially stable. Next, we consider the translational motion
subsystem (13a), (13b), (13c), and (13d). Define error
variables

61 = Xsl
1
(52 = XSZ
64 = Vi/kn — 6,

05 = V3 /kpy — 6,

and consider the Lyapunov function candidate

1 1 1 1
V:TS% +55§ +55ﬁ+56§
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then

V = (upby + uy6s)/ ke + kpnky (=05 — 65 + 85 + 68).
Letting uy = —ky, 64 and uy = —ky, 65 then

V= —kiky (61 +62) — (ke — kyk£1)(83 + 85) /Ko

If kp; >k} k, then V, is negative definite. Therefore, the
translational subsystem (13a)-(13f) is globally asymptoti-
cally stable. For the yaw subsystem (13g) we substitute the
control law (14d) into the dynamics (10b) and obtain

S‘4_ = —kw54
which is globally exponentially stable. O

The control law requires an initialization and main
phase. In the initialization phase the quadrotor is manually
hovered so that the target is in the camera’s field of view.
The user then selects the target, indicates its orientation in
the camera frame and the desired distance to the target.
Note that the desired distance to the target is not specified
in meters, but is an image feature. That is, the user selects
the desired scale in the image: larger (closer), the same
(maintain distance), or smaller (further away). This feature
can be changed at anytime during flight.

5. Nonhorizontal Targets

In previous work [11, 25] it was assumed that the planar
target was horizontal. This assumption was made so that the
concept of a virtual camera as used in [25] could be applied.
If the virtual camera is applied to nonhorizontal targets it
has been shown that steady state error results in the image
features, especially in the third component s3 which is re-
lated to relative height. In this paper, we compensate for
nonhorizontal target planes using a homography decompo-
sition which can be used to estimate the orientation between
the camera image plane and target plane.

5.1. Applying the homography

After computing the homography decomposition as de-
scribed in Appendix A we use it to define a new virtual
camera frame V’. The following discussion explains how
this new frame compensates for nonhorizontal targets. The
following assumptions are made to provide a precise de-
scription of the pose of V' without having to know the ge-
ometry of the target and the relative pose from the camera
to the target.

Assumptions:

(1) The target rotates about its geometric center.

Dynamic Visual Servoing for a Quadrotor Using a Virtual Camera 7

(2) The target plane in the desired image is parallel to the
camera plane, i.e, n' =[0,0,1]7.

(3) The camera is centered laterally above the target, i.e,
the geometric center of the target lies on the c3 axis.

The frame V' has the same lateral position and orientation
relative to the target as the camera to the desired scene.
That is, only the height of the camera can differ relative to
the desired case. Using V’ we can estimate the area of the
target independent of the target and camera’s orientation.
We remark that virtual camera V introduced in Sec. 3.2
remains parallel to the ground. Using a combination of V
and V' we can define image features that behave as if the
target is always parallel to the ground.

Figure 6 illustrates the idea when relative motion is re-
stricted to 1 DoF in the c3 direction, and the target plane can
rotate by an angle 6. The 3D case is restricted to relative
camera motion in the c3 direction, and the target can rotate
in 2 rotational DoF. The extension of the 2D case to the 3D
case is straightforward. In the figure an initial desired image
Y1 is taken from the camera C! of the target in its desired
position (green). Next, suppose the target rotates about its
geometric center (denoted by a red “x”) by an angle 6. At
this point if another image were taken with C! then the
length (area in 3D) of the target in the image will have
decreased. Given this condition, the control law would at-
tempt to lower the camera to increase the length of the
target. However, the control objective is to regulate the
height above the target independent of the target’s orien-
tation. To solve this problem a homography matrix H is
estimated between the desired image (camera C' with a
horizontal target) and the current image (camera C! with a
nonhorizontal target). Next, the homography is decomposed
into the rotation and scaled translation of the camera. Since
the decomposition and estimation of the homography
assumes the target is static and only the camera moves,
we can effectively rotate the camera about the target’s

Fig. 6. An initial desired image is taken from C! of the horizontal
target. The virtual camera associated with C' and the rotated
target is V', The virtual camera associated with C? and the ro-
tated target is V'2.
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geometric center by an angle 6 to V'1. An image taken from
virtual camera V’! will show the same target length as the
desired image and thus the control law will not command
the camera to move. If at some point in time the camera
were to move to C? and take an image of the nonhorizontal
target, the length of the target in the vehicle could be ex-
actly the same as its length in the desired image. A control
law based on the original virtual camera V would incor-
rectly not command the camera to move upward. A homo-
graphy is calculated between the image taken in C! of the
horizontal target and the image in C? of the nonhorizontal
target. This homography is decomposed to define the vir-
tual camera V'2. The length of the target in 1’2 will be less
than in the desired image and the camera will be com-
manded to rise.

The image Y’ € R3 in the virtual camera frame V' is
approximately given by

1 0 0

L 0

1 2
0 0 1— (Fré)

where Y* ¢ R3 denotes the image in the desired camera
frame. The scaled displacement d—ﬂr% is obtained from the
homography decomposition as explained in Appendix A.
Relation (15) is equivalent to

Aty (15)

/ 1
yVWe=—"7— (16)

= -y,
)
where y"' € R? denotes the image in V', and y* € R? is the

desired image.
Motivated by the above discussion, we introduce a

modified feature
’LL/* + 'LL/*
R Ll (17)
Hoo T Hoz

K 7% ¥
Do )2+ )2
K ’ ’
Do )2+ ()2
since y{jq = yz} = 0 by assumption. The kinematics of the
feature is

which simplifies to

sh =

| (18)
3= puiF -
P
Both virtual camera frames V and V'’ rely on assump-
tions. That is, V assumes that the target is horizontal, but
makes no assumptions about the pose of the camera. On the

other hand V' allows for nonhorizontal targets, but assumes
the camera is constrained to move vertically above the
target. In order to exploit the benefits of both virtual frames,
we combine the area moment features into one feature s;.
The resulting image feature vector s is defined as

$1 = 5351/53,
87 = 5352/53, (19)
S3 = as; + (1 — a)sh,
S4 = Sa,

where « € [0,1] is a tuning parameter. In practice we have
found that an equal weighting (i.e, « = 1/2) of the two
features to yield good results. The algorithm is summarized
in Algorithm 1.

Algorithm 1 Dynamic Visual Servoing

1: function MAIN Loop

2 Takeoff

3 Hover

4 while User wishes to track object do
5: {y*,n',a*} + Ini()

6 Track({y*,n',a*})

7 end while

8 Land

9: end function

Initialization Phase:

10: function INI

11: y' + User select target in image
12: n' < User select orientation of target in image
13: a* < User selects desired distance of target

14: end function

Main Phase:

15: function TRACK({y!,n!,a*})
16: y < Take Image
17: y? < Track points in image(y)

> Eq. (4)

18: H < Estimate Homography(y*,y?)
19: R, -r! + Decompose Homography (H,n')
20: Ry < Get attitude from AHRS

21: s + Calc Image Features(y?,Rgs) > Eq. (9)
22: ¢ < Estimate target area(y',2r') > Eq. (15)
23: § + Update Image Features(s,s’) > Eq. (19)
24: F? p* « Outer Loop(g,v”,vv*,l/}*) > Eq. (14)
25: 7 < Inner Loop(n,n*,w) > Eq. (20)
26: Repeat

27: end function
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6. Validation of Dynamic IBVS Control

Physical experiments and simulations were performed to
validate the proposed controllers. Due to limitations with
the experimental test stand we restrict validation to the
horizontal target case in experiment. In simulation we val-
idate the nonhorizontal target case. We use the quadrotor
and camera parameters in Table 1. In both experiment and
simulation we used a proportional-integral-derivative (PID)
inner loop control for attitude:

t
71 =Ky + ki¢/ ey(T)dT + kqp ey,
0

t
T2 = kpgep + ki9/ ey(7)dT + kggéy, (20)
0
t

T3 = Kppey + kiw/ ey (T)dT + kqyéy,
0

where e, = ¢* — ¢, ey = 0" — 0, e, = fé ¥ (€)de, and ¢* and
0* denote reference angles provided by the outer loop
control. The control law (20) combined with ur determine
the propeller velocities based on the model in Sec. 2.

6.1. Experimental validation

6.1.1. Experimental platform

In order to efficiently perform experimental research on
nonlinear control and visual servoing of UAVs, we devel-
oped the indoor Applied Nonlinear Control Lab (ANCL)
quadrotor platform. The platform includes a Vicon motion
capture system that can calculate the pose of the vehicle at
up to 200 Hz with millimeter accuracy. In this paper, we use
the Vicon system to provide the vehicle an estimate of its
velocity. The quadrotor weighs about 1.6 kg including the
battery and measures about 25 cm from the center of the
vehicle to the motor shafts. The custom developed quad-
rotor is shown in Fig. 7. We use a PX4 autopilot which is an
open-hardware and open-source project [37]. The computer
vision system is a CMUcam5 Pixy which is a low cost vision
sensor [38]. It has a focal length of f = 2.8 mm, an image
sensor size of 1/4” and a maximum resolution of 1280 x
800 pixels. It can find hundreds of objects in each frame at
up to 50 frames per second. The image sensor is mounted

Table 1. Quadrotor and camera model parameters.

m 1.6kg

] diag(0.03,0.03,0.05) kg - m?
f 2.8mm

(p1:p2) (2.5, 3.0) um

Resolution 640 x 400 pixels

14 0.25m
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Fig. 7. The ANCL quadrotor.

on the bottom of the quadrotor and connected to the PX4
via a serial connection. Currently, it processes a 640 x 400
pixel image to find image blobs at a rate of about 50 Hz. It
then transmits an identification number of the blob based
on its color and the center, width, and height of the blob.
More information about the platform can be found in [23].

6.1.2. Experimental results for a horizontal target

Due to limitations with the ANCL platform, experimental
testing was restricted to the horizontal target case. That is,
we use the proposed control law (14) which is based on a
horizontal target assumption. We used the same controller
gains as in Table 2. In the experiment two visual markers
were placed on the ground 36 cm apart. The quadrotor was
placed between the two markers and manually flown to
about [0.1,0.1,—1.0] m to ensure that the markers were in
the camera’s field of view and to be above any ground
effects. The initial yaw angle was about 50°. At this time the
dynamic IBVS controller was turned on and run for about
60 s. The experimental results are shown in Fig. 8. Figure 8(a)
shows the components of error in the image features

Table 2. Parameters used in
simulation and experiment.

(Knp, kng, kni]  [4.4,1.0,1.0]

(ki1 k2 [1.2,0.4]

ky 0.60

« 0.5

(koo Kigs kap) (10,1, 3]

[kp% ki97 kd@] [107 17 3}

[kp¢'7 kil/}a kdw] [67 1, 3]

ke 18 — 0.02tN

£1(0) [0.25,0.25, —1.0] m
e [0,0,—1.5|m

¥(0) 45°

() 0°
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1
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| 1
-0.5
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(a) Image feature error e

(b) Position error e,

20
—~ 0 PN‘\K\/M%
= 20
- RS
-40
-60
0 50

t(s)

(c) Roll ¢ and pitch 6 (d) Yaw error ¢

(e) Image feature trajectory. The initial and final positions of the
feature are denoted by a circle and a cross, respectively.

Fig. 8. Experimental results of the proposed dynamic IBVS con-
trol law for a horizontal target.

e, = s* — s rapidly converging to a bounded trajectory near
0. We remark that the oscillations in s; and s, are likely
caused by tracking error in the inner loop control, and the
performance is comparable with our visual servoing
experiments on the same platform in [23]. The error s,
slowly converges to zero. Figure 8(b) shows convergence of
error in vehicle position e; = [eg, e, e3] =&"" —£" to a
bounded trajectory near zero.

Table 3 shows the mean and standard deviation of the
error signals. The magnitude of error is similar to our past
work [23] where only the two lateral DoF were controlled.
Here, we control all four DoF (i.e., 3D position and yaw).
Figure 8(c) shows trajectories for roll and pitch. In Fig. 8(d)
the error in yaw v converges to zero. Finally, in Fig. 8(e) the
trajectories of the image point features are shown in the
image plane in pixels. The image features at time t = 0's are
denoted by a circle and at time t = 60s by a cross.

Table 3. Mean and standard deviation
of error for the experimental data.

Variable Mean Standard deviation

es, 0.12 0.15
e, 0.06 0.22
es, 0.12 0.04
e, 0.05 0.06
e (cm) 3.8 6.8
em (em) 0.2 7.1
es (cm) 5.4 4.2
ey (°) 2.9 3.7

As seen in Figs. 8(a) and 8(b), the height of the vehicle
drops about 10 cm over a period of about one minute. This
is expected as the integral term in the control law (14a) was
disabled (i.e., k;; = 0). As the battery voltage drops, less
thrust is generated for the same control signal. Although the
control signal increases slightly due to the increased error; it
is insufficient to compensate for the decrease in thrust co-
efficient. Figures 9(a) and 9(b) show battery voltage and
thrust input u;, respectively. To estimate the thrust constant
in force model (2) we assume that each propeller generates
the same thrust and denote thrust coefficient
ki = kg,i=1,2,3,4. We also assume the quadrotor is
hovering. In this case the thrust coefficient is given by

125 1
N12 505
L
11.5 0
0 20 40 60 80 0 20 40 60 80

t(s) t(s)

(a) Drop in battery voltage (b) Control signal u;

20 4.5
19
> 18 —~
& & oy
<17 ~
16
15 3.5
20 40 60 20 40 60

t (s) t(s)

(d) Estimated force f; (blue)
and hover force mg/4 (red)

(c) Estimated thrust coefficient
(red) and data (blue)

Fig. 9. Time varying thrust constant.
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ke = 0.25mg/u?. We model the dependence of ks on time as
linear:

A least squares fit for the thrust coefficients in model (21) is
performed. This model is shown in Fig. 9(c). Figure 9(d)
shows estimated force f; compared to the assumed hover
force mg /4. In simulation we used (21) to show the integral
term in (14a) can compensate for a decrease in thrust
coefficient.

6.2. Simulation results

In the nonhorizontal target case, complexity of the control
law increases given the homography decomposition is
computed. At its current stage of development, these com-
putations could not be implemented on the ANCL quadrotor
platform. Hence, a Simulink simulation was used for vali-
dation. The simulations include the rigid body dynamics
and kinematics (1), the pinhole camera (4), the virtual
cameras (8) and (16), the image features (9) and their
modifications (19). The algorithm used is described in
Algorithm 1. We chose the visual target to be a “car” which
is represented by four points in the shape of an arrow that
points in the forward direction of the car. There is no re-
quirement to know additional information about the
target’s geometry such as its dimensions. We simulate a
control assuming the target acceleration is zero. This avoids
the requirement of measuring this quantity and makes the
control more practical.

In the first simulation the quadrotor was initialized di-
rectly above the stationary car that was rotated by one ra-
dian (57°) about its roll axis. The control objective was to
regulate height above the car and the proposed method is
compared with that previously developed in [25]. The
camera images for the simulation are given in Fig. 10. The
motion is such that initial (shown as circle) and final images
(shown as cross) are almost identical. We observe that in
both the initial real camera image [Fig. 10(b)] and the tra-
jectory of the virtual camera image for V [Fig. 10(c)], the car
appears compressed in the vertical axis of the image due to
the inclined target. This leads to a reduced area which is
measured by moment feature s; and thus the quadrotor
flies closer to the car to increase the target’s area in the
image. Both the desired image [Fig. 10(a)] and the image in
the new virtual camera V"’ are identical in this case.

Figure 11 shows height trajectories for a number of
cases. Figure 11(a) compares height using the proposed
method (green) and the previous approach (blue). The de-
sired height is 1.5 m, and the proposed algorithm provides a
smaller steady state error relative to the previous work.
Figure 11(b) shows the effect of time varying thrust
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S

(a) Desired camera image (b) Initial real camera image

o

(c) Virtual camera V image (d) New virtual camera V' image

Fig. 10. Simulated camera images using the proposed method
and the approach in [25]. The control objective is to regulate
height above the target.

coefficient when an integrator is not used in the control
(ki = 0). In this case height for both of the algorithms
drops significantly. Figure 11(c) shows the result with the
integrator enabled (kj, = 1). Figure 12 shows the result of
the homography decomposition with roll and pitch esti-
mated to less than one degree of error.

15
15

= <145

= i

< 145 [

i

14 :
L4 0 5 10 15
0 10 20 30 t(s)

t(s)
(a) Ideal battery

(b) Real battery without
integrator compensation

1.5

1.45

—&3 (m)

0 10 20 30
t(s)

(c) Real battery with integrator
compensation

Fig. 11. Simulated height of the camera using the proposed
method (green) and the previous approach in [25] (blue).
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60 0.8
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Z = 0.4
= 20 5
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(a) Roll and pitch estimates
(solid red) and actual
values (dashed red)

(b) Error in estimation

Fig. 12. Roll (blue) and pitch (green) estimation using a homo-
graphy decomposition.

In the second simulation we define a surface on which
the car travels:
) . —y—yo1)? *(Xfxoz)z , f(y*yoz)z
! 1 + Cze x2 ! Cy2

—(x—xp1
Z(Xay) = (1€ e

The car’s path P"(t) is defined by

rt
o — 0<t<t
Pi(t) = to
reos(t/c; —ty) t>¢t
_ 0 0<t<t
P(t) = ’
rsin(t/c, —ty) t>ty

P3(t) = z(Pi(t), P3(t))

The car’s attitude is such that it is level to the tangent of the
surface z. Its yaw angle is zero until after the car completes
one full circle then it follows a sine wave. The attitude of the
car is given by

olxy.t) = 2 ("(” ~xo, X() ‘2X°2)z<x<t>,y<t>>

Cx1 Cx
Oy, 1) = —z(y<t>cy1y°1 +Y (t)cﬂym)Z(x(t)aY(t))

0 0<t<ty
Yt) =9
sin(t/c,y —t1) t>1t

The surface z and the car’s trajectory [c,,c,,c,]” (red) is
shown in Fig. 13. The constants used are in Table 4.

We ran the car following simulation using the previous
algorithm where the velocity of the target is assumed to be
zero and the target is assumed horizontal [25] and the
proposed algorithm where the velocity of the target is no
longer assumed to be zero and the target can be non-
horiztontal. The result of the simulations are shown in
Figs. 14 and 16.

Figure 14 shows relatively poor performance of the
previous method. From Fig. 14(a) the point features of the

: —y=-10
0.6 vy =-05

05 y= 0.0
—y =05

z (m)

NN
IR
CACT LAY

S S
SO

TSI TSNS
<

SRS
0‘:‘“‘

(@) (b)
Fig. 13. The ground plane and the trajectory of the car (red).

Table 4. Simulation parameters
used to define ground plane and
car trajectory.

Parameter Value
c —-0.5

Cy —-0.2
(X01,Y01) (—0.2,0.4)
(Voz:Y02) (0.2,0.2)
Cy1 0.7

01 0.8

Cy2 1

63 1

C; 5

Cry 2

to 3

ty 2mc, + t0
r 0.5

car in the image exhibit large variation, and this causes
large error in the moment image features as shown in
Fig. 14(c). Figure 14(f) shows loss of yaw tracking for t > t;.
Although in Fig. 14(d) the vehicle shows bounded lateral
position tracking error, the magnitudes of error are large.
The nonzero tracking error is from assuming the target
velocity is zero.

Figure 16 shows increased tracking performance using
the proposed method. We observe from Fig. 16(a) that the
point features of the car exhibit small variation, and image
feature error is reduced as shown in Fig. 16(c). Figures 16(d)
and 16(f) show good tracking performance for lateral posi-
tion and yaw. Figure 15(a) shows the roll and pitch computed
from the homography decomposition versus actual roll and
pitch. Figure 15(b) gives the error trajectories for these
angles, and we observe magnitudes less than about 5°. An-
other measure of error for a homography matrix is the
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(b) Virtual image V
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Fig. 14. Simulation using a dynamic IBVS based on the virtual
camera V. The quadrotor (blue) follows a car (red).
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(a) Roll and pitch estimates (solid)
and actual values (dashed red)

(b) Error in estimation

Fig. 15. Roll (blue) and pitch (green) estimation using a homo-
graphy decomposition.

backward and forward projection error:
Ef:Hyl—Yz, eb:H_1Y2—Y1.

These errors are less than one pixel over the entire
simulation.

(a) Camera image (b) Virtual image V

1
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(c) Image features (d) Lateral position
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o

(g) Virtual image V'

Fig. 16. Simulation while using the proposed algorithm where the
quadrotor (blue) followed a car (red).

7. Conclusion

In this work, we investigated a nonlinear dynamic IBVS for a
quadrotor which regulates the relative position and yaw to
a moving target. The control relies on four or more visual
feature points in a plane. These point features are relatively
easy to track, and the target geometry can be generically
defined and is not assumed known. The general nature of
the target makes the visual servoing law broadly applicable.
The stability of the closed-loop is proven in the horizontal
target case. Experimental results show the performance of
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the method in [23] for a horizontal target case. These
results show robustness to unmodeled effects such as
nonideal inner loop performance, mass imbalances causing
a nondiagonal inertia matrix J, change in battery voltage
causing a nonconstant thrust coefficient kf, and relative
pose between camera frame C and body frame 5. For the
nonhorizontal moving target case, simulation results dem-
onstrate the proposed algorithm’s better performance rel-
ative to previously published work in [23] where the target
was assumed horizontal and static.

Future work includes implementing the computer vision
system on-board and extending the controller to remove the
reliance on the Vicon system for linear velocity. Optical flow
could provide this velocity. We observed experimentally
that lateral position tracking error was degraded due to
limited inner loop bandwidth. Future work can focus on
improving inner loop response.

Appendix A. Homography Matrix and Decomposition

Following [31, 32], we consider two views of a point on a
planar target as shown in Fig. A.1. The two camera frames
Ct ={cl,cl,cl} and C%={c? c% c%} are related by a
translation r! and rotation R. We denote the image plane
coordinates of K points in the two cameras to be
yiy? € R2,1 <i<K. The homogeneous representations
of these vectors are denoted Y!,Y? cR3 1<i<K. A
homography mapping H € R3*3 is a matrix which trans-
forms Y} to Y? according to

Y? ~ HY}!.

We note that the matrix H can be arbitrarily scaled, there-
fore it has eight degrees of freedom. When a homography is
induced by a static plane it can be decomposed into a
translation r! and a rotation R assuming that the optical
center of the camera never passes through the plane. Such a
situation is physically impossible as the camera would have

Fig. A.1. A Homography matrix transforms the image coordinates
Yl € R3 into Y? € R? of two views of the same 3D point.

to pass through the target. That is, we have
1 417\,
H=A R+ﬁrn A, (A1)

where A is the matrix of intrinsic camera parameters, d! is
the perpendicular distance from the camera frame C?! to the
target plane, n! is the unit normal of the target plane
expressed in C1, rl is the displacement of the origin of C?
relative to the origin of C! expressed in C!, and R is the
rotation matrix which describes the relative orientation of
C' and C2. Without loss of generality we take A = I which
assumes camera calibration has been performed. In prac-
tice, cameras can be easily calibrated to subpixel error.
As an alternative, the points in the images can be normal-
ized using a similarity transform that moves the centroid of
the points in the images to the origin and scales the average
distance of the points from the origin to /2. This approach
yields acceptable results in practice. Normalization, via ei-
ther the camera’s intrinsic parameters or by a similarity
transform, is an important step of the algorithm to provide
suitable accuracy in the estimate of the homography [31].
The homography

Hy1 Hi; Hiz
H= | Hy Hy Hy
Hz1 Hizp; Hiz

can be calculated using at least K > 4 co-planar point cor-
respondences in the two images using the planar homo-
graphy constraint

sk(YHHY! =0, 1<i<K. (A.2)
Since the constraint is linear we can rewrite it as

xH® =0, (A.3)
where H* = [Hyy, Hyy, H3, Hig, Haz, Haz, His, Has, Has) T,

kron(Y{,sk(Y#)T

kron(Y3,sk(YZ))T
X = . € R3Kx9 (A.4)

Nro
N
=

kron(Y ¢, sk(YZ)T

and kron(A, B) € R™>nl js the Kronecker product of A €
R™" and B € Rk

allB alzB s alnB
a21B (1223 cee aZnB

kron(4, B) = . ) _ e (A.5)
amlB asz s amnB
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To solve (A.3) uniquely (up to a scale factor) we need
rank(x) = 8. This is only possible if there exists a set of 4
points out of K on the plane such that no three of them are
co-linear. Since Y/ contains noise we find the optimal y by
solving

min H*S A.6
min [t (A6)

using linear least squares to obtain H® up to a scale factor.
To solve (A.6), we compute the SVD of y = UXVT where
U,V € R®%° are orthogonal, and X = diag(oy,...,09) €
R%%% gy > --- > g9 > 0. Since V is orthogonal and defining
& = VTHS then [|[H¥||, = [[VWTH¥||; = [[VE]l, = |I¢]l>. Hence,

min ||[xH°||3 = min ||US¢]|7 = min ||5¢]|3
[1H5]l2=1 ligllz=1 lIgllz=1
= min o7&+ + 0585 = 0.
ligl =1
Thus the minimizing ¢ = [0,0,...,0,1]" and
Hi = v[0,0,...,0,1]", (A7)

i.e, the ninth column of V. We form a scaled homography
matrix H, from solution Hj, i.e,

H = \H,. (A.8)
The magnitude of scale factor A\ is given by
Al = o2 (H)), (A.9)

where o, (H)) is the second largest singular value of H,;. To
ensure the sign of H is correct we verify the constraint

(YHTHY! >0, 1<i<K. (A.10)

A.1. Homography decomposition

There are multiple algorithms to decompose a homography
matrix [31, 32, 39]. Here we will use a modified version of
the SVD algorithm. There are four mathematical solutions to
the decomposition of H into R, Jrr!, and n'. Only two of
these solutions are physically meaningful, and to choose the
correct solution additional information about the scene is
required.
Given that HTH is symmetric we can diagonalize it as
H'H=vxvT, (A11)
where V = [v; v, v3] € SO(3),v; € R3, and ¥ = diag(c?,
0%,03), where 0;,1 <i< 3 denote the singular values of
the estimated H. Next, we define two unit length vectors uy
and u, such that their length is preserved under the map H
and that {v,,uq,sk(vy)ui} and {v,,u,,sk(vy)u,} are
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orthonormal bases of R3. We have the expressions

\/1—U§V1+\/U%—1V3

u, =

of — 03
U — \/1—0'§V1 — \/O'% — 1V3
’ 0%~ 3
(A.12)
We define the following matrices
Up=[v; up sk(vy)uy]
U,=1[v, u, sk(vyu
2 =[v2 uz sk(vz)uy] (A13)
Wl = [HVZ HU1 Sk(HVz)HUl]
Wz == [HVZ HUZ Sk(HVz)HUZ]
such that
RU; = W,
RU2 = Wz

1

. Lo T .
Due to the sign ambiguity in d%r n'" we obtain four

decompositions of H = R + 01—111‘1n1 " denoted {R,, Lrini},
i=1,2,3,4 as shown in Table A.1. From these four solu-
tions we can extract two relevant solutions using the posi-
tive depth constraint
Wt
(n")"e3 >0
to obtain two solutions.

The control method requires the scaled relative pose
between the desired and current frames. We propose two
methods for picking the correct solution from the homo-
graphy decomposition data. The first method computes the
homography between consecutive images and relies on the
fact that images vary continuously in time. This implies the
correct solution for R nl, and %rl are also continuous in
time. The incorrect solution has no guarantee of continuity
and can make large jumps. Initially we pick one of the
solutions arbitrarily which we assume is correct. We mon-
itor both solutions for discontinuities in the parameters. If
one of the solutions exhibits a discontinuity, we can deter-
mine the correct solution. This method suffers from the

(A.14)

Table A.1. Fo%r solutions of the decomposition of
H=R+ZXkm' into {R,Lrint}, i=1,234

i R; n} dlﬁlril

1wl sk(vp)uy  (H—WyUT)sk(v,)uy
2 WUl sk(v)up,  (H—WoUT)sk(vy)u,
3 Rl Sk(ul)VZ (Wl U{ — H) Sk(Vz)Ul
4 W,U]  sk(uz)va  (WoUj — H)sk(vy)u,
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following limitations. First, it requires slow movement in
the image and a fast frame rate. Second, the two solutions
can meet making it impossible to determine the correct
solution for subsequent time. In this case, the method is
reset and we must arbitrarily choose a solution. The method
relies on the robustness of the control law to incorrect
choices of the solution.

In this work, we chose a simpler method to pick the
correct solution which relies on a known target plane nor-
mal vector n! in the initial image. Rather than calculating
the homography between consecutive frames we compute
the homography between the initial and current images.
This helps to eliminate any accumulation of error in the
estimate of the scaled relative pose. The choice of correct
solution is determined by comparing the estimated normal
vector with its known value. Assuming a known target
image and normal is not restrictive in that tracking algo-
rithms require an initial image. We require additionally that
the user specifies the initial target orientation. We remark
that the method does not require any geometric information
of the target and maintains the benefits of IBVS given that
the control law is still calculated directly in the image plane.
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