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Automated vehicles with parallel autonomy show advantages over fully automated vehicles and manual driving. This paper proposes a
hierarchical motion planning method that mixes inputs of human drivers and the automated driving systems for automated vehicles in
scenarios such as multi-lane roads and multi-intersections with dynamic obstacles. The proposed method comprises a reference path
generator in the upper level and a nonlinear model predictive controller with mixed human-vehicle control in the lower level. The path
planner considers dynamic obstacles, static obstacles, and human comfort to generate a reference path composed of splines with
continuous curvatures in the upper level. In the lower level, the MPC generates a trajectory by tracking the reference path and optimizing
the cost function containing inputs of drivers while avoiding both dynamic and static obstacles. The simulation verifies the efficacy and the
computational tractability of the proposed method.
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1. Introduction

Automated vehicles have the potential to drastically reduce
traffic accident rates and improve traffic efficiency [1–4].
Techniques for intelligent autonomous systems (see, e.g.
[5–11]) have received lots of attention and have been ap-
plied to automated vehicles. Fully automated vehicles with
no driver have a few disadvantages despise that fully au-
tonomous driving is the ultimate goal. For one thing, fully
autonomous driving may increase boredom and dis-
tractedness in driving operations [12]. For another, fully
autonomous vehicles can suffer system failures and per-
formance degradation because of complex traffic, weather,
and hardware/software issues.

In the concept of shared control or parallel autonomy of
automated vehicles [13–15], the driver and the automated
system operate in the control loop to perform the same

task. The automated system in shared control maintains
basic safety when the human driver is affected by unex-
pected issues or biological factors. Furthermore, the shared
control keeps the driving pleasure of human drivers and is
adaptive to complex driving scenarios compared to fully
automated vehicles. Hence, there is an increasing interest in
various forms of shared control for automated vehicles
[16–19].

One of the most crucial tasks for automated vehicles in
parallel autonomy is motion planning [20, 21], which
computes a trajectory that satisfies certain constraints and
requirements from drivers and vehicles. One widely studied
shared control theme is continuously combining inputs
from human drivers and automated driving agents without
driver–vehicle authority transitions. In this theme, an in-
tuitive technique in [22–26], analogous to human–robot
shared control, is directly using a linear combination of
human drivers and driving systems system inputs as the
control. Recently, the works [27, 28] have further proposed
optimization-based methods, which consider human inputs
in the cost function of an MPC and minimize the deviation
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between human input and automated system while satis-
fying safety constraints. However, the non-convex MPC
caused by dynamic vehicle models and obstacles may be
hard to solve due to high computational complexities and
even infeasible optimization models.

Hierarchical model predictive control (MPC) adopts the
strength of MPC for handling constraints and often owns
lower computational complexities. In this framework, the
upper level is a reference path planner, and the lower level
is usually an MPC solver to track the reference path. Spe-
cifically, the hierarchical structure in [29–31] computes an
obstacle-free path in the upper level of the controller. It
generates the reference path following trajectory using the
lower-level MPC solver, which considers fundamental lim-
itations on the performance of vehicles. The hierarchical
motion planning method in [31] uses input space dis-
cretization methods as the high-level planner, which choo-
ses a collision-free lane. However, the high-level planner in
[31] generates nonsmooth paths, which are difficult to
track. Another hierarchical motion planning framework
[32–34] adds the avoidance of boundaries in low-level
model predictive contouring control (MPCC) solvers in car
racing scenarios, where trajectories of racing cars need to
be close to the boundary of roads to save time. Specifically,
the work of [34] considers avoiding boundaries in low-level
MPC solvers and using the input space discretization
method in the upper level. Furthermore, a simple MPC
solver in the upper level to generate reference paths is
implemented in [32, 33]. In the hierarchical structure in
[35], whose low-level MPC solver tackles dynamic obsta-
cles, the upper-level planner in [35] is a finite state machine
that generates decisions such as following the head car,
overtaking, and changing lanes. However, hierarchical MPC
methods for motion planning of vehicles in shared control
are rarely reported.

In this paper, we propose a shared control algorithm
based on hierarchical MPC for the motion planning of the
automated vehicle in multi-lane roads and multi-intersec-
tions; see Fig. 1 for a pictorial description. Our contribution
is twofold and summarized as follows:

(1) We propose a hierarchical MPC-based motion planning
method for automated vehicles in parallel autonomy
suitable for complex driving scenarios, including multi-
lane roads, multi-intersections, and some traffic rules.
Using a spline-based pruning algorithm, the upper-level
planner builds a reference path and reference velocities
in scenarios likemulti-lane roads andmulti-intersections.
The low-level trajectory generator generates a safe tra-
jectory by following the reference path while considering
human inputs and constraints. This method extends that
in [27] to multi-lanes cases and improves safety.

(2) We test the efficacy of the proposed method in traffic
scenarios, including multi-lane roads and multi-

intersections, via simulations using the MATLAB Simulink
and the CARLA Simulator. The simulation shows empir-
ically that the proposed method can generate real-time
and high-quality trajectories in complex scenarios.

The remainder of this paper organizes as follows. Section 2
introduces related preliminaries and formulates the prob-
lem. Section 3 presents a hierarchical MPC method for
motion planning for automated vehicles with parallel
autonomy. Section 4 conducts simulation results to evaluate
and show the efficacy of the proposed method. Section 5
gives the conclusion.

2. Problem Description

This section presents mathematical preliminaries related to
motion planning and formulates the problem.

2.1. Definitions and motion modeling

The symbol R denotes the set of real numbers; Rn denotes
the set of n-dimensional real column vectors; Rn�m denotes
the set of n-by-m real matrices; In denotes the n� n identity
matrix; ð�ÞT denotes transpose. For the ease of notation, we
use k to denote time instant tk , that is, k, tk ¼ t0þPk

i¼1 Δ ti, where t0 is the current time and Δ ti is the ith
time step of the planner.

2.1.1. Ego vehicle axis system

This paper denotes the vehicle that needs motion planning
as the ego vehicle. The ego vehicle axis system (ISO 8855)
is attached to the ego vehicle at the current time t0 ¼ 0.
The X-axis is horizontal, forwards, and parallel to the ego
vehicle’s longitudinal plane of symmetry. The Y -axis is
perpendicular to the ego vehicle’s longitudinal plane of
symmetry at time 0.

Fig. 1. The main framework of our methods.
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2.1.2. Ego vehicle

Consider the ego vehicle axis system at current time t0 ¼ 0.
The state of the ego vehicle at time instant k in the ego
vehicle axis system is a six-tuple zk ¼ ½xk; yk; vk; �k;
�k; sk�T 2 Z � R6, where ðxk; ykÞ is the position of ego
vehicle’s centroid in ego vehicle axis system, vk is the lon-
gitudinal velocity, �k is the yaw or heading, �k is steering
angle, sk is the driving length from time 0 to time k and
s0 ¼ 0. The input of the ego vehicle at time instant k is
uk ¼ ½�: k; v: k�T 2 R2, where v

:
k is the acceleration and �

:
k is

the steering velocity.
The kinematic model of the ego vehicle (c.f. Fig. 2) is a

single bicycle model, which has a steerable front wheel and
a fixed rear wheel. The evolution of state zðtÞ is given by

z
: ðtÞ ¼

vðtÞ cos �ðtÞ þ arctan
lr tan �ðtÞ
lr þ lf

� �

vðtÞ sin �ðtÞ þ arctan
lr tan �ðtÞ
lr þ lf

� �

0

vðtÞ
lr þ lf

tan �ðtÞ

0

vðtÞ

2
66666666666666664

3
77777777777777775

þ

0 0
0 0

0 1
0 0
1 0

0 0

2
66666664

3
77777775
uðtÞ;

ð1Þ
where t � 0, zð0Þ 2 Z, lf (lr) is the distance from the front
(rear) wheel to the centroid.

The discrete-time dynamical model of the ego vehicle
takes the form

zkþ1 ¼ f ðzk;ukÞ; ð2Þ
where f ðzk; ukÞ is computed using the fourth-order Runge–
Kutta method to compute the following integration with

sufficient accuracy:

f ðzk;ukÞ ¼ zk þ
Z kþΔ tk

k
z
: ðtÞdt; k ¼ 0; 1; . . . ;m: ð3Þ

Given the state of the ego vehicle, we use BðzkÞ 2 R2 to
denote the set of occupied area by the vehicle body at time k.

2.1.3. Surrounding vehicles

Consider the ego vehicle axis system at current time t0 ¼ 0.
The state of a surrounding vehicle i 2 f1; . . . ; ng at time 0 is
denoted as a four-tuple z i

0 ¼ ½x i
0; y

i
0; �

i
0; v

i
0�T 2 Z i � R4.

For simplicity, its predicted state at time instant k is
denoted as z i

k . The predicted state of the surrounding ve-
hicle i 2 f1; . . . ; ng from current time to time instant m is
denoted as z i

0:m ¼ ½z i
0; . . . ; z

i
m�. The estimated trajectories

are chosen as the states at current time t0 ¼ 0 if the esti-
mated trajectories are not available.

2.1.4. Driving area

We denoteW � R2 as the workspace in the ego vehicle axis
system. The road information is assumed to be in the
OpenDrive format. Attributes of lanes in the road include
lane widths, lane IDs, speed limits, etc. The driving area is
the drivable area of the road based on OpenDrive. Take
Fig. 3 as an example. The ego vehicle is allowed a lane
change in the driving area, the light blue area in Fig. 3.
Boundaries of the driving area are lane markings, which do not
allow a lane change. The other side of the boundaries is the lane
with opposite driving direction or undrivable area such as
shoulders, curbs, and parking lanes. We denote O � R2 as the
area, which does not belong to the driving area in W .

2.1.5. Path and route of vehicle

Consider a smooth curve of a vehicle in the driving area. We
use a 3-tuple of continuous functions to describe the path as
rðsÞ ¼ ½xrðsÞ; yrðsÞ; �rðsÞ�, where s is arc length of the path,

Fig. 2. Kinematic single bicycle model.
Fig. 3. The definition of driving area in OpenDrive. The driver
area is light blue.
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½xrðsÞ; yrðsÞ� is the position in the ego vehicle axis system,
and �rðsÞ is the yaw or heading.

2.2. Problem formulation

The objective of this paper is to propose a real-time shared
control method to compute a sequence of inputs fu0:m�1g
for the ego vehicle such that the vehicle can drive safely and
smoothly along the navigation route in the driving area with
multiple roads and lanes. We separate the motion planning
task into a reference path-speed generating problem and a
safe trajectory planning problem with shared inputs to
achieve this objective.

2.2.1. Smooth reference path and speed generating
problem

Suppose the ego vehicle is aware of the following information:

. the navigation route of the ego vehicle;

. the lane width, speed limit, and lane ID of the driving lane
in the driving area;

. current states or estimated trajectories of surrounding
vehicles.

The smooth reference path and speed generating problem is
to design a smooth reference path with continuous curva-
ture rðsÞ ¼ ½xrðsÞ; yrðsÞ; �rðsÞ� and the reference speed �ref
without violating traffic rules and colliding surrounding
vehicles. Here, xr and yr are the positions in the ego vehicle
axis system, �r is yaw or heading, and s is the arc length of
the path.

Remark 2.1. The reference path and speed obtained by
solving the problem can direct the vehicle to a suitable lane
in the presence of dynamic obstacles without violating
traffic rules. Unlike the method in [36], this paper relaxes
the requirement that the generated reference path needs to
own continuous curvature derivatives.

2.2.2. Safe trajectory planning problem with
shared inputs

Suppose the reference path rðsÞ, the reference speed vref ,
and estimated trajectories of surrounding vehicles z i

0:m are
obtained. Let u0:m�1 and z0:m be control inputs and trajec-
tory of the ego vehicle, respectively. We define the following
cost functions:

. Jrðz0:mÞ is a cost to minimize deviations of the speed from
the reference speed vref and the ego vehicle’s state from
the reference path rðsÞ;

. Jcðz0:m;u0:m�1Þ is a cost to minimize energy consumption
and maintain the comfort of humans;

. Jsðz0:mÞ is a cost to promote the vehicle to run faster;

. Jhðuh
0;u0:m�1Þ is a cost to minimize the deviation of con-

trol input from the current human input uh
0.

The safe trajectory planning problem with shared inputs is to
find the optimal sequence of control input u0:m�1 and tra-
jectory z0:m by solving the following optimization problem:

min
u0:m�1

Jrðz0:mÞ þ Jcðz0:m;u0:m�1Þ

þ Jsðz0:mÞ þ Jhðuh
0;u0:m�1Þ ð4aÞ

s:t: umin 	 uk 	 umax; ð4bÞ
zmin 	 zk 	 zmax; ð4cÞ
gmin 	 gðzk;ukÞ 	 gmax ð4dÞ
zkþ1 ¼ f ðzk;ukÞ; ð4eÞ

BðzkÞ \
[n
i¼1

B iðz i
kÞ

 !
¼ �; ð4fÞ

BðzkÞ \O ¼ �; 8k ¼ 0; 1; . . . ;m: ð4gÞ
In problem (4), there are five types of constraints.

. Constraints (4b) and (4c) are limits on the inputs of
vehicles and constraints on the workspace of vehicles,
given by 0 	 vk 	 vmax, v

:
min 	 v

:
k 	 v

:
max,

�min 	 �k 	 �max, �
:
min 	 �

:
k 	 �

:
max, �min 	 �k 	 �max,

xmin 	 xk 	 xmax, and ymin 	 yk 	 ymax.
. Constraint (4d) is the dynamic constraint of the vehicle.
This paper considers the rollover constraint given by
gðzk;ukÞ ¼ jvk�

:
kj 	 gmax, k ¼ 0; 1; . . . ;m.

. Constraint (4e) is the dynamical model of the ego vehicle.

. Constraint (4f) is the avoidance of collisions with sur-
rounding vehicles.

. Constraint (4g) is the avoidance of collisions with static
obstacles.

More details of problem (4) are given in Sec. 3.2.
This paper considers the scenario having multi-lane and

multi-intersection roads with traffic rules, which are more
general compared with [27, 33, 34]. Note that [33, 34] only
apply to a racing scenario with no traffic rules, such as speed
limit and allowing a lane change. Moreover, this paper
designs a new hierarchical MPC-based method to achieve
shared control of vehicles. Compared with other hierarchical
motion planning methods [29, 31], whose low-level planners
only follow the path rather than avoid obstacles, we add
human input in the low-level planner while avoiding colli-
sions with other vehicles and road boundaries.

3. Hierarchical MPC-based Method

This section proposes a hierarchical MPC-based motion
planning method (see Fig. 4) by combining a spline-based
reference path planner and an MPCC-based trajectory planner.
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Specifically, the high-level planner constructs a state
lattice composed of connected cubic polynomial spirals
using the OpenDrive Data. Then, the high-level planner
generates a reference path by searching the lattice via the
A* algorithm and reference speed based on rules, including
the lane speed limit and current speed of the ego vehicle.
The low-level planner uses a human–vehicle shared model
predictive contouring control method to follow the refer-
ence path and reference speed by combining human input
with the predictive trajectories or positions of surrounding
vehicles while satisfying safety constraints, including the
state limit of the ego vehicle, avoidance of road boundaries
and surrounding vehicles.

3.1. Reference path planner

3.1.1. Generation of state lattice

We build the state lattice, which is a discrete search graph
on a continuous state space, by three steps.

First, inspired by [36], we sample multiple rows of
endpoints ahead of the ego vehicle. The distance between
adjacent rows of endpoints along the road reference line is
Δsc. The endpoints in each row are located in the center of
each lane. The endpoints in the same lane have the same lane
ID. Note that the whole endpoints are in the driving area.
That means the ego vehicle is allowed a state transition be-
tween the endpoints, including the lane change, under the
traffic rules restrictions. The speed limits of endpoints are
the speed limits of lanes in which the endpoints locate. The
number of rows is Q, which is chosen depending on the
current speed v0 of the ego vehicle. The number of endpoints
in the q-th row is denoted as �q, as shown in Fig. 5.

Second, we connect endpoints in different rows based on
three basic connection modes (see Fig. 6). Mode 1 is direct
connection that connects endpoints in the same lane be-
tween two adjacent rows; mode 2 is indirect connection that

connects points in different lanes between two rows; and
mode 3 is full connection that connects all possible combi-
nations of points between two rows. We only allow con-
necting endpoints in the same lane or the adjacent lane in
the whole three connection modes. Algorithm 1 presents
the specific algorithm to build the state lattice by pruning
unnecessary connections.

Third, we compute cubic polynomial spirals [37] that
connect endpoints using Newton’s method and delete
spirals whose computation has computational or geometric
errors. In this setup, curvatures of cubic polynomial
spirals are continuous cubic polynomial functions of the arc
length. The curvature of the endpoint is the same as
the center of the lane in which the endpoint locates. The
curvature of the endpoint located in the centroid of the ego
vehicle is

ðtan �0Þ=ðlf þ lrÞ: ð5Þ
We consider three common errors that often occur in the
computation using Newton’s method: (1) circle error in
which the spiral creates a circle, (2) iteration error whose
the number of iterations is too large, (3) singular value
error which means the Jacobian matrix can not be inverted.
To improve the method’s stability, spirals whose compu-
tation shows any of the three errors are deleted.

Fig. 4. The main framework of the hierarchical MPC-based motion
planning method.

Fig. 5. Generation of state lattice. Red points are endpoints in
rows. Green solid curves are spirals.

Fig. 6. Left: direct connection. Middle: indirect connection. Right:
full connection.
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Remark 3.1. We extend the state lattice method in [36] to
a multi-lane road. Compared with the method in [36], the
proposed reference path planner uses a larger Q (the
number of rows) and a smaller �q (the number of endpoints
in each row). This modification may increase computation
complexity and redundancy, and hence, we propose the
pruning Algorithm 1 to curtail redundancy.

Remark 3.2. One also needs to choose appropriate Q and
Δsc. If Q is too large, the graph searching algorithm A*, used
in Sec. 3.1.3, may be time-consuming because its computa-
tional complexity is OðQ2 logQÞ. In addition, the spirals
generated by too large Δsc may deviate from the lanes in
sharp turning areas. This paper chooses Q 2 f6; 7; 8; 9; 10g
in the numerical simulation.

3.1.2. Cost evaluation of spirals

To evaluate its cost, following [38], we evenly extract w
discrete points from each spiral. Denote the curvature at jth
point as �j and the position of jth point in the ego vehicle
axis system as pj . Denote the length of a spiral as l len and
the length of a spiral from the first point to the jth as l len1:j .
The lane IDs, in which endpoints of a spiral locate, are I1
and I2.

The cost of a spiral is composed of the following parts:

. cost of the curvature derivative Jdcurv ¼
Pw

k¼2 j
�k � �k�1j=l len;

. cost of the curvature Jcurv ¼
Pw

k¼1 j�kj=l len;
. cost of the lane change Jlane ¼ jI1 � I2j;
. cost of the collision with boundaries Jstatic, which is the
number of evaluation points outside the driving area, i.e.
Jbound ¼ cardðp1:w \OÞ;

. cost of the collision with dynamic obstacle Jdynamic, which
is the number of evaluation points within the circle with
center at the position of surrounding vehicles, i.e.

Jdynamic ¼
Pn

i¼1
Pw

k¼1 cardfkpk � z i
posk2 <

ffiffiffi
6

p g, where

z i
pos ¼ ½x i

0; y
i
0� is the current position of the ith sur-

rounding vehicle, and n is the number of surrounding
vehicles.

The cost of a spiral is

Jspiral ¼ �1 Jdcurv þ �2 Jcurv þ �3 Jlane
þ�4 Jdynamic þ �5 Jbound; ð6Þ

where �1; . . . ; �5 are positive weights for different costs.

3.1.3. Reference path and piecewise polynomial fitting

Consider the obtained state lattice by Algorithm 1 and the
cost function of spirals. We use A* algorithm to generate a
path by searching for a feasible combination spiral from the
0th row to Qth row with minimum cost, which is the sum of
costs on spirals in the path. The reference path KðsrÞ cur-
vature is represented as a piecewise continuous cubic
function of the arc length of the reference path sr. The
positions of points in the reference path can be computed
by integrating KðsrÞ. However, computing the position
function of the path is computationally expensive. Hence,
we use the piecewise polynomial fitting technique [39] to
approximate the reference path in ego vehicle axis system
ðXðsrÞ; YðsrÞÞ, which is a continuous function of the arc
length (sr) traveled in the reference path. Similarly, we can
get the yaw of the reference path ©ðsrÞ, the distance be-
tween the left (or right) boundary and reference path BlðsrÞ
(or BrðsrÞ). We assume that BlðsrÞ > 0 and BrðsrÞ < 0.

Remark 3.3. We find that an eighth-order polynomial is
sufficient to fit the position and angle of any geometric lines
with the variable of arc length, even a nonsmooth line.
Moreover, the representation is feasible and solvable in the
existing nonlinear solver.

3.1.4. Reference speed generation

The current speed of the ego vehicle is v0. The minimum
speed limit of the endpoints which belong to the reference
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path is vlimit. In order to ensure the stability of acceleration,
the reference speed is vref ¼ minfv0 þ 6; vlimitg. In addition,
the reference speed is set to zero in case the ego vehicle
needs to stop. For example, the ego vehicle needs to stop at
the crossing to wait for the traffic light to change.

3.2. Trajectory planner

3.2.1. Cost function

The cost function comprises four parts: the cost of tracking
reference path, the cost of human comfort, the cost of
tracking reference speed, and the cost of human input.

Cost of tracking reference path. Note that the
computational cost of tracking a path by minimizing the
minimum distance between ðxk; ykÞ and the reference path
is high. We instead minimize the distance between the
state of the ego vehicle and the reference point ðXðskÞ;
YðskÞ;©ðskÞÞ, where sk is the traveling distance of the ego
car at time k. The error between ðxk; ykÞ and ðXðskÞ; YðskÞÞ is
composed of the lateral error ec and the longitudinal error
el , as shown in Fig. 7. The objective of the tracking is to
minimize ecðskÞ and elðskÞ, k ¼ 1; 2; . . . ;m.

We replace sk with sk � elðskÞ and get a new reference
point ðXðsk � elðskÞÞ; Yðsk � elðskÞÞ;©ðsk � elðskÞÞÞ. We de-
note the new lateral error as e 0c. The cost of tracking the
reference path at time k is

JrðzkÞ ¼ �1je 0cj2; ð7Þ
where

e 0c ¼ �ðxk � Xðsk � elðskÞÞÞ sin©ðsk � elðskÞÞ
þðyk � Yðsk � elðskÞÞÞ cos©ðsk � elðskÞÞ ð8Þ

and el ¼ �ðxk � XðskÞÞ cos©ðskÞ � ðyk � YðskÞÞ sin©ðskÞ.

Cost of human comfort. We evaluate human comfort
using the quadratic function

Jcðzk;ukÞ ¼ �21v
: 2
k þ �22�

: 2
k þ �23�

: 2
k : ð9Þ

Cost of tracking reference speed. The speed cost is

JsðzkÞ ¼ �3ðvk � vrefÞ2: ð10Þ
Cost of human input. Suppose that current human

inputs are v
: h
0; �

h
0. We define a cost function measuring the

difference between human input and actual input of the ego
vehicle. To be specific, the cost of human input is

Jhðzk;uh
0Þ ¼ �41ðv: k � v

: h
0Þ2 þ �42ð�k � � h0Þ2: ð11Þ

The ego vehicle is fully-automated when �41 ¼ �42 ¼ 0.
Total cost function. Similar to [27], we define the total

cost function by multiplying different costs with coefficients

Jtotalðzk;uk;u
h
0Þ, ðJrðzkÞ þ Jcðzk;ukÞ þ JsðzkÞÞ

�ð1� e��5kÞ þ �6e
��5kJhðzk;uh

0Þ: ð12Þ

3.2.2. Constraints

To make the motion planning safe, the trajectory of the ego
vehicle needs to satisfy the following collision avoidance
constraints.

Avoidance of boundaries. The length of the projection
of the ego vehicle’s contouring to the lateral direction is W 0,
given by

W 0 ¼ Wv

2
cosð©ðsk � elðskÞÞ � �kÞ þmaxðLF ; LRÞ

� sinðj�k � ©ðsk � elðskÞÞjÞ; ð13Þ
where Wv , LF, LR are shown in the Fig. 2. Regard the mod-
ified lateral error e 0cðskÞ in (8) as the distance between ðxk;
ykÞ and reference path. We have constraints

e 0c � Brðsk � elðskÞÞ �W 0 � 0; ðk ¼ 0; 1; . . . ;mÞ; ð14aÞ
Blðsk � elðskÞÞ �W 0 � e 0c � 0; ðk ¼ 0; 1; . . . ;mÞ; ð14bÞ
where e 0c � Brðsk � elðskÞÞ �W 0 is a safe distance between
ðxk; ykÞ and right boundary, Blðsk � elðskÞÞ �W 0 � e 0c is a
safe distance between ðxk; ykÞ and left boundary.

Remark 3.4. At the planning time k, the ego vehicle needs
to find the nearest reference point to get the distance
between ðxk; ykÞ and the left road boundary. The MPCC
algorithm in [27] uses a reference point to approximate the
nearest reference point for computation efficiency. The
estimated distance between ðxk; ykÞ and the reference
path is represented as BlðskÞ �W � ec, where W ¼ Wv

2
cosð©ðskÞ � �kÞ þmaxðlf ; lrÞ sinðj�k � ©ðskÞjÞ, which may
be very different from the actual distance, as shown in
Fig. 8. This paper proposes a new method to compute a

Fig. 7. The yellow car is the ego vehicle at different times, and the
green car is the ith surrounding vehicle. The solid red curve
denotes the generated trajectory of the ego vehicle; the yellow
solid curve is the reference path; the purple and blue dashed
curves are the left and right boundaries. Red solid circles are
denoted by Cjðx	 ; y	 ; �	 Þ. The blue ellipse is denoted by
Eiðz i

	 ; a
i
	 ; b

i
	 Þ.
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reference point, whose estimation of the distance between
ðxk; ykÞ and the left road boundary is Blðsk � elðskÞÞ
�e 0cðskÞ �W 0. This new method reduces the approximation
error compared with the method in [27].

Avoidance of dynamic obstacles. We model the area
occupied by the ego vehicle as the union of four circles that
wrap the ego vehicle, as shown in Fig. 7. Circle j 2
f1; 2; 3; 4g at time k is denoted by Cjðxk; yk; �kÞ. Following
the technique in [27], we wrap surrounding vehicles using
probability ellipses, which are denoted as Eiðz i

k; a
i
k;

bi
kÞ; ði ¼ 1; 2; . . . ; nÞ, where ai

k and bi
k are the major and

minor axes of the ellipse of ith participant at time k. Readers
may refer to Sec.IV.E of [27] for more details. For simplicity,
we determine the ellipse based on velocity, as

ai
k ¼ ai

min þ 3 � ð1� e�0:05�v i
k Þv i

k ðmetersÞ; ð15Þ
where ai

min is the major axes of a minimum ellipse that can
wrap the surrounding vehicle. The constraints of avoidance
of dynamic obstacles can be represented as

Cjðxk; yk; �kÞ \ Eiðz i
k; a

i
k; b

i
kÞ ¼ ;; ð16Þ

for all j 2 f1; 2; 3; 4g, i 2 f1; 2; . . . ; ng, and k 2 f1; 2; . . . ;mg:

3.2.3. Overview

By substituting (7), (14), and (16) into (4), we have the
following problem:

min
u0:m�1

Xm�1

k¼0

ð1� e��5kÞ½JrðzkÞ þ Jcðzk;ukÞ þ JsðzkÞ�

þ �6e
�5 kJhðuk;u

h
0Þ ð17aÞ

s:t: umin 	 uk 	 umax ð17bÞ
zmin 	 zk 	 zmax ð17cÞ
zkþ1 ¼ f ðzk;ukÞ ð17dÞ

0 	 jvk�
:
kj 	 gmax ð17eÞ

Brðsk � elðskÞÞ þ w 	 e 0cðskÞ 	 Blðsk � elðskÞÞ � w ð17fÞ
Cjðxk; yk; �kÞ \ Eiðz i

k; a
i
k; b

i
kÞ ¼ ;; ð17gÞ

where k ¼ 0; 1; . . . ;m; i ¼ 1; 2; . . . ; n; j ¼ 1; 2; 3; 4, and
other coefficients are in Table 1. Then we use FORCESpro
[40] to solve problem (17).

4. Simulations

4.1. Hyper-parameters and coefficients

4.1.1. Time step and horizon

The number of time steps for the planner is m ¼ 30. The
first 10 time steps are 0.1 s, and the others are 0.2 s. The
time horizon of the planner is 5 s.

4.1.2. Coefficients in cost function

Table 2 shows the coefficients in (3.1.2) and (17).

4.1.3. The contour of the ego car and coefficients in
constraints

For simplicity, we assume that the ego and surrounding
vehicles have the same shape and structure, where

Fig. 8. Estimation of the safe distance.

Table 1. Main symbol.

Symbol Description Type

m Maximum number of
time steps

Constant positive
integer

zk State of ego vehicle at time k Discrete 6-tuple
z i
k Predicted state of ith

surrounding vehicle at time k
Discrete 4-tuple

Q Rows of sampling points
used for generating spirals

Q 2 f6; 7; 8; 9; 10g

�q Number of endpoints in qth row Constant positive
integer

w The number of discrete points
of the spiral

Constant positive
integer

Table 2. Coefficients in cost function.

Reference path planner

Name �1 �2 �3 �4 �5

Value 12 5 0.5 0.4 0.4

Trajectory planner

Name �1 �21 �22 �23 �3 �41 �42 �5 �6

Value 1 0.8 0.8 0.1 0.06 1 1 0.25 6
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lf ¼ 1:5m, lr ¼ 1:4m, Lv ¼ 4:7m, and Wv ¼ 1:8m. The
constraints umin 	 uk 	 umax in Eq. (17) are �10
=s 	
�
:
k 	 10
=s, �7m=s2 	 v

:
k 	 3m=s2. The constraints zmin 	

zk 	 zmax in Eq. (17) are �150m 	 xk 	 150m, �150m 	
yk 	 150m, 0m=s 	 vk 	 16:67m=s, �180
 	 �k 	 180
,
�36
 	 �k 	 36
, sk � 0. The constraints 0 	 jvk�

:
kj 	 gmax

in Eq. (17) is 0 	 jvk�
:
kj 	 0:6 rad�m/s.

4.2. Scenario I: Overtaking and lane changing

We design the scenario to show the ability to overtake and
lane change in a crooked two-lane road without human
input. We assume that the vehicles always allow a lane
change between the two lanes. The width of the two lanes is
3.75m. The ego vehicle should slow down to prevent roll-
over. We set stationary surrounding vehicles as obstacles in
each lane ahead of the ego vehicle. The ego vehicle should
choose the best lane to avoid the obstacles. The speed limit
of the road is 12m/s. As shown in Fig. 9, the ego vehicle
overtakes the two stationary vehicles and slows down in a
sharp turning area.

4.3. Scenario II: Left turning

We design the scenario to show the ability to avoid collision
with dynamic obstacles when turning left. In this scenario,
two straight roads meet at the intersection. Each road
contains two lanes leading in the opposite direction. We
assume that the vehicles are not allowed a lane change on
either road. The width of each lane is 5m. The ego vehicle
turns left at the intersection. At the same time, a sur-
rounding vehicle goes straight along the opposite driving
lane at a constant speed. The ego vehicle needs to slow

down or stop to wait for the other vehicle to move away.
The speed limit of both roads is 12m/s. Figure 10 shows
the ego vehicle’s generated trajectory and the surrounding
vehicle’s trajectory.

4.4. Scenario III: Shared control

In the scenario, the ego vehicle goes along the center of the
straight lane at a constant speed. The width of the lane is
5m. The speed limit of the road is 6m/s. The control input

uk ¼ ½�: k; v: k� remains zero, and the steering angle �k remains
zero. We assume that the driver manipulates the steering
wheel suddenly at a particular time, i.e. the driver imposes a
dangerous step steering angle input. However, the vehicle
will not collide with the boundary if the shared control
system is active. We design the scenario to show the ability
to avoid dangerous control input. As shown in Fig. 11(b),
the driver turns the steering angle sharply to the left from
0
 to 36
 at the 9th s. The ego vehicle maintains the
steering angle within a safe range and avoids colliding with

Fig. 9. Overtaking and lane changing simulation. The blue car is
the ego vehicle in a gray driving area, and the green cars are
stationary surrounding vehicles. This figure shows the trajectory
of the ego vehicle every 0.2 s. The fading color shows the speeds of
the ego vehicle, whose initial speed is 6m/s.

(a) (b) (c) (d)

Fig. 10. Left turning simulation. The driving area is a light pink
area. The blue car is the ego vehicle. The fading colors show the
planning trajectories of vehicles in the next 5 s. The initial speed of
the ego vehicle is 5m/s, and the constant speed of the surrounding
vehicle is 3m/s.

(a)

(b)

Fig. 11. (a) The trajectory of the ego vehicle. (b) The steering
angle of the human input and automated system.
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the boundary though the human driver imposes a danger-
ous steering angle input. The ego vehicle stays in a safe area
despite the driver’s dangerous input, as shown in Fig. 11(a).
The planning trajectories (in the black circles) show that
the planner always expects the trajectory to be close to the
reference path, whatever the human input and the initial
state of the ego vehicle are.

4.5. Summary

Implement simulations using MATLAB R2021a on a desk-
top whose CPU is AMD-5600X (3.7 GHz). Figure 12 shows
the running time. Our method computes reference paths
and trajectories within 120ms in all three scenarios. The
average computation time for solving a hierarchical MPC
model is 60ms. We also test our method in CARLA-0.9.13
[41], of which the video is at https://www.bilibili.com/
video/BV1CF411v7T3 or https://youtu.be/3vVXHvnWza8.

5. Conclusion

This paper proposed a hierarchical MPC-based motion
planning for shared control of automated vehicles to gen-
erate a real-time trajectory in scenarios including multi-lane
roads and multi-intersections. We have shown that the
proposed method can generate safe trajectories in complex
scenarios such as overtaking, lane changing, and turning
left. Simulation tests have shown that our method can
compute safe and comfortable trajectories for the future 5 s
in less than 120ms.

Future research includes the robustness of the proposed
method in the presence of uncertainties in predicting other
traffic participants and the numerical stability of the pro-
posed method. Extensions of our method to more complex
driving scenarios in mixed traffic flow containing fully au-
tomated vehicles and manual driving vehicles are also
worth pursuing. Future research is verifying our methods
on a real vehicle or a small-scale RC car.
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