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Most of the existing exact formation algorithms for swarm systems are fully label-specified, i.e. the desired position for each individual in
the formation is predetermined by its label, which would inevitably make the formation algorithms vulnerable to individual failures. To
address this issue, in this paper, we propose a dynamic leader-follower approach to solving the line marching problem for a swarm of
planar kinematic robots. In contrast to the existing results, the desired positions for the robots in the line are no longer predetermined by
the robots’ labels, but the relativity of the robots’ labels as well as their real-time relative positions. By constantly forming the leader-
follower chain, exact line marching can be realized by pairwise leader-following tracking. Since the order of the leader-follower chain
keeps updating, the proposed algorithm shows strong robustness against robot failures. Comprehensive numerical results are provided to
evaluate the performance of the proposed formation algorithm.
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1. Introduction Roughly speaking, there are two main classes of control

approaches to solving the formation control problem. The
Though individuals in a swarm are always subject to limited first class is the virtual structure approach [8-16], which
sensing, computing, decision and execution capability, the  treats formation as a single entity, and the formation is
swarm as a whole exhibits marvelous performance. For realized by keeping the relative position between a virtual
example, by working in groups, the ant colony can move  Jeader and each agent. Early works establishing the virtual
food hundreds of times heavier than their weights, thereby structure approach can be found in [8, 9]. Since after, the
improving the foraging efficiency of the population [1].  vjrtual structure approach has been advanced in several
Another typical example is the formation flying of geese,  gjrections, such as dealing with system nonlinearity [10],
which helps to reduce energy expenditure and thus  jjtegration with learning-based approach [11], special types
increases migration distance [2]. Inspired by the biological of formation, such as circular formation [12], and adapta-
behaviors of social animals, formation control has received tion to unreliable communication network [13], just to
extensive attention which gives rise to a significant amount name a few. Recently, in [14], based on linear matrix in-
of research results revealing the underlying mechanism of equality technique and common Lyapunov-Krasovskii sta-
the biological behaviors. In addition, formation control is bility theory, sufficient conditions for solving the time-
also appealing from the perspective of engineering appli- varying formation problem for general linear multi-agent
cations such as cooperative searching, exploration, escort- systems under switching interaction topologies and time-
ing and commercial performance [3-7]. varying delays were investigated. Moreover, the work of
[15] considered fixed-time event-triggered control schemes
for time-varying formation tracking problem of leader-
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for multiple targets encircling. A salient advantage of the
virtual structure approach lies in that it makes it easy to
define formation. However, the definition of formation is
fully label-specified by the virtual structure approach, i.e.,
the desired position for each individual in the formation is
predetermined by its label. Consequentially, once an indi-
vidual fails, the formation will be incomplete unless some
further re-organization is invoked. In this sense, the virtual
structure approach is not robust enough, or flexible enough,
in the face of individual failures.

The second class is the classic leader-follower approach
[17-26], which decouples the formation control problem
into a set of ordered leader-following tracking problem. By
specifying a chain of leader-follower pair, formation can be
defined by the relative position of each leader-follower pair.
Seminal works for the leader-follower approach can be
found in [17-19], which lay the foundation for various
important extensions. For example, [20] considered input
constraint. Reference [21] adopted a receding-horizon
scheme in the expect of fast exponential convergence.
Recently, in the absence of global position and direction
measurement, [22] proposed a flexible formation approach
to tracking multiple mobile robots based on estimated rel-
ative position. [23] proposed a hierarchical control struc-
ture for affine formation of a group of high-order multiagent
system. By utilizing relative velocity and bearing measure-
ments, a distributed control approach was synthesized by
[24] which guaranteed a desired geometric pattern for the
robots under persistent exciting condition. Chen and
Dimarogonas [25] further considered the prescribed per-
formance guarantees for the leader-follower formation
control. Buckley and Egerstedt [26] revealed the possibili-
ties on the types of formations for robots with bearing-only
sensors based on the theory of infinitesimal shape-similar-
ity. Due to the simple design philosophy, the classic leader-
follower approach is easy to understand and implement in
practice. While, since the order of the leader-follower chain
must be predetermined, once an individual fails, the other
individuals subsequential to the failed individual in the
chain will pause, which makes the classic leader-follower
approach vulnerable to individual failures.

In summary, it is difficult for both the virtual structure
approach and the classic leader-follower approach to deal
with individual failures. The reason behind this is these
approaches are fully label-specified, which shall not adapt
to uncertainties caused by robot faults and failures. To
address this issue, in this paper, we further propose a novel
leader-follower approach to solving the line marching
problem for a swarm of planar kinematic robots. In contrast
to the classic leader-follower approaches [17-26], the de-
sired positions for the robots in the line are no longer
predetermined by the robots’ labels, but the relativity of the
robots’ labels as well as their real-time relative positions.
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By constantly forming a chain of leader-follower pairs,
exact line marching can be realized by pairwise leader-
following tracking. Since the order of the leader-follower
chain keeps updating, the proposed approach is called the
dynamic leader-follower approach to distinguish from the
classic leader-follower approaches.

The main advantage of the dynamic leader-follower
approach is it is inherently endowed strong robustness
against robot failures. In particular, once a robot fails, the
rest robots will immediately re-form a new leader-follower
chain and march in a new line. The failed robot will be
considered as an obstacle by other robots. If the failed robot
could get back to normal, it will rejoin the swarm and the
whole robot swarm will re-form, again, into a new line and
keep marching forward.

The following notation is adopted in this paper. Let R
and N denote the sets of real numbers and positive integers,
respectively. Given x € N,

x2{yly e N,y <x}.

Given angle 6, the planar rotation matrix is defined as

[ cos(f) —sin(0)
R(®) = <sin(0) cos() )

Given x, y € R?, the inner product of x and y is denoted by
(x,y). The boolean relation “or” is denoted by V. Given a
nonzero vector x € R? let vy(x) = x/||x|| denote the unit
vector which has the same direction as x does.

2. Task Description

In this paper, we consider a swarm of N planar kinematic
robots moving in an unbounded region subject to M im-
mobile or mobile obstacles. For convenience, it is assumed
that the positions of all the robots and obstacles are
expressed in a common coordinate system.

For i € N, the motion of the ith robot is described by the
following equation:

pi(t) = vi(t), (1)

where p;(t),v;(t) € R? denote the position and velocity
vector of the ith robot, respectively.

Let 6; > 0 denote the minimal safety distance for the ith
robot.

For i € M, the motion of the ith obstacle is described by
the following equation:

q:(t) = uy(t), (2)

where q;(t),u;(t) € R? denote the position and velocity
vector of the ith obstacle, respectively. For immobile
obstacles, u;(t) = 0 for all £ > 0.
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Fig. 1. An example of five robots marching in a line subject to two
obstacles.

Let v; > 0 denote the minimal safety distance for the ith
obstacle.

Roughly speaking, as illustrated by Fig. 1, the task for the
robots is to march in a line while keep collision avoidance
for both obstacles and other robots. Let v; € R? denote the
nonzero marching velocity, and

er=(vy) (3)
denote the marching direction. Then, let
ef = R(g) e (4)

denote the direction vector perpendicular to e; by rotating
e; anticlockwise by 90°.
In what follows, for i,j € N, define

pij(t) = pi(t) — p;(t),
pij(t) = (pi(t),e), (5)
pij(t) = (pij(t), i),
and fori € N and j € M,
©i(6) = pi(t) — q;(¢). (6)

Mathematically, the line marching problem considered in
this paper can be described as follows.

Problem 1. Design v;(t) of (1) such that the following two
objectives can be simultaneously achieved:

e collision avoidance
(1) forall t >0, for all i,j € N, i #J,
|lpi; (O)]] > 6; + 6. (7)

ISSN: 2301-3850

2nd Reading

A Dynamic Leader-Follower Approach for Line Marching of Swarm Robots 69

(2) forallt >0, forallieN,jeM,

llg:; ()] > 6; + v (8)
¢ line marching
(1) foralli e N,
lim (v,(£) — v)) = 0. (9)
(2) for all i,j € N,
tlLr?opr(t) =0. (10)

(3) there exists an order (iy, Iy, . . .
forke N—1,

,Iy) with i, € N such that

lim pi ., (£) = p, (11)
where p > 0 denotes the desired inter-robot distance.

To avoid the possible conflict between collision avoid-
ance and line marching, p should be chosen such that

p> max {x(6+ &)} (12)

IjEN iZ]
for some x > 1.

Remark 1. Equation (11) indicates that the order of the
marching line is immaterial as long as the relative position
of the robots in the line can be maintained, which, in
contrast to the classic leader-follower approaches, makes it
possible that, when some robots fail, the rest robots can
re-form a new marching line.

3. Line Marching Algorithm

To begin with, at time instant ¢, for robot i, we define the
following indices:

(1) Head index:

A(t) = 1 robot i is the head of the line,
"1 0 otherwise.

(2) Leader index:
1
®i(t) = {

0 otherwise.

robot i has a leader,

(3) Follower index:

Ai(t) :{1

0 otherwise.

robot i has a follower,

(4) Failure index:

0 robot i fails,
Ti(t) =

1 otherwise.
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(5) Pause index:
0 robot i pauses,
T(t) =
i(0) { 1 otherwise.
In general, v;(t) of (1) is given by
vi(t) = Ti(6)Ti(6) (Viam () + Viea(t)),

where V; j(t), Vi (t) € R? aim at line marching and colli-
sion avoidance, respectively.
To avoid collision, for robot i, we let

(13)

N
Vialt) = Y (i (O)CUIPij(L)l], 61, 65, 1, 52)
j—1#i
+27 plj ||plj( )||3513Vj>"517"52)7 (14)
where k; > 1, kK, > 0, and
C(X7aaba’%17‘%2)
(= m=aen)
x—(a+b) (ky—1)(a+b))’
= (15)
a+b<x<k(a+b),
0, X > :‘il(a + b)
Note that by (15), we have
lim |((x a,b, ki, ky)| = +oo. (16)

X—a+

Suppose a + b = 5. For different x; and «,, the plots of
¢(x,a,b, kq,ky) are given by Fig. 2. To ensure the existence
of a steady solution to the line marching problem, it is
necessary to assume that x > k.

To rule out the case that the robot might get stuck at
some place when v;,,(t) + V; ,(t) = 0, we let

Viea(t) = R(0(t)) Vica(t), (17)
where
7T
0;(t) = a; - 180 sin w;t, (18)
30
S N S R R e 1 = 1_?,h:1 =10
_ 2} — =2t =15 |
-: 10
Ea
ol
-55 6 7 8 9 10 1‘1 12 13 14 15

Fig. 2. The plots of {(x,a,b, kq,r;) for different x; and r, with
a+b=>5.

ISSN: 2301-3850

Z2nd Reading

where 0 < a; <90, w; >0 are design parameters. By
choosing a; sufficiently small, the orientation of v; ., (t) shall
constantly swing at a small amplitude, which would almost
surely avoid the case of v;, (t) + V;(t) = 0.

For j #£ i, we let '

Vim(0) = alpji(6) = p)ei + Bpjiltler,

where «, 3 > 0 are control gains.
Now, we are ready to present the following line marching
algorithm.

(19)

Algorithm 1. Line Marching Algorithm

Input: pi(t),...,pNn (1)

Output: vy (¢),...,on(t).

1: fori:1— N do

2: set Ay(t) =1, @;(t) =0, Ay(t) =0, T;(¢t) =0

3: fori:1— N do

4 if T';(t) = 1 then

5: for j: 1> N,j#i& ®;(t)=0 do

6: if pl (1) >0 ](t) =1 then

T set A;(t) = 0.

8 if Aj(t) =0 then

9 set A;(t) =1, ()_lTi(t):l
10: set Vi 1 (t) = v + v, (1)

11: if A;(¢t) =1 then

12: ifi=1or Ay(t)V---VA;_1(t) =0 then
13: set Y,(t) = 1.

14: set v 1 (1) =

15: return result

Remark 2. The formation mechanism of the order of the
leader-follower pairs under Algorithm 1 is explained as
follows. Initially, all the robots consider themselves as the
head of the line and pause by default. After indices
initialization, the decision phase starts. Robot i checks the
relative position between itself and other robots in the
ascending order of the robot label. If there is at least one
robot ahead of it along the marching direction, then robot i
changes the status of its head index. Moreover, if robot i
further finds a robot, say, robot j, ahead of it along the
marching direction, which, in the meantime, has not been
tailed, then robot j will be taken as the leader for robot i, and
the decision loop of robot i ends. If a robot is the foremost one
of the line, it automatically becomes the head of the line. If
there are multiple robots situate as the foremost heads of the
swarm, only the one with the smallest label will be selected as
the leader of the line and others will pause. If a robot fails, it
will stay where it is until it gets back to normal.

In what follows, we will present the stability analysis for
Algorithm 1 under the following two assumptions.

Assumption 1. Forall t > 0 and all i € N, T;(t) = 1.
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Assumption 2. M = 0.

Theorem 1. Under Assumptions 1 and 2, Problem 1 is
solvable by Algorithm 1.

Proof. Under Assumption 1, (13) reduces to

vi(t) = Li(t) (Vigm(t) + Vica(t)) (20)
and under Assumption 2, (14) reduces to
N
Viea(t) = Z Y(pij(0)CUpij (O, 61, 6, k1 y B2). (21)
=LA

We first show that collision will not happen. The inter-
robot force can be classified into the combination of the

attraction force, solely provided by Vi Im( t), and the repul-

sion force, possibly provided by v/, (t) and/or v; ,(t).

i,lm
Define
0(t) = max [p(t)] (22)
By keeping in mind that
p> max {k(6+6;)} > max {ml(é +6,)} (23)
ijeN i#j ije

for all t > 0, by (17) and (19), it follows that

(t) < 0 whenever £(t) > £(0) +

As a result, ¢(t) will be globally bounded.
Consequentially, there exists ¢ > 0 such that forall t > 0
and all i € N,

(N —2)p.

W )] < 0 (24)
Fori#j let
Vy(6) = 5 21 (0) 10 (25)
Then,
Vy(6) = piy() i (6) = Py (i(8) — v (0). (26)

By Algorithm 1, without loss of generality, we consider the
following three cases: (i) Y;(t) = 0, Y;(t) = 0; (ii) Y;(t) = 0
T(6) = 1; (i) Yy(t) =1, Ty(t) =1
For Case (i), Vij(t) = 0, which indicates no collision.
For Case (ii), it follows that

Vij(t) = _pl,](t) ( )
= pz](t) (V] Im( ) + Vj,ca(t))
= —pi;(t) "V (t) — pi; () T[R(B;(L))

N
X Z fypjk Hp]k( )||a§]

s 6k7 K1, K’Z)]
k=1.k#j
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= —Pij(t) "Vjm(t) + piy(t ) R(0;(¢))
X '7(171]( )) (||pu( )H s Oy K15 K2)

Z ijk

k=1,k#ij

5]‘, Oks K1, ’fz)]

_Pu(

x C([lpx (Bl

(27)
where
Vi) = —pij(t) TV m(t)
ei(t) = pu( )TR(6;(£))v(pi(1))
(lej( )||7 5]; 6ia K1, HZ)
N
P§(t) = —py(OT |RE () D px(t))
k=1 ki
x C(llpjx (O, 1a6k7”17”2)1~
By (24), vji(t) is globally bounded for all t > 0.
Since 0 < a; <90, it holds that
pi; () TR(G;(¢))v(piy(t)) > 0 (28)
and hence
Y(t) = +oo. (29)

im
[P (E)]|—6i+6

Now, when ||p;;(t)|| — &; + &, the sign of V;;(t) depends on
¥ii(t). If ¥i;(t) is bounded, then there exists ¢; > 0 such that

V,-]-(t) > 0 whenever V;(t) < ¢; (30)

and hence no collision will occur between robot i and robot
J- Another possibility is that ¢j(¢) — —oo so that the sign of
V;(t) can still be negative When |Ipij(t)|] — 6; + 6;. Note
that this can only happen when robots i and j are repelled
by other robots, which further indicates that the robots
repelling robots i and j must also be repelled by robots
other than robots i,j and themselves. By repeating this
process, it would need unlimited number of robots so that
1jj(t) — —oo, which obviously contradicts with the fact that
the number of the robots is limited. Thus, overall, no colli-
sion will occur for Case (ii).
For Case (iii), it follows that

Vij(t) = pi,j(t)T(Vi,lm(t) + Vi,ca(t) - Vj,Im(t) - Vj,ca(t))
= pij ()T (Viam(t) = vim(t)) + pij ()"

N
Z 'Vplk

k=1,k#i

X R Hpi,k(t)||76i76k7‘%17l€2)
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N
Z 0 pjk
k 1.k#j
X C(Hpj,k( IIF 1a5k>'f17’f2)
= pi; ()T (Vi (t) = Vi (£)) 4 pi;(£) "R(G;(t))
X "Y(plj(t))g(”plj(t)”v 51’; 6]', K1, HZ)
N
+pij(6) T[R((t)) Z Y(Pik(t))
k=1,k#ij

(Ilp,k(t)ll 81, 6k: ki1, K2)] + pi(£) TR(G; (1))

pl,}(t)) ||p1,] Il, 617 s K1, K2)
pl,} T [R 7(pj,k(t))
k=1,k#ij
X C(||Pj,k(t)|75]',51(,"%17'%2)1
= Y(e) + $i(e) + v(0), (31)
where
¢ (t) = Dbi ( )T(vllm(t) V}Im( ))
Yi(t) = pij(6)T[RG:(6) + R(G;(0)]7(pi (2))
X C(Hpu(t)‘lvén 51>H2)
v§(t) = piy(©)T [RO(0) D (i)
k=T ki

X C(lek(t)H?ép 6](7 K1, KZ)‘|

N

Z 'Vp]k

k=1,k#ij

- pz,](

CI1pyac @)1 655 61, 51 "iz)] :

Similar to Case (ii), ¥jj(t) is globally bounded for all
t>0.

Since 0 < a;,a; < 90, it holds that

pij(t) TR(0:(£)) + R(8;(£))](pi; (1)) > . (32)

Therefore,

) b
Hp,-.j<c>lur3(s,-+é;¢”(t) oo (33)
The rest proof can be obtained by contradiction similar to
the analysis of Case (ii) and thus is omitted.

Now, we are able to conclude that collision avoidance can
be achieved.

Next, we will show that line marching can be achieved
asymptotically. At t =0, there will be a unique robot,
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labeled as i, such that A; (0) =1 and T; (0) = 1. Let
1

N Zvl (34)

=

2

Then by (20), there exists T; > 0 such that for all t > Ty,
(v(¢),e) > 0. (35)

As a result, there exists T, > 0 such that for all ¢t > T, and
all i € N, T;(t) = 1. It is worth mentioning that the priori-
ties for leader selection of the robots under Assumption 1
are different. In particular, the robots with small labels have
the priorities in selecting leaders. Consequentially, there
will be no stable oscillation in the formation process of the
order of the leader-follower pairs. Moreover, in the pres-
ence of R(6;(t)), robots will not get stuck due to the balance
of attraction force and the repulsion force. As a result, by
Algorithm 1, there exists T3 > 0 such that for all t > Tj,

the robots other than i; can be labeled as i,,..., iy in the
following way:
Piv iy (6) <Py (£) <= <Pl (0). (36)
On the other hand, for t > T,
(Vi ca(t), €1) = 0 (37)
and
(Viy.ca(t), &) < 0. (38)

Therefore, there exists T, > 0 such that for all t > T, and all
keN-1,

Plins (€) > F1 (65, +6,.,)- (39)

That is, the inter-robot repulsion force induced by (17) will
vanish in finite time. Let T = max{Ty, T,, T3, T4 }. Thus, for
allt > T,

bii,(t) = vy — v — Oé(Pgl,iz(t) —pe — 5171#,12(’5)3%
= —a(pl, () = p)er = Bpi, i, (O)ei. (40)
Then, noting that (e;,e;) = 1 and (e;,ej-) = 0 gives
Pivir(£) = —a(pl i, (£) = ) (41)
and
Piniy (t) = =0, (0)- (42)
As a result,
lim pi,, (£) = p, Py (1) = 0. (43)
Next, suppose for all t > T,
lim pi g () =p, limpi, (=0 (44)
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Then, for all t > T, we have

Dig. 1, (E) = Vi +a(p 5,“1',{“ (t) —pe + Bp i,im (t)ej

—vi =P, (£) = p)er = Bpiy. i, (D)ef
= i, (E) — a(Pﬁ,{H,iM(t) —ple — ﬂpiﬂ,z‘k” (tei,
(45)
where
Sl (t) = a(pgkailwl (t) - p)el + 6pit¢ik+1 (t)ell' (46)

Note that by (44),

tlir?o Sipsie, (£) = 0. (47)
Moreover, we have
Piecriva(B) = =Pl i (0) = p) + (G, (0),00)  (48)
and
Picrins(®) = =BPi i (O) F (S (D07 (49)
Thus by (47),
lim pi () =p, limpi (=0 (50)
Then, by the induction method, for all k e N — 1,
lim pi ., (£) = p (51)
and for all i,j € N,
lim p,LJ(t) =0. (52)

t—oo

At the same time, for all i€ N, YT;(t) =1, v;,(t) =0,
lim,_ v}, (t) = 0. Thus,

tlim (vi(t) —v;)) =0 (53)
and hence the proof is complete. O

Remark 3. Without Assumption 1 or 2, theoretically, one
can find counter examples that Algorithm 1 cannot solve
Problem 1. For example, without Assumption 2, one cannot
rule out the possibility that there are k obstacles forming a
ring-like pattern which happens to enclose some of the
robots, as shown by Fig. 3. In this case, the enclosed robots
can no longer come out of the ring-like pattern due to the
collision avoidance mechanism. The same outcome also
applies to the case if we replace the obstacles with the
malfunctioned robots if Assumption 1 is not valid. In this
sense, no matter what algorithm is applied, Assumptions 1
and 2, or other assumptions with the same purpose as
Assumptions 1 and 2, are necessary for Theorem 1.
Nevertheless, these counter examples are, of course, very
extreme cases with little chance to occur in practice.

®

Fig. 3. A counter example without Assumption 2.

Therefore, as shown by the simulation studies in Sec. 4,
Problem 1 can still be solved by Algorithm 1 without
Assumption 1 or 2.

4. Numerical Simulations

In this section, we consider a swarm of 10 planar kinematic
robots. The reference marching line is characterized by
v; = (—8,12)T £ (v, v},)", p = 4. For simplicity, the mini-
mal inter-robot safety distance is set to be §;2 ¢ = 1. The
control parameters are selected to be x; = 1.5, k, = 10,
a; =10, w; =1, a =10, = 10. Note that by the above
setting, kK = 2 > 1.5 = k4. In the following, we will consider
two cases for numerical simulation.

4.1. The normal case

First, we consider the normal case of line marching without
robot failures subject to a mobile obstacle with v; = 10 and
u;(t) = (15, 0) 7. The initial positions of the robots are given
by p1(0) = (=5,10)", p,(0) = (1,20)", p3(0) = (-10,5)",
pa(0) = (5.10)T,  ps(0) = (10,5)7,  pe(0) = (0,10)7,
p7(0) = (5,—10)7, pa(0) = (15,—5)7, po(0) = (~5,~10)7,
p10(0) = (=10, —5)7. The initial position for the obstacle is
given by g;(0) = (—90,60)7.

Figure 4 shows the robots’ and mobile obstacle’s posi-
tions at different time instants. Figures 5(a) and 5(b) show
the time profiles of robots’ positions and velocities,
respectively. It can be seen that the line marching objective
has been successfully achieved. Figure 5(c) shows the rel-
ative distance between each robot and the mobile obstacle,
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and the minimal relative distance between two robots. It
can be seen that all the lines are above the associated safety
limits, indicating that there is no collision during the whole
process.

4.2. The case of robot failure: Comparisons with the
virtual structure approach and the classic

leader-follower approach

In this case, we consider the scenario when a robot fails and
show the comparisons between the virtual structure
approach, the classic leader-follower approach, and the
dynamic leader-follower approach proposed in this paper.
For simplicity, initially, we assume the robots are already in

line formation. In particular, we let p;(0)=(—12,40)7,
p2(0) = (—15,44)", p3(0) = (—10,37)", p,(0) = (-8,34)",
ps(0) = (=6,30)", ps(0) = (—4,27)", p;(0) = (-1.5,24)",
pB(O) = (057205)T' p9(0) = (257 _17) T' P1o 0) = (57 14) .

Suppose at t =1 s, robot 4 fails.

The system performance using the virtual structure ap-
proach is shown by Fig. 6(a). Since the desired position by
the virtual structure approach is predetermined by the
labels of the robots, when robot 4 fails, there will be a
vacancy in the formation which cannot be made up by other
robots unless some further reconfiguration is invoked.

The system performance using the classic leader-fol-
lower approach is shown by Fig. 6(b). The order of the chain
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of leader-follower pairs is set to be (1,2), (2,3), (3,4),
(4,5), (5,6), (6,7),(7,8), (8,9), (9,10). It can be seen from
the simulation results that, when robot 4 fails, robots 5-10
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all get stuck since the order of the chain of leader-follower
pairs shall not adapt to changes.

The system performance using the dynamic leader-
follower approach proposed in this paper is shown by
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dynamic leader-follower approach.



January 5, 2023

2:17:03pm WSPC/284-US 2350002

76 H. Cai, S. Guo & H. Gao

Fig. 6(c). It can be seen from the simulation results that,
when robot 4 fails, the rest robots has re-formed a
new chain of leader-follower pairs, bypassed robot 4,
and formed a new marching line, which shows strong
robustness against robot failures.

5. Discrete-Time Model

In this section, we apply the proposed line marching algo-
rithm to discrete-time model, where (1) and (2) become

pi(k + 1) = p;(k) + Tv;(k)
and
qi(k + 1) = q;(k) + Tu;(k),

respectively, where T > 0 denotes the sampling time. Note
that the discretization of v; ., (t) and vé,lm(t) by (17) and (19)
are straightforward and thus are omitted. The line marching
algorithm for the discrete-time case is given by Algorithm 2.

In this section, we also consider a swarm of 10 planar
kinematic robots. The reference marching line are charac-
terized by v, = (—8,12)T, p =4. The sampling time is
chosen to be T = 0.001. The minimal inter-robot safety
distance is set to be §; 2§ = 1. The control parameters are
selected to be k1 = 1.5, kK, =10, a; =10, w; =1, a =10,
6 =10.Still, k =2 > 1.5 = k4.

We consider the line formation subject to a mobile
obstacle with v; =10 and uy(¢t) = (15,0)T. The initial
positions of the robots are given by p;(0) = (-5,10)7,
p2(0) = (1720)T: p3(0) = (-10, 5>T' p4(0) = (5,10) i
ps(0) = (10, S)T' ps(0) = (0,10) . p7(0) = (5,—-10) T,

Algorithm 2. Line Marching Algorithm
Input: pi(k),...,pn (k).
Output: vy (k),...,on (k).
1: fori=1— N do

3: fori=1— N do

4 if I';(k) = 1 then

5: for j=1— N, j#i, & ®;(k)=0 do
6: if pél(k) >0&T;(k) =1 then

7 set A;(k) = 0.

8 if Aj(k) =0 then

10: set v; im (k) = vy + 0], (k).
11: if A;(k) =1 then

12: ifi=1or Ay(k)V---VA_1(k) =0 then
13: set T;(k) = 1.

14: set v 1 (k) = vy.

15: return result

ISSN: 2301-3850
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ps(0) = (15,—5)7, pg(0)=(—5,-10)", p1y(0)=(-10,-5)".
The initial position for the obstacle is given by
91(0)=(~80,60)".

Suppose the simulation process consists of four phases:

(1) k € [0,3000], the robots will asymptotically form into a
line from the initial positions;

(2) k € [3000,8000], the robots will bypass the mobile
obstacle and re-form a marching line;

(3) k €[8000,11,000], robot 4 fails;

(4) k € [11,000, 15,000], robot 4 gets back to normal and
rejoins the robot swarm.

Figure 7 shows the robots’ and mobile obstacle’s positions
during the whole simulation process. It can be seen that the
robot swarm has first managed to form a marching line, and
then successfully bypassed the mobile obstacle. When robot
4 fails, other robots consider robot 4 as an immobile obstacle
and has re-formed a new marching line. After robot 4 gets
back to normal, it rejoins the marching line, which happens to
be at the same position before the event of failure.

Figures 8(a) and 8(b) show the time profiles of the
robots’ positions and velocities, respectively. It can be seen
that the line marching objective has been successfully
achieved. Figure 8(c) shows the relative distance between
each robot and the mobile obstacle, and the minimal rela-
tive distance between two robots, which indicates no col-
lision as expected.

6. Unicycle Model

In this section, we consider a more practical situation where
the robot is described by the unicycle model, and the nu-
merical simulation is performed on the ROS platform. In
particular, for i € N, the kinematic equations of the ith robot
are given by

nm:mw(
B(t) = =1(0),

cos ¥;(t) )7

sin ¥;(t) (54)

where p;(t) € R?, 9;(t) € R denote the position and heading
angle of the ith robot, respectively, and v;(t) € R, w;(t) € R
denote the linear and angular velocity, respectively.

Let /; denote the distance between the wheel pair of the
ith robot, and then

valt) = ) — 5 w0,
: (55)
Uzr(t) - Ui(t) +Eliwi<t)7

denote the speeds of left wheel and the right wheel of the
robot, respectively. Since system (54) is nonlinear, the
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Fig. 7. Robots’ and mobile obstacle’s positions for the discrete-time case.

proposed line marching algorithm cannot be applied di- where d; > 0 denotes some small offset to avoid singularity
rectly. To tackle this issue, we perform the following coor- in coordinate transformation. Then it follows that
dinate transformation as in [27]:

5i(6) = pi(t) + a7 (56) 50 = b0 + a0
' ' "\ sind;(¢) )’ cos ¥;(t)
20 } ;
s ! D, phase3 phase 200 1 Dhasel phase2 phase3 phased
I= - " == S =2
-20 7 o P 150 — by
. i - / / =
s : \ = 3 1001 = : — P
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! — pix — Py
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! Pox Poy
oo i — P — Py
=120 2000 : 4000 6000 8000 10000 12000 14000 0 2000 4000 6000 8000 10000 12000 14000
step(k] step[k]
@

Fig. 8. Simulation results for the discrete-time case: (a) robots’ positions; (b) robots’ velocities; (c) relative distance between each robot
and the mobile obstacle, and the minimal relative distance between two robots.
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cos 9;(t) — sin¥;(t)
= ui(t) + d;w;(t)
sin ¥;(t) cos U;(t)
cos ¥;(t) —d;sind;(t) vi(t)
© \sin®(¢)  dicos9i(t) )\ wi(t) )
Let
o,(t) = C(.)S %(t) —d;sind(t)
sind;(t) d;cosv(t)
and
_ vi(t)
i t) = C"‘)i t .
rier=00( 7))
Then, we have
pi(t) = vi(t). (57)

Moreover, it can be verified that for all t > 0, ©;(t) is non-
singular whose inverse is given by

0,(t) 1 = ( cos 9;(t)

sin 9;(t)
—sind;(t)/d; )

cos 9;(t)/d;

By using the coordinate transformation (56), the non-
linear system (54) is transformed into a linear kinematic
system (57), which is in the same form of (1) and thus the
proposed algorithm is applicable. After obtaining v;(t), the
linear and angular velocity inputs to system (54) are given

ISSN: 2301-3850
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by

CH () (58)

< v (t) >
@;(t)
and then the speeds of left and right wheel of the robot can
be determined by Eqg. (55).

Note that in ROS platform, the position measurements of
the robots are subject to the Gaussian noise. As a result, the
co-leader situation shall not occur. Thus, Algorithm 1 can be
further simplified into Algorithm 3 as follows.

Algorithm 3. Line Marching Algorithm
Input: py(t),...,pn(1).
Output: vy (t),...,vn(t).
1: fori=1— N do
set Az(t) = 1, @i(t) = 07 Ai(t) = O, Ti(t) =0.
:fori=1— N do
if T';(t) =1 then
forj=1—-N,j#i& ®;(t)=0 do
if p§7l(t) >0&TI';(t) =1 then
set A;(t) =0.
if A;(t) =0 then
set Aj(t) = 17 (D,L(t) = 1, T,L(t) =1.
Viam(t) = v + v§7lm(t).
if A; =1 then
set T;(t) = 1.
set l}iJm(t) = ;.
: return result

,_.
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Fig. 9. Simulation results for robots modeled by unicycle models on ROS platform.
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Different from the cases studied in Secs. 4 and 5, in ROS
simulation, the linear and angular velocities of the robots
are subject to saturation. For i € N, suppose |v;(t)| < Upax
| (6)] < Winax-

Similar to the cases studied in Secs. 4 and 5, we consider
a swarm of 10 robots. Let T = 0.02 s. The marching line are
characterized by v; = (—0.25,0.433)7, p = 2. For simplicity,
the minimal inter-robot safety distance is set to be
8;2 6 =0.35. Suppose Upax = 1M/S, Wnax = 2rad/s. The
control parameters are selected to be x; = 2.5, k, = 10,
a; =10, w;=0.3, a=1, 8=0.5 d;=0.2. Note that
k =2/0.7 > 2.5 = k4. Suppose there is a mobile obstacle
with v; = 2 and uy(¢t) = (0.2133,0.211)7.

The initial positions of the robots are given by
P1(0) = (=4.8)7,  pp(0) = (0,12)7,  ps(0) = (~8.4)7,
P(0)=(4.8)T,  ps(0)=(8,4)T,  ps(0)=(0,8)7,
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p7(0) = (4,—8)", pg(0)=(12,—4)", po(0) = (—4,-8)",
p10(0) = (—8,—4)T. The initial heading angles are given by
9;(0) = 0. The initial position for the obstacle is given by
q1(0) = (~30,23)T.

Similar to the case studied in Sec. 5, the whole simulation
process consists of four phases:

(1) t € [0,54]s, the robots will asymptotically form a line
from the initial position;

(2) t € [54,130]s, the robots will bypass the mobile ob-
stacle and re-form a marching line;

(3) t € [130,160]s, robot 6 fails;

(4) t € [160,218]s robot 6 gets back to normal and rejoins
the robot swarm.

Figure 9 shows the positions of the robot swarm and the
obstacle during each phase, respectively. Similar to the
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Simulation result for robots modeled by unicycle models on ROS platform: (a) robots’ positions; (b) robots’ velocities; (c) relative

distance between each robot and the mobile obstacle, and the minimal relative distance between two robots.



January 5, 2023

2:18:47pm WSPC/284-US 2350002

simulation results in Sec. 5, it can be observed that both
the line marching objective and the collision avoidance
objective have been achieved. Moreover, the algorithm
proves to be robust against robot failure. Figures 10(a)
and 10(b) show the time profiles of robots’ positions and
velocities, respectively. Figure 10(c) shows the relative
distance between each robot and the mobile obstacle, and
the minimal relative distance between two robots. These
simulation results further confirm the effectiveness of the
proposed algorithm.

7. Conclusion

This paper proposed a dynamic leader-follower approach
to solving the line marching problem for a swarm of planar
kinematic robots. In contrast to the existing exact formation
algorithms, such as the virtual structure approach and the
classic leader-follower approach, the proposed approach
shows strong robustness against robot failure by constantly
updating the leader-follower chain. Comprehensive nu-
merical results considering different mathematical models
are provided to validate the effectiveness of the proposed
control algorithm.
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