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In this paper, we address the model reduction problem for linear hybrid systems via the interconnection-based technique called moment
matching. We consider two classical interconnections, namely the direct and swapped interconnections, in the hybrid setting, and we present
families of reduced-order models for each interconnection via a hybrid characterization of the steady-state responses. By combining the
results for each interconnection, the design of a reduced-order model that achieves moment matching simultaneously for both intercon-
nections is studied. In addition, we show that the presented results have simplified counterparts when the jumps of the hybrid system are
periodic. A numerical simulation is finally given to illustrate the results.
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1. Introduction Given a dynamical system, the problem of model reduc-
tion consists in the construction of a simplified mathemat-
Hybrid systems are dynamical models that integrate the  ical description with respect to some notion of complexity,

dynamics of continuous-time systems and those of discrete-  while preserving part of the behavior and properties of the
time systems, see [1]. Such dynamical models appear invar-  original description. The literature on model reduction for
ious engineering fields, such as walking robots and mechan-  continuous-time and discrete-time systems is rich and the
ical systems with impacts [2, 3], switching circuits [4], and  field can be considered mature, see, e.g. [14-24]. However,
neural models [5, 6]. As a result of being studied and ana- only few attempts have been made to solve the problem of

lyzed by different research communities, hybrid systems  model reduction for hybrid systems. In particular, [25] has
have been studied under different terminologies, such as addressed the problem of reduction on polytopes, and [26],

hybrid automata [7], switching systems [8], and impulsive sys-  based on the concept of abstraction, has presented a different
tems [9-11]. While many control problems regarding hybrid  approach by using balanced truncation for the continuous-
systems have been recently solved (see, e.g. [12,13] and ref- time subsystems and pseudo-equivalent location elimina-
erences therein), others, such as the problem of modelreduc-  tion for the discrete-time subsystem. Many model reduction
tion, remain open. methods were also proposed for discrete-time switching sys-

tems [27-29], switching systems of Markovian type [30], and
switching systems with average dwell time [31, 32]. Refer-
ences [33, 34] have presented an approach based on the
notion of generalized Gramians to address the problem of
Received 15 December 2025; Accepted 16 March 2026; Published 7 April model reduction of SWitChing systems. [35] has introduced
2026. This paper was recommended for publication in its revised form by K . . .

. . ) s oopman operator-based model reduction to simplify the
Special Issues Editors, Jie Chen, Ben M. Chen and Zongli Lin. . . .
Email Addresses: ¥ziruiniu20@imperial.ac.uk, Sg.scarciotti@imperial.ac.uk, control of nonlinear systems by switched-system. Finally, the
Talessandro.astolfi@kaust.edu.sa problem of reducing a hybrid system to a continuous-time
Icorresponding author. model near a periodic orbit has been investigated in [36].
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Fig. 1. Illustration of the direct (a) and swapped (b) interconnections in

the moment matching of linear continuous-time systems.

This paper addresses the model reduction problem for
linear hybrid systems based on the idea of moment matching,
which is an interconnection-based model-reduction tech-
nique. This constructs reduced-order models that match the
steady-state output responses of systems in certain inter-
connection frameworks, namely the direct and swapped
interconnections depicted in Fig. 1. Specifically, consider an
underlying system to be reduced. The direct interconnec-
tion in Fig. 1(a) features a signal generator driving the sys-
tem, while the swapped interconnection in Fig. 1(b) con-
sists of the system driving an output filter, see [37] for more
detail. The work in this paper is originally inspired by [38]
and [39], in which the classical moment matching approach
has been extended to the interconnection of systems with
“explicit” systems, i.e. systems with dynamics that cannot
be modeled by differential equations. While explicit systems
can also model hybrid systems, [38] and [39] still focus on
the model reduction of linear continuous-time systems. This
paper extends the model reduction study to hybrid systems
by generalizing the interconnection frameworks in Fig. 1 to
the hybrid setting. Preliminary results have been presented
in [40], in which only the direct interconnection has been
considered (see also [41] for the case of periodic jumps). In
this paper, we study both the direct and swapped intercon-
nections, and we do not assume periodicity of the jumps.
For each interconnection, we first introduce a hybrid char-
acterization of the steady-state response, herein referred to
as the moment, and then propose families of linear hybrid
reduced-order models capable of matching the steady-state
responses associated with each interconnection. By com-
bining the results for each interconnection, we present the
design of a reduced-order model capable of matching the
steady-state responses for both interconnections (a problem
classically called two-sided moment matching [42]). In addi-
tion, we also show that the proposed results can be simpli-
fied in the periodic case. The results are illustrated by means
of a numerical example.

The rest of this paper is organized as follows. In Sec. 2,
we review the moment matching technique and formu-
late the hybrid model reduction problem addressed in the
paper. Sections 3 and 4 study the characterization of the

steady-state responses of the direct and swapped intercon-
nections, respectively, and present families of reduced-order
models in the sense of moment matching. Section 5 presents
the reduced-order model design for two-sided moment
matching. All presented results are specialized to the case of
periodicjumps in Sec. 6, and illustrated by means of a numer-
ical simulation in Sec. 7. Finally, Sec. 8 provides some con-
cluding remarks.

Notation. We use standard notation. R, denotes the set
of nonnegative real numbers, R, , denotes R.,\{0}, and Z
denotes the set of all integers. C_, and C, denote the set of
complex numbers with strictly negative real part and zero
real part, respectively. D_; denotes the set of complex num-
bers with modulus strictly smaller than one and D, the set
of complex numbers with modulus equal to one. The sym-
bol I,, denotes the identity matrix of order n, o0(4) denotes
the spectrum of the matrix A € R™", and ||4|| indicates the
induced Euclidean matrix norm. Given a function w : RXZ —
R” defined on the “hybrid time domain” H c R X Z, w indi-
cates its time derivative, namely w = %w(t,j), whereas w*
indicates its forward discrete shift, namely w® = w(t,j + 1).
When a function I1(+, -) defined on H is indicated as l'[j, we
are denoting the value II(¢}, j), i.e. the value of TI(¢, j) at the
time the jth jump occurred. Given k — p + 1 matrices X; €
R™" forj =p,(p+1),..., (k— 1), k, with any integer p < k,

]_[]’i:? Xjand H}E;ﬁ X indicate the products X, X, .1 - X; and

Xy Xj—1 X, respectively. In addition, if p > k, | Ik X; =
Jj=p
k
— X =1.
M X = I

2. Preliminaries and Problem Formulation

In this section, we introduce a few basic definitions related
to the steady-state responses, and we formulate the moment
matching problem addressed in the paper.

2.1. On the notion of steady-state response

Consider a system of interest. We introduce the notion of
steady-state response, starting with representations of the
state trajectories.

Definition 2.1 ([43, 44]). Let x(t) € R" be the state of a
dynamical system X and u(t) € R™ be the m-dimensional
input of Z. Let t, and x; = x(t,) be the initial time and the
initial state, respectively. If there exists a function ¢ : RX R X
R™ x R™ - R" such that

x(t) = P(t, to, Xo, Uty ) (1)
forall t = ¢, we call Eq. (1) the representation in explicit

form, or the explicit model, of X.
Assume ¢(t, ty, X, u) has a continuous derivative with

respect to t for every t,, x, and u, and there exists a function



f : R*"xR™ - R", continuous for each t over R" X R™, such
that

x = f(x,u). (2)

We call the differential Eq. (2) the representation in implicit
form, or the implicit model, of .

We refer the reader to [45] for a formal definition of
steady-state and we stress that the steady-state response can
be defined, under a few hypotheses, for systems in explicit
form, i.e. it is not necessary that the steady-state response be
the solution of a differential equation.

2.2. Review of moment matching

We now recall the basic concepts of moment matching. Con-
sider a linear, single-input, single-output (SISO) continuous-
time system described by the equations

x = Ax + Bu,
_ (3)
y =Cx,
with x(t) € R, u(t) € R, y(t) € R, A € R™", B € R™!
and C € R¥™". Then the moment of system (3) is defined as
follows.

Definition 2.2 ([37]). Consider system (3) and any two
matrices S € RV*Y and Q € RV*" with their spectrums sat-
isfying 6(S) N d(A) = @ and 0(Q) N d(A) = @. Let matrices
L € R™ and R € R”*! be such that the pair (S, L) is observ-
able and the pair (Q, R) is reachable. Then the matrices CTI
and YB are called the moments of system (3) at (S, L) and
(Q, R), respectively, where I1 € R™" and Y € RV*" are the
unique solutions of the Sylvester equations

1S = Al + BL, (4a)
QY = YA + RC. (4b)

Remark 2.3. The moment is classically defined in terms of
the transfer function of the system. More specifically, the k-th
moment of system (3) at the interpolation point § € C\o(4)
is defined as the kth coefficient of the Laurent series expan-
sion of its transfer function at 5§ [19]. References [46] and [23]
have shown that the moments at interpolation points given
by the eigenvalues of the matrices S and Q are uniquely deter-
mined by the elements of CIl and YB. Note that this relation
does not hold for multiple-input multiple-output (MIMO)
systems, for which the matching of moments is achieved
along certain directions [47].

While the moment is originally defined in the Laplace
domain, its relation with the Sylvester equations (4), inspired
by the regulator theory in [48], provides a bridge between
the moments and the steady-state output responses of
certain interconnection structures, namely the direct and
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swapped interconnections, as displayed in Fig. 1 and summa-
rized as follows.

Theorem 2.4 ([39, 49, 50]). Consider system (3) and sup-
pose a(A) © Cy Let S € RV*Y and Q € RY*Y be any two
matrices with simple eigenvalues and disjoint spectra satisfy-
ing 0(S) € €y and a(Q) c Cy. Let L € RV and R € RV*! be
any two matrices such that the pair (S, L) is observable and the
pair (Q, R) is reachable. Then the following statements hold:

e The moment at (S,L) is in a one-to-one relation with the
steady-state response of the output y of the direct intercon-
nection between system (3) and the signal generator

0=Lw, (5)

via u = 8 (Fig. 1(a)), provided (S, w(0)) is reachable.

e The moment at (Q, R) admits a one-to-one relation with the
steady-state response of the output @ of the swapped inter-
connection between system (3) and the filter

@ = Qw + Ry, (6)

w=Sw,

vian =y (Fig. 1(b)), for x(0) = @w(0) = 0 and any nonzero
signal u that exponentially decays to zero.

Theorem 2.4 provides an “interconnection-based” inter-
pretation of moment matching, suggesting the possibility
of extending the method to general classes of systems, see,
e.g. [24,37] and references therein. In this paper, we also rely
on this “interconnection-based” interpretation to study the
moment matching problem for linear hybrid systems.

As a result of Definition 2.2 and Theorem 2.4, one
can easily show that the family of v-dimensional models
described by the equations

E=(S—-GL)¢ +Gu, Y =CII, (7)

matches v moments of system (3) at (S, L) for any G € RV*1
such that (S — GL) n a(S) = @. Likewise, the family of v-
dimensional models

§=(Q@—RH) +YBu, Y =HS, (8)

matches v moments of system (3) at (Q, R) for any H € RV
such that 0(Q — RH) N (Q) = @. Recall that when o(5) N
0(Q) = @, av-dimensional model that matches 2v moments
of (3) at (S, L) and (Q, R) simultaneously (and therefore
matching the steady-state output responses for both inter-
connections in Figs. 1(a) and (b)) is called two-sided moment
matching. This matching can be achieved, for example, by
model (7) with G = (YII)"1YB, or by model (8) with H =
CTI(YI) ™1, provided that YII is invertible, see [42] for more
detail.

2.3. Problem formulation

We now formulate the model reduction problem for a lin-
ear hybrid system. To this end, we first consider the hybrid
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time domain that underlies the evolution of all hybrid sys-
tems studied in this paper, namely,

#o= | ) tptln e R, 9)

Jj=—0

for some infinitely many strictly increasing time instants
—00 < - <ty <ty <ty <.+ < +oowith ¢y = 0, which are
not assumed to be equally spaced but to satisfy the following
assumption.

Assumption 2.5. Consider the countable set J =
{tj};im- There exist positive constants § and § such that
the spacing between two successive jump instants, that is,
8; = tj,q — tj, satisfies

§:=irj;f5j>0 and 6 := 51]1_p5j<oo (10)

foranyj € Z.

Assumption 2.5 guarantees that ¢; —» fooasj - too
and the number of jumps within any finite time interval is
finite. Physically, this assumption is satisfied if the system
jumps infinitely many times with a positive uniform mini-
mum dwell-time between any two successive jumps. Given
such a hybrid time domain H in (9), we denote two sets
S, cHandS,; c H as

Sci={ ) teftytiy]}h

Sa={t)):t =t;}
which we herein call the flow and jump sets, respectively.
Remark 2.6. The jump time set {tj};.r:ioo in the hybrid time
domain (9) can either be an a priori known set or a set that
depends on the state transition of certain system dynamics.

We will illustrate this state-dependent case with an example
in Sec. 7.

This paper focuses on the model reduction of SISO linear
hybrid systems described by the equations

(t)) €S
(t.)) € Sa, (11

x =Ax + B.u,,
Z : x+ = Adx + Bdud,

y =Cx,

with x(t,j) € R™Y u.(t,j) € R uy(t,j) € R y(t,j) € R,
A, € RV, A, € RP™ B, € R, B, € R™! and C € RV™,
System (11) flows and jumps according to the hybrid time
domain # in (9). More specifically, it flows whenever (¢, j) €
S., and jumps whenever (¢,j) € §,.

Remark 2.7. The hybrid system (11) can be expressed via
the conventional formulation in [12] by introducing two

clock variables 7(t,j) € Rand k(t,j) € Z satisfying

=1 k=0, (t.k) €S,
R (12)
tt=1, kt=k+1 (k)€S,
where S, and § are the flow and jump sets defined as
Sc = {(Tk) : T € [Tp, Tyen I},
Sq={@mhk) T =140},
with {7, }f® . defined  according to  the

hybrid time domain (9). Then the flow and jump conditions
in (11) can be replaced by those in (12), and system (11) can
be written as [12, Eq. (1.2)] by involving the dynamics of the
clock variables (12). Since 7 and k play a similar role as t and
j, and do not simplify the formulation when the elements in
J are not equally spaced, we omit these variables for brevity.

Remark 2.8. Although system (11) is assumed to be SISO,
the proposed results extend directly to the MIMO case, with
minimal changes by introducing the concept of tangential
direction mentioned in Remark 2.3. Therefore, in the numer-
ical example in Sec. 7, we illustrate the proposed method
using MIMO systems.

To address the hybrid model reduction problem by
moment matching, we study a hybrid generalization of the
interconnection structures illustrated in Fig. 1. To start with,
the direct interconnection in the hybrid setting, as shown in
Fig. 2(a), is formed by (11) connected to a hybrid signal gen-
erator of the form

w=Sw,
(I)+ :](1), gd = de,

6.=L.w, (tj)€ES,

(tJ)) €Sy
with w(t,j) € RY, 0.(t,j) € R, 64(t,j) € R S € R,
J € R™, L, € RY, L; € RV, To study the model reduc-

tion problem for this direct interconnection, the following
assumption is introduced.

(13)

Assumption 2.9. The trajectories of the signal genera-
tor (13) are bounded forward and backward in time. The
pairs (S,L.) and (J, L,;) are observable. The matrix J is such
that 0 € o(J).

In Assumption 2.9, the boundedness requirement yields
that the signals 8, and 8, generated by system (13) are
bounded for all (t,j) € H. This boundedness, together
with the observability requirement of Assumption 2.9, can
be seen as an extension of the assumptions on ¢(§) < C,
and the observability of the pair (S, L) in Theorem 2.4, as the
requirement o(S) c C, guarantees forward and backward
boundedness of the solutions generated by system (5). The
invertibility of J is an extra assumption used to guarantee
time-reversibility of system (13). With this assumption, the
first model reduction problem to be addressed is formulated
as follows.
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Fig. 2. Illustration of the direct (a) and swapped (b) interconnections in

the moment matching of linear hybrid systems.

Problem 2.10 (Model Reduction for Direct Intercon-
nection). Consider the interconnection in Fig. 2(a). Suppose
Assumption 2.9 holds and the zero equilibrium of system X
in (11) is exponentially stable. Determine a linear hybrid sys-
tem X' of order v < n such that Y..(t,j) = y.(t,)) for all
(t,j) € H when subject to the same inputs u, = 6, and
uy = 04, where y,, and . stands for the steady-state output
responses of the systems X in (11) and ', respectively.

We now formulate the hybrid model reduction problem
for the swapped interconnection. As depicted in Fig. 2(b),
this interconnection is composed by the cascade of sys-
tem (11) with a filter of the form

w = Q@+ R,
w+ = de + Rdﬂd'

t.j) €S,
(t'j) € ‘Sd'
where w(t,j) € R, n.(t,j) € R, n4(t,j) € R, Q, € RV,
Q; € RV, R, € RV}, and R; € R”*!. Similar to Assump-

tion 2.9, we introduce another assumption, which is also a
generalization of the assumptions used in Theorem 2.4.

(14)

Assumption 2.11. The trajectories of the system (14) with
N, = Ng = 0 are bounded forward and backward in time.
The pairs (Q,, R.) and (Q4, R,) are reachable. The matrix Q
is such that 0 € o(Qy).

Similar to Assumption 2.9, the boundedness and reacha-
bility requirements of Assumption 2.11 can also be regarded
as an extension of the assumptions that ¢(Q) < C, and
the pair (Q, R) is reachable in Theorem 2.4. The assump-
tion on the invertibility of @, is introduced to ensure time-
reversibility of the filter (14).

Problem 2.12 (Model Reduction for Swapped Intercon-
nection). Consider the interconnection in Fig. 2(b) with ini-
tial conditions x, = 0 and w, = 0. Suppose Assumption 2.11
holds and the zero equilibrium of system X in (11) is exponen-
tially stable. For any nonzero signals u, and u,; exponentially
decaying to zero, determine a linear hybrid system X' of order
v < n such that the steady-state response wg of the filter,
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when subject ton, = Y and ng = P, coincides with the steady-
state response of the filter in the interconnection in Fig. 2(b).

Finally, we formulate the two-sided moment matching
problem for hybrid systems as follows.

Problem 2.13 (Model Reduction for Two-sided Intercon-
nection). Consider system X in (11) with the signal genera-
tor (13) and the filter (14). Suppose Assumptions 2.9 and 2.11
hold, and the zero equilibrium of system Z in (11) is exponen-
tially stable. Design a linear hybrid system X' of order v < n
such that Problems 2.10 and 2.12 are simultaneously solved.

The goal of this paper is to address the three moment
matching problems formulated as Problems 2.10, 2.12,
and 2.13. Toward this end, the reduced-order model to be
constructed is also a linear hybrid system which flows and
jumps according to the hybrid time domain # in (9) and
takes the form

E=FE&+Gu, (tL)ES,
&Y = FiE + Gaug, (L)) €Sy, (15)
Y = HE,

with &(t,j) € RY, ¥(t,)) € R, E(t,j) € RV, F,(t,)) €
RY™, G.(t,)) € RY*Y, G,(t,j) € RV*}, and H(t,j) € R™.
The dimension v of the reduced-order model coincides with
that of the signal generator (13) and/or the filter (14), i.e.
it depends on the complexity of the system that excites/fil-
ters the dynamics of the system (11) in the interconnections
in Fig. 2. Therefore, the dimension v is selected based on
how many signals of interest need to be matched for the spe-
cific application. Note also that, depending on the specific
model reduction task to be achieved, some parameters of the
reduced-order model can be time-varying. The reason for
this will be clear later.

The direct and swapped moment matching problems
formulated in Problems 2.10 and 2.12 are similar to the
“nonsmooth” model reduction problem in [38, 39], which
have addressed the moment matching problem for linear
continuous-time systems (3) in the direct interconnection
with an explicit signal generator of the form

a(t) = A)D(0),

where ® € RY, L € RY™, and A(t) € R are such
that A(0) = I, or in the swapped interconnection with the
explicit filter of the form

u=1La, (16)

&(t) = Q(t) fo ‘ Q@) Ry (9)do, (17)

where @ € RY, Q(t) € RV, and R € R"*! are such
that Q(0) = I, and Q(—t) = Q(t)"% Since A and Q are
not assumed to be continuous, these explicit systems can
also be used to model dynamics of certain types of hybrid
systems. For example, if (and only if) L, = L, in (13) and
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R,; = 01in (14), then systems (13) and (14) can be described
by (16) and (17), respectively. Under certain assumptions,
see [38], the steady-state response of system (3) in the direct
interconnection with (16) can be described by x.(t) =
M, (t)(t) with
t ~

M, (t) = < f eA(t"’)BLA(ﬁ)dﬁ> A(t)™L (18)

Moreover, the steady-state response of the filter (17), in

the swapped interconnection with system (3), is character-
ized by

@ (t) = Q(t) lim J’ Hfﬂ(ﬁ)‘le(ﬁ)Bu(ﬁ)dﬁ,
t->+o Jo
(19)
with

400
Y., (1) == Q(t) f QW) TRCeAP Dy, (20)
t

The formulations (18) and (20) are useful for explicitly char-
acterizing the time history of the steady-state response in
the interconnection structures. However, unlike [38,39] that
aimed at reducing continuous-time systems, when the sys-
tem to be reduced is also hybrid, it is preferable to character-
ize the system dynamics in a hybrid formulation as in [41], as
this allows defining a reduced-order model also in a hybrid
form. Note that [41] addressed the direct interconnection
moment matching problem for the linear continuous-time
system (3) using a hybrid formulation. However, the result
therein is confined to the periodic case and can also be stud-
ied using [38].

In the remainder of the paper, we first address Prob-
lems 2.10 and 2.12 separately, providing families of reduced-
order models for the direct interconnection and the swapped
interconnection. By combining the obtained results, we solve
the two-sided moment matching problem formulated in
Problem 2.13. We finally demonstrate that when the jump
instants {t j}jfim of the hybrid time domain (9) are periodic,
all proposed theories for finding the reduced-order model
can be simplified.

3. Moment Matching for the Direct
Interconnection

In this section, we address the direct interconnection
moment matching problem formulated in Problem 2.10,
starting with generalizing the Sylvester equation (4a) to the
hybrid setting. This solution is helpful for characterizing the
steady-state response of the hybrid system (11) in the direct
interconnection in Fig. 2(a).

Lemma 3.1. Consider systems (11) and (13). Suppose
Assumptions 2.5 and 2.9 hold, and the zero equilibrium of sys-
tem (11) is exponentially stable. Then there exists a unique

bounded (steady-state) solution TI(t,j) = [i(t,j) € R™
solving

M=AM-1S+B.L, (t)) €S,
(t.)) € Sar

and satisfying the boundary condition

. 1)

l; = Ky,
forall (t,j) € H, where

J J

Knj= ) | ] AeeteCaten) (Bdw‘l

== \g=i+1

t;
+ 44 ( f L eAc“i—ﬁ)BCLCeS(ﬁ—fi)dﬁ) j—1>
ti-1

Jj
% l_[ (e—S(tq—tq_l)]—l) _

g=i+1

(22)

(23)

Moreover, this solution fis forward attractive, that s, it is such
that for any Il solving (21) and starting with any initial con-
dition TI(t,j) € R™ with (t,j) € H, limpy ;4o M(t,)) —

fi(t,j) = 0.

Proof. We start by showing that (21) admits a bounded
solution II satisfying (22). We first prove that the solution of
the first [I-equation in (21), for (¢,j) € S, is

t
M, j) = (eAc(f‘fj)H], _|_ft eAc(t—ﬁ)BCLCeS(ﬁ‘tj)dlg>

—S(t—t]‘)

X e ) (24)

To this end note that I1(¢,j) in (24) is always well-defined
since the integral is over a finite interval and contains only
the product of exponential matrices. For (t,j) € S,, [1(t, ) is
differentiable, yielding

Me5¢~% + NSe5 %) = A eI, + B,Le5™

t
+A, f eAct=9p | eSOt qy,
t

with the last two terms obtained by the Leibniz rule. Sub-
stituting the integral appearing in the last equation with the
expression given in (24) yields

e’ + eS¢ = A e "9, + B L eS¢

+ A (M5 — A=),
from which, by right-multiplying both sides by eS8
has

,one

M+1S = B.L, + A,



proving that IT in (24) is the solution of the first equation
in (21) for (t,j) € S.. This suggests that the existence of I1
solving (21) boils down to the existence of the initial condi-
tion I1;. To study this, we then compute the dynamics of Il
across the jumps. Writing (24) for t = t;,,, replacing the
resulting expression of I(¢;,4,j) by the right-hand side of
the second [I-equation in (21), and multiplying on the right
for es(tf“_tf), yield

Hf*’l]eS(tjﬂ_tj) = AdeAC(tj“_tf)Hj + ByLgeSG+178)

+4, f I At | oSO~ gy
i

(25)

First of all note that, since J is invertible by assumption, given
[1;, i.e. the boundary condition of (24) for (¢,)) € [t} t;,41] X
{/}, we can uniquely determine Il ;, i.e. the boundary condi-
tion of (24) for (¢,)) € [tj41,tj42] X {j+ 1}, and also uniquely
determine the values of II inside the interval [t; 4, t;,,] X
{ + 1} by (24). Thus, if I1; exists for all j € Z, then the solu-
tion to (21) is well-defined. Rewriting Eq. (25) for the inter-
val [t;_q,t;] X {j — 1} yields

H] =AdeAC(tj_tj_l)Hj_le_s(tj_tj_l)]_l+BdeJ_1

t.
+4, ( f ! eAc(tf'ﬁ)BCLceS(‘g'ti)dﬂ> Jn
t.

J—1

Iterating and replacing the expression for Hj_l, l'[]-_z, ., We
obtain the relation

J J
M; = Kp; + 1_[ (AdeAc(ti_ti—l))n_oo 1—[ (e_s(ti_ti—ﬂ]_l)’

{=—o00 i=—o00

(26)

with Ky ;asin (23) and I1_,, € R™*¥ an arbitrary value when
j — —oo. Note that the second product sequence in (26) is
bounded by hypothesis, whereas the first product sequence
is converging to zero because the zero equilibrium of sys-
tem (11) is exponentially stable. The term Ky, ; is finite for
all j € Z, because it is the sum of constant terms multiplied
on the left by increasingly longer sequences of A je¢(ta~ta-1)
(for which the norm exponentially converges to zero). These
observations of (26), by the definition in [45], imply that
11 satisfying (22) is the steady-state solution of (21) and is
bounded for all times as Ky ; is bounded whenever j —
400, Characterized by the boundary condition (22), this I
is unique as it flows as in (24) and jumps as in (25), with
both dynamics admitting unique solutions under Assump-
tion 2.5.2 To show its forward attractivity, let £ := IT — II.

3See [12, Chapter 2] for more detail about the uniqueness of solutions of
hybrid systems.
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Then by (21), we have
E=AE—ES, (tj)€ES,
EY =A4E]™Y, (L)) €S,

By a similar argument as the one yielding (26), the evo-
lution of E can be explicitly characterized by E(t,j) =
eAC(t_tf)lfje_S(t_tf) where

J J
E‘j = H(Adeflc(tz—tm))giH(E—S(tz—tz_ﬂ]—l)
i=j i=j

i=j

(27)

for any integer j < j. Then by Assumption 2.9 and the expo-
nential stability of system (11), lim. ;_,,, E(¢,j) = 0.Equiv-
alently, starting with any initial condition I1(¢, j) € R™" with

(t,)) € H, we have lim,, ;_,, o, 1(¢, /) — fI(¢, ) = 0. This con-
cludes the proof. D
We are now ready to characterize the steady-state

response of system (11) in the direct interconnection.

Theorem 3.2. Consider the direct interconnection of sys-
tem (11) and the hybrid generator (13) shown in Fig. 2(a).
Suppose Assumptions 2.5 and 2.9 hold, and the zero equilib-
rium of system (11) is exponentially stable. Then the steady-
state response of the hybrid system (11) satisfies x4, = flw,
with 1 the unique steady-state solution of (21).

Proof. By the dynamics of (11) and (21), we have
m = A.x + B.L.w —lw — NSw
=Ax+B.L.w—Alw+TSw
—B.L.w—TSw
=A.(x — lNw) (28)
for (t,j) € S., and
(x —Mw)* = Agx + ByLaw — T w
=Ayx + BiLyw — Ayjllw — ByLyw
= A,;(x — lw) (29)

for (t,j) € S;. The response of the system of Egs. (28) and
(29) can be written explicitly, namely

x(t, ) — It Hw(t,)) = &, )),
with

Jj
e(t,)) = e [ [(Ageimti-0) (o — Mya).
=1
As a consequence, the state response of the interconnection
of system (11) with the hybrid generator (13) is

x(t,)) = 1(t, Nt )) + &, ))-
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Finally, note that the term ¢ describes a transient response
which decays to zero since the zero equilibrium of sys-
tem (11) is exponentially stable, proving that lim,, ;.
Xs5(t, ) — II(t, w(t,j) = 0. Since fl, by Lemma 3.1, is the
unique steady-state solution of (21) and is forward attrac-
tive, we finally obtain x,, = fw. O

Remark 3.3. The steady-state solution I in Lemma 3.1
is a hybrid generalization of the solution of the standard
Sylvester equation (4a). To see this, if the system (11) and the
generator (13) are purely continuous-time systems without
jumps, the boundary condition (23) with j = 0 reduces to

0
fly = Kpo = f e~ 4B I .eS?dv,
which is the solution to (4a) with A, = A,B, = Band L, =
L. Moreover, if system (11) is continuous-time, i.e. 4; = I,
and B; = 0, and the generator (13) has L; = L., then itis
possible to reformulate the steady-state solution [T of (21)
by (18), see [38] for more detail. This generalized Sylvester
equation, explicitly characterized by (18), has also been used
for the nonsmooth output regulation problem [51, 52].

By Lemma 3.1 and Theorem 3.2, the steady-state output
¥ss Of system (11) in the direct interconnection can be char-
acterized by

Yss = Cllw, (30)

with [T the unique steady-state solution of (21). This one-to-
one characterization leads to the following definition.

Definition 3.4. Consider the direct interconnection of sys-
tem (11) and the hybrid generator (13). Suppose Assump-
tions 2.5 and 2.9 hold, and the zero equilibrium of sys-
tem (11) is exponentially stable. Then the function CIT is
called the moment of system (11) at the tuple (S, L., ], Ly, H),
where [1 is the unique steady-state solution to (21).

Then, the construction of a family of reduced-order
models that satisfy the direct interconnection moment
matching in Problem 2.10 can be given as follows.

Theorem 3.5. Consider system (11) and the signal genera-
tor (13). Suppose Assumptions 2.5 and 2.9 hold, and the zero
equilibrium of system (11) is exponentially stable. Then the
system described by the equations

§=(S- Gcl‘c)éT + Geug,
21 98F = (J = Galg)§ + Gaug,
Y = CII¢,
with 11 the unique steady-state solution of (21), is a model of

system (11) matching the moment at the tuple (S, L., ], L4, H),
for any G, and G, such that the zero equilibrium of

(t)) €S,

(tj)€ss (31)

system (31) is exponentially stable. Moreover, system (31) is a
reduced order model of system (11) matching the moment at
(S, L. ], Ly, H) and solves Problem 2.10 if v < n.

Proof. Under the assumptions of this theorem and by The-
orem 3.2, the direct interconnection of system (31) and the
signal generator (13) has a steady-state output response
described by Cl1Pw, with P(t,j) = P(t,j) € R the
bounded solution of

P=(6-G.L)P—-PS+G,L, (tj)€ES,,

(t.)) € Sg.

We see that P(t,)) = I, is the (unique steady-state) solu-
tion to (32) for all (¢,j) € H. As a consequence, the steady-
state output response 1 of system (31) becomes Cflw, i.e.
the family of models (31) solves Problem 2.10. D

. (32)
PT] = —GaLy)P + G4Lg,

Remark 3.6. From a computational point of view, the
boundary condition (23) that characterizes I as in (22)
is hard to obtain explicitly, but can be approximated with
arbitrary precision by considering a finite number of terms
in (23). Nevertheless, it is not necessary to explicitly com-
pute (23) to derive the trajectories of II. Since the steady-
state solution I1 is forward attractive for all initial condi-
tions I, € R™, any solution to (21) converges to TI,
with the effect that the initial condition exponentially dis-
appears. Consequently, the reduced-order model (31) still
achieves matching if II is replaced by any II, as the ini-
tial condition of Il does not affect the asymptotic relation
im0 Yss (8, )) — CI(E Hw(t, ) = 0, but just affects the
speed of its convergence.

The matching of the steady-state required to solve Prob-
lem 2.10, achieved by Theorem 3.5, is equivalent to match-
ing the moment of system (11). More specifically, by Defi-
nition 3.4, the moment of system (15) satisfies CI1P = CIl,
and consequently solves Problem 2.10. Note that the vectors
G, and G, are free parameters and can be used to achieve
additional properties for the family of reduced-order mod-
els (31), see [23]. In this paper, we show that these free
parameters can be selected to achieve two-sided moment
matching.

4. Moment Matching for the Swapped
Interconnection

In this section, we study the swapped interconnection
moment matching problem formulated in Problem 2.12. To
this end, similar to the direct interconnection in Sec. 3, by
relying on the solution to another hybrid generalization of
a certain Sylvester equation, we characterize the steady-
state response of the swapped interconnection in Fig. 2(b),



and then find the reduced-order model that matches such a
steady state.

Lemma 4.1. Consider systems (11) and (14). Sup-
pose Assumptions 2.5 and 2.11 hold, and the zero equilibrium
of system (11) is exponentially stable. If A, is invertible, there
exists a unique bounded (steady-state) solution Y(t,j) =
Y(t,j) € RV" solving
Y=Q.Y—-R.C—-YA, (tj) €S,
(33)
Y*A; = Q.Y —R,C, (t,)) €S,
forall (t,j) € H. Moreover, this solution Y satisfies the bound-
ary condition

A

forall j € Z, where

+oo [i—-1

KY} = Z H(ch(tq_tq+1)Q;1)

=/ \q=j

t.
X (f i eQC(ti—ﬁ)RcceAcw_ti)dﬂ — eQ(ti=titq)
ti

i-1
% Q;leCeAC(ti“_ti)) H(AdeAc(tq+1_tq))

a=j
(35)

and is backward attractive, thatis, Y issuch that for anyY solv-
ing (33) and starting with any initial condition Y(,j) € R”*"
with (,]) € H, it holds that

lim Y(t,j) = V(&) = 0. (36)
t+j—o—oo

Proof. We first show the existence of a bounded solution
to (33).For (¢,j) € S.,aproofanalogous to that of (24) shows
that the solution Y can be expressed as

Y(t,)) = (e‘?c“‘tf“W(t,-ﬂ.j)

+ f T 0u(t-9) R CeAc®=t+) d19> e Ac(t=tj41)
t
(37)

which is well-defined for all (¢t,j) € S, Then existence
of the solution depends on that of the boundary condition
Y(¢j41,/), or equivalently, existence of Y;,; as Y(¢j,4,/) =
Q5" Yj414,— Q7 RyC with @ invertible by assumption. Now
let ¢ = t; substituting Y(¢;,4,j) on the right-hand side
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of (37), with Q;'Y;,,4, — Q7 'R4C, we obtain
Y, = ch(tj_tj+1)Q;1Yj+1AdeAc(tj+1_tj)

— e%(tj=t4+1) Q;leCeAc(th_fj)

+ f I Q0 R CoAcd-t) gy,
¢

(38)

Therefore, we can find a solution Y to (33) if Y; exists for
any j € Z. To this end, we iterate and replace (38) for
Yj41, Y42, - resulting in the relation

+oo +oo
Y, = n(e—oc(tm—ti)qgl)nw l_[(AdeAC(ti“_t")) + Ky
(39)

with K¢ ; asin (35) and Y., € R"*™ an arbitrary value when
j — +oo. Then similar to (26), as Assumption 2.11 holds
and the zero equilibrium of system (11) is exponentially sta-
ble, the first addend in (39) is zero while the term Ky ; is
finite for all j € Z. Then by the definition in [45], ¥ satisfy-
ing (34) is the steady-state solution of (33) and is bounded
for all times as Ky,; is bounded whenever j — zoo. This
solution, parameterized by (34), is also unique because both
the characterization of the boundary condition after each
jump, as in (34), and the flow forward with time, as in (37),
admit unique solutions under Assumption 2.5. To show that
this solution Y is the only bounded solution to (33), we
assume, by contradiction, that there exists another bounded

solution Y solving (33). Then note that £ := Y — ¥
satisfies
E=Q.E—E4, (tj)ES,
) (40)
EY = Qq4BAY, (L)) €S,

Similar to (27), the evolution of = can be explicitly character-
ized by E(t,j) = €%~ 9 E e ~4c"4) where

J J
éj = H(Qdch(fi-fi—l))Ein(e—Ac(fi—fi—ﬂA;l)

for any integer j < j. Since Assumption 2.11 holds and
the zero equilibrium of system (11) is stable, the first prod-
uct sequence is bounded by hypothesis, whereas the sec-
ond product sequence is diverging with t + j — +oo.
Consequently, lim;, ;o E(t,j) = +oo. As the solution Y
is bound, this result contradicts boundedness of Y, indi-
cating that Y is the only bounded solution to (33). Finally,
to show Y is backward attractive, a similar iteration as
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in (39) yields that £(t,j) = e %U™DE(t;,,,)) el =
e_Qc(tj_t)Qd_léj+1AdeAC(tj_t) where

[

J j
41 = H(e—Qc(tiH—fi)Q;l)EfH(AdeAC(tiH—ti))
i=j i=j

for any integer j > j. This result implies that
lim,,;, o E(t,j) = 0 for any E; € R"*™. Equivalently, for
any final condition Y(Z,j) € RY*™ with (£,j) € 7, we have
limgy o Y(tJ) — Y(t,j) = 0, i.e. the bounded solution Y is
backward attractive. |

Remark 4.2. Similar to 1 discussed in Remark 3.3, the solu-
tion ¥ studied in Lemma 4.1 is a hybrid generalization of the
solution of the Sylvester equation (4b). More specifically, if
system (11) and the filter (14) are purely continuous-time
systems without jumps, the boundary condition (35) with
j = 0 reduces to

+o0o
Y, =Kgo = JO e QIR Cet?dy,

whichisthe solutionto (4a) withA, = 4,Q, = Q,andR, = R.
Moreover, if system (11) is continuous-time, i.e. A; = I, and
B; = 0, and the filter (14) has R; = R, then it is possi-
ble to reformulate the steady-state solution ¥ of (33) by (20),
see [39] for more detail. This generalized Sylvester equation,
explicitly characterized by (20), has also been used for the
stabilization of cascade hybrid systems [53].

The hybrid solution ¥ of (33) characterizes the steady-
state response of the swapped interconnection as follows.

Theorem 4.3. Consider the swapped interconnection of sys-
tem (11) and the hybrid filter (14) shown in Fig. 2(b). Sup-
pose Assumptions 2.5 and 2.11 hold, and the zero equilib-
rium of system (11) is exponentially stable with A, invertible.
Then for any nonzero signals u, and u, exponentially decay-
ing to zero, the steady-state response of the filter (14) in the
interconnection, initialized with x, = 0 and w, = 0, satisfies
limg, 400 lld(t ) — @s(t, Il = 0, where d(t,j) € RY is the
solution to

d =Q.d+YB.u,, tj) ES,,

d*=Q,d+Y'B NES (41)
Qq ala (6)) €Sy

with the initial conditiond, = 0 and Y the unique steady-state
solution to (33).

Proof. Since the solution Y to (33) is bounded and piece-
wise absolutely continuous, the solution d to (41) also
exists and is bounded for all (¢t,j) € H as Assump-
tion 2.11 holds and the input signals u,. and u,; expo-
nentially converge to zero. Then to prove d satisfies
im0 1d(E)) — @ (6D = 0, we first show that d

in (41), initialized with d, = 0, is such that d = @ + Yx. To
see this note that
o+ 1x= 0,@ + R,Cx + Yx + ¥(4.x + B,u,)
= Q@+ (R.C + Y +VA)x + B,
= Q.(w + ¥x) + YBu, (42)
for (t,j) € S., and
(@ +¥x)* = Q@ + RyCx + YA x + Y Byu,
= Q@ + Q;Yx + Y*B,u,
= Q (@ + Yx) + Y*Buy, (43)

for (t,j) € S,. Since the dynamics of @ + Yx coincides with
the dynamics of d in (41) with the initial condition d, = @, +
Yoxo =0,thend = w + Yx for all (t,j) € H.Moreover, since
the zero equilibrium of system (11) is exponentially stable,
with inputs u, and u, exponentially converging to zero, we
have lim, ;_,, o, x(t,j) = 0 and therefore

lim ||d(t,))

t+j-o+o0

= lim |[¥(&)x(t NI =0
t+j->+00

- wss(t:j)”

as Y is bounded for all times. This concludes the proof. O

Theorem 4.3 indicates that the steady-state response @
of the filter in the swapped interconnection in Fig. 2(b) is
characterized by the dynamics of YB, and Y*B,. Unlike I
in Lemma 3.1, the bounded solution Y of (33), as shown in
Lemma 4.1, is the only bounded solution when t + j = o
(which is guaranteed by the assumption that 4, in (11) is
invertible) and is backward attractive. These two differences
are expected, as the solution Y of (33) can be seen as a dual
version of the solution I of (21), see [54].

Remark 4.4. From a computational point of view, the
boundary condition (34) for characterizing the unique
bounded solution Y is hard to obtain as its computation
requires the sum of infinitely many terms as in (35). How-
ever, it is not necessary to explicitly compute (35) to derive
the solution Y. Due to the “backward attractivity” in (36), the
bounded solution ¥ can be approximated if one solves (33)
backwards, starting with a final time sufficiently large.

In Lemma 4.1 and Theorem 4.3, the invertibility of
the matrix A; of system (11) is needed to guarantee the
uniqueness of the bounded solution to (33). This uniqueness
is important, as we obtain a one-to-one relation between
the steady-state response of the swapped interconnection
and the dynamics YB, and Y*B,, inspiring the definition of
moment for the swapped interconnection.



Definition 4.5. Consider the swapped interconnection of
system (11) and the hybrid filter (14). Suppose Assump-
tions 2.5 and 2.11 hold, and the zero equilibrium of sys-
tem (11) is exponentially stable with A; invertible. Then
the pair (YB,, Y*B,) is called the moment of system (11) at
the tuple (Q., R., Qq, Ry, H), where Y is the unique bounded
solution of (33).

The resulting moment matching problem is solved by
the following theorem.

Theorem 4.6. Consider system (11) and the filter (14). Sup-
pose Assumptions 2.5 and 2.11 hold, and the zero equilibrium
of system (11) is exponentially stable with A, invertible. Then
the system described by the equations

é = (Qc - RcH)E + YBcuc' (t'j) € ‘Sc'
48 = (Qq — RgH)E + Y*Byuy, (4,)) €S,
Y = HS,

with Y the bounded solution of (33), is a model of system (11)
matching the moment at the tuple (Q., R, Q4 Ry, H), for any
H such that the zero equilibrium of system (31) is exponen-
tially stable and the matrix Q; — R H is invertible. Moreover,
system (44) is a reduced order model of system (11) matching
the moment at (Q., R, Q4, Ry, H) and solves Problem 2.12 if
v<n

(44)

Proof. Under the assumptions of the theorem and by The-
orem 4.3, the swapped interconnection of system (44) and
the filter (14) has a steady-state response @, satisfying
limey iy [1d,(8,)) — @es(t, )|l = 0, when initialized with
xo = 0 and @w, = 0, where d,. is the bounded solution of

d. = Q.d, + YYB.u, tj) €S,

L (45)
d: = Qddr + Y+Y+Bdud, (t,j) € Sd’

with initial condition d,.(0, 0) = 0. Note thatas Q; — R;H is
invertible, by applying Lemma 4.1 to system (44), the matrix-
valued function Y(t,j) = Y(t,j) € RY*” is the unique
bounded solution of

Y=Q,Y —R.H-Y(Q,— R.H),

. _ B _ (46)
Y*(Qq — RaH) = QuY — RyH,

where we have omitted the flow and jump conditions for
brevity. We see that this unique bounded solution is Y (¢, j) =
L, for all (¢,j) € H. Then in (45) we have ?YBC = YBC and
Y*Y*B, = Y*B,. Consequently, the dynamics of d,. in (45) is
identical to that of d in (41), and the steady-state response of
the filter recovers that of the filter in the swapped intercon-
nection with system (11), i.e. Problem 2.12 is solved. |

Again, matching the steady-state in Theorem 4.6 is
equivalent to the matching of the moment of system (11)
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by system (45), with its moment (YYB,Y*Y*B,) =
(YB,, Y*B,). Note also that the vectors R, and R, are free
parameters and can be used to achieve additional properties
for the family of reduced order models. For example, they can
be designed to achieve two-sided moment matching, as dis-
cussed in the following section.

5. Two-Sided Moment Matching

On the basis of the direct and swapped interconnection
moment matching results given by Theorems 3.5 and 4.6,
we present the solution to the two-sided moment matching
problem formulated in Problem 2.13 relying on the following
assumption.

Assumption 5.1. The function Y(t, j)II(¢, ) is invertible for
all (t,j) € H, where [1and Y are the unique bounded steady-
state solutions of (21) and (33), respectively.

The invertibility of (constant) YII is a standard assump-
tion for the nonhybrid two-sided moment matching, see,
e.g.[42] and [37]. Under Assumption 5.1, the following result
holds.

Theorem 5.2. Consider system (11), the signal genera-
tor (13), and the filter (14). Suppose Assumptions 2.5, 2.9,
2.11, and 5.1 hold and the zero equilibrium of system (11)
is exponentially stable with A, invertible. A model of sys-
tem (11) matching the moment at both (S,L.,],L,, H) and
(Qu R., Qg Ry, ) can be designed as

(i) System (31) with G, = (Y)"YB, and G, =
(Y)Y By, if the matrix ] — Gy(t;, j — 1)Ly is invert-
ible for all j € Z and the zero equilibrium point is expo-
nentially stable.

(i) System (44) with H = CO(YT)™Y, if the matrix Q; —
RqH(t;,j — 1) isinvertible for all j € Z and the zero equi-
librium point is exponentially stable,

where 11 and Y are the unique bounded steady-state solu-
tions of (21) and (33), respectively. Moreover, a model of sys-
tem (11) at both (S,L.,J, Ly H) and (Q.,R., Q4 Ry, H) is a
reduced order model of system (11) matching the moment at
the two tuples and solves Problem 2.13 if v < n.

Proof. Since both designsArAely on the term YII, we first
study the dynamics of ® := YII. For (t,j) € S, we have
&= (QY-RLC VAN +T

X (A —11S + B,L,)
= QY1 — R,CI1 - Y1IS + YB.L,
= Q,® — R.Cl1— &S + YB,L,. (47)

For (t,j) € S, by left-multiplying Y to the second equa-
tion of (21), and right-multiplying II to the second equation
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of (33), we obtain
Yty =Y 4,1+ Y8, L,
Y*A,0 = QY11 — R,CTIL
Adding the two equations gives
d*] = Q@ +Y*ByL, — R,CIL. (48)

Consider now case (i). By Theorem 3.5, system (31), if
v < n, is a reduced-order model of system (11) match-
ing the moment at (S,L.,/,Ly, H). Then, to prove that it
is also a reduced-order model matching the moment at
(Qc Re, Qg Rg, H), by Theorem 4.6 with | — G,4(¢,j — 1)L,
invertible, we need to show that the unique bounded solu-
tion Y (t,j) = Y(t,j) € RV of

Y =Qy —R.LCI-Y(S—G,.L,),
. R (49)

also satisfies YG, = YB, and Y*G, = Y*B,. By these two
substitutions, (49) can be simplified to

Y =QyY —R,CIl—YS+YB,L,,
Y*] = QY + Y*ByL, — R,CII.

By comparing the last two equations with (47) and (48), the
unique bounded solution of (49) is ¥ = & = YII. Then, as
G, = (Y)™'YB, and G; = (Y*[1*)"V*B,, we can see that
Y = Y also satisfies YG, = YB, and Y*G, = Y*B,. Case (ii)
can be proved in a similar manner. By Theorems 3.5 and 4.6,
system (11) with H = CAY™ and Q; — RyH(t;,j — 1)
invertible solves Problem 2.13 if the unique bounded steady-
state solution P(t,j) = P(t,j) € RV of

P =(Q.—R,H)P —PS+YB,L,,
X (50)

also satisfies HP = CII. By substituting HP in (50) with CTI,
we obtain

P=Q.,P —R.Cl—PS+YB,L,
P*] = Q4P — RyCl1+ Y*B,Ly,

which, again, yields 2 = YII. Thus, since H = CII(YT)™%, the
equation HP = CIlis also satisfied. This concludes the proof.
O

Remark 5.3. The invertibility of ] — (Y;11,)7"¥;B,L, and
Qa—RyCTI(t;,j — D(Y(t,j— DL, j— 1)), as indicated by
Lemma 4.1 and Theorem 4.6, is needed to guarantee unique-
ness of the solution of (46). This requirement is not restric-
tive, as one can always adjust the values of J, L, @4, and R,
to satisfy this invertibility condition.

Remark 5.4. The two-sided moment matching result in
Theorem 5.2 is a generalization of the continuous-time
results discussed at the end of Sec. 2.2. Following the direct
and swapped cases in Theorems 3.5 and 4.6, the two-sided
moment matching result in Theorem 5.2 also requires expo-
nential stability of the resulting reduced-order model, which
can be checked a posteriori and depends on the dynamics
of [T and V. In fact, unlike the one-sided moment matching
results in Theorems 3.5 and 4.6, the proposed reduced-order
model in Theorem 5.2 has no design freedom to guarantee its
stability, as the freedom is sacrificed to achieve the two-sided
matching. This is also the case for linear (continuous-time)
systems.

As indicated by the proof of Theorem 5.2, the system
solving Problem 2.13 matches the moment of system (11)
for both direct and swapped interconnections, see Defini-
tions 3.4 and 4.5. Note that all the results presented in this
paper admit a natural extension to the time-varying case, i.e.
the model reduction problems can be addressed in the same
manner if systems (11), (13), and (14) are time-varying.

6. The Special Case of Periodic Jumps

In this section, we specialize the proposed results to the case
in which the hybrid time domain is periodic. In particular, we
simplify the assumptions used in Lemmas 3.1 and 4.1, and
reduce the complexity of computing [T and ¥ that solve (21)
and (33), which are important for constructing the reduced-
order model.

When the jumps of the hybrid system are periodic, i.e.
tipgr—tj = T > 0, forallj € Z, the hybrid time domain in (9)
can be rewritten as

H, = {(t,)) : t € [T, ( + 1)T],j € Z}. (51)

Then the solution [1 discussed in Lemma 3.1 boils down to a
periodic solution as stated in what follows.

Corollary 6.1. Consider systems (11) and (13) with the
hybrid time domain (51). Suppose a(Agze<") € D_, and sys-
tem (13) is neutrally stable, ie. 5(JeST) © D,. Then (21)
admits a unique T-periodic solution that coincides with its
unique bounded steady-state solution 1.

Proof. We first show the existence of a T-periodic solution.
Since the hybrid time domain is T-periodic and the solution
[1within each interval [jT, (j + 1)T] can be parameterized by
I1;, as shown in (24), Il is periodic if and only if II;,; = II;
for all j € Z. Now rewriting Eq. (25) with the periodic hybrid
time domain (51) gives

e’ = Agee™M; + ByLye’”

T
+A4, f eAcT=9Np I, e59d9, (52)
0



where I1;,; has been replaced by II;. As the sets of eigen-
values of Je5T and A, e4<T are disjoint by hypothesis, (52) is
a Sylvester equation that has a unique solution, and there-
fore (21) has a unique T-periodic solution, here denoted by
M. To show that this T-periodic solution coincides with its
unique steady-state solution [, by Lemma 3.1, it suffices to
show that l=Ij = Kp; in (22) for all j € Z, or equivalently,
Ky j is the unique solution to (52). In fact, by denoting Ly =
Age?”, Ry = Je5T, and

T
My =Byl ' + Ay < f eAc(T—ﬁ)BCLCe”dﬁ) Jh
0

in the periodic case, Ky ; in (22) boils down to

J
K, = Z L MR

i=—o0

This result indicates that

J
K~ LnKnRg' = ) L MRy
i=—o00

J
j—i+1 i—j—1
= D MR =

i=—o0

implying that Ky ; is the unique solution to (52) and there-
fore the periodic solution satisfies l:[j = Ky, j- This concludes
the proof. 0

Similarly, the solution Y discussed in Lemma 4.1 can also
be specialized to the periodic case.

Corollary 6.2. Consider systems (11) and (14) with the
hybrid time domain (51). Suppose o (A e<") c D, and sys-
tem (14) is neutrally stable, i.e. 5(Qe%™) c D,. Then (33)
admits a unique T-periodic solution that coincides with its
unique bounded steady-state solution Y.

Proof. The proofis similar to that of Corollary 6.1. Since the
hybrid time domain is T-periodic and the solution Y within
each interval [T, (j + 1)T] can be parameterized by Y;, 4,
as shown in (37), Y is periodic if and only if Y;,; = Y; for
all j € Z. Rewriting Eq. (38) under the periodic hybrid time
domain (51) gives

Qqe%™Y; = YA eeT — R CeeT
T
+Q, fo e®T=9R ceAPdy,  (53)

where Y;,; has been replaced by Y;. As the sets of eigen-
values of Je5T and Aje”<T are disjoint by hypothesis, the
Sylvester equation (53) has a unique solution, implying
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that (33) has a unique T-periodic (bounded) solution here
denoted by Y. Similar to the proof of Corollary 6.1, we can
prove that Ky ; in (35), in the periodic case, is the unique
solution to (53), and therefore Y; = Ky ; for all j € Z. Then
Lemma 4.1 yields that Y; coincides with the unique bounded
steady-state solution Y of (33). D

In the periodic case, Corollaries 6.1 and 6.2 show that
the boundary conditions Kp; and Ky ; that characterize

the unique bounded steady-state solutions T and Y of (21)
and (33) can be simply computed by solving the Sylvester
equations (52) and (53), respectively. Consequently, com-
putations of these solutions do not rely on the attractivity-
based approximation methods discussed in Remarks 3.6
and 4.4.

Remark 6.3. Usually, when hybrid systems with periodic
jumps are considered, the so-called conditions of nonres-
onance, i.e. a(Je’T) N a(4ze?”) = @ and o(Que%") n
a(Age<T) = @, play a role in the definition of the steady-
state. However, since the zero equilibria of signal genera-
tor (13) and the filter (14), in Corollaries 6.1 and 6.2, are
assumed to be neutrally stable and the hybrid system (11)
has an exponentially stable equilibrium at zero, the condi-
tion of nonresonance is automatically satisfied. In fact, we
exclude signal generators and filters which produce decay-
ing signals because in the problem of model reduction based
on the steady-state notion of moment, a generator or filter
with decaying dynamics does not contribute any steady-state
information, see [23].

7. A Numerical Example

In this section, we present a numerical example to illustrate
the results of the paper and, as mentioned in Remark 2.8, we
show that the method can be directly applied to MIMO sys-
tems. Note that all simulations were conducted in MATLAB
using the variable-step solver ode45 with both relative and
absolute tolerances of 107°.

Consider the two-sided moment matching problem for
a MIMO linear hybrid system (11) with system parameters
randomly generated as

—1.280 0.953 0.080 0.646 1.207 1.152]
0.124 —1.635 —0.007 0.369 1.077 1.529
—0.037 0.179 —0.891 —0.046 0.243 0.758

Ae = —1.146 —0.634 —0.591 —0.490 1.255 0.706|
—0.796 —1.232 —0.533 —1.315 —0.980 —0.754

| —1.467 —0.889 —0.172 —1.359  0.695 —0.953]
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1 0.141 —0.488 —0.317 —0.137 0.372 0.100 1
—0.242 0427 0.106 0.321 0.492 —0.256
—0.515 0.187 —0.107 —0.294 0.254 0.501

Aa = 0.289 0.324 —0.437 0.004 0.073 0.222
0.209 0.262 0.492 —0.322 0.336 0.019
| 0.234 —0.182 0.396 0.350 0.095 0.724 |

5 - [1.087 0.958 0.000 —1.740 —0.191 0.761]T

¢ 10.275 —=0.122 —=1.952 —0.652 —1.351 1.177] ’

_ [ 1523 —0.261 0.000 0.670 —0.618 —1.014 T
|—0.755 0.114 —1.337 0.408 —0.948 0.616

c [0.672 1.604 1.222 0.454 -0.552 —0.283
B 0.757 0.993 —0.198 —1.665 —1.084 1.653 |

The signal generator (13) and the filter (14) considered in
this example have the parameter values as

S=2, =001, L,=L;=[020.5],
Q.=1, Qu=0.1,

Herein, we consider the state-dependent case. More specifi-
cally, all hybrid systems flow whenever w(t, j) € C(t), where

(54)
R. =R, =[0.20.16].

C(t) = {s ER,y s <sin (?t)
+0.8V(V5(t — 1)) + 3}, (55)

with V(t) := %fot sign(sin(9))dy — 1. Meanwhile, all sys-
tems jump whenever w(t, j) € D(t) with D(t) defined as the
boundary of C(t). Note that C in (55) is not periodic as it is
defined as the sum of a sinusoidal and a triangular wave with
frequencies that are not rational multiples of each other. As a
consequence, the resulting jump instants {t]-};.rf_w triggered
by w are nonperiodic. In this example, we randomly set the
initial condition as w, = 0.2739. Figure 3 shows the time
histories of the state of the generator w (dashed blue) and of
the jump set D (solid green), implying that Assumption 2.5
holds, as the signal generator repeatedly enters the jump
set D and triggers the jump indefinitely, with the dwell-time
between any two successive jumps never vanishing to zero.
Figure 3 also indicates the satisfaction of Assumption 2.9,
which requires forward and backward boundedness of w.
Note also that in the swapped interconnection, the hybrid fil-
ter (14) with the parameter values in (54) satisfies Assump-
tion 2.11. In the simulation, the decaying input is set to be
u=1[et e 2.

We now solve the two-sided problem, starting with the
determination of the steady-state bounded solutions I and
Y of (21) and (33). As discussed in Remark 3.6, although

Fig. 3. Time histories of w (dashed blue) and of the jump set D (solid
green).

the initial condition is not important for 1 due to its for-
ward attractivity, we can still estimate (22) by starting
the simulation at t = —10 with a random initial condi-
tion IT; = [0.3377,0.9001,0.3692,0.1112,0.7803,0.3897]".
Consequently, the attractivity guarantees that the solution I1
converges to its steady state, obtaining a reasonable guess of
f[o in (22) as

fl, = [-0.0177 — 0.0551 — 0.2938 0.1257
—0.0994 —0.1042]".

Starting with this initial condition, Fig. 4 shows the time his-
tories of the six components of I(t, j). It is easy to see that
the components are not periodic. To illustrate the character-
ization of the output response of system (11) in the direct
interconnection by (30), Fig. 5 (top) shows the time histories
of the output y = [y;,¥,]" of system (11) (solid blue) with
randomly generated initial conditions

xy = [4.3532 4.8615 0.5849 2.5416 3.7778 0.5499],
(56)

and the time histories of the steady-state output y,, =
[Vss1 Vss2]T = Clw (dashed red). Meanwhile, Fig. 5 (bottom)
shows time history of the error ||y — y,|| in semi-logarithmic
scale. It can be seen that y,; = Cllw characterizes the steady-
state of the output y of the direct interconnection, where 1,
by Definition 3.4, is the moment of system (11).

We then determine the unique bounded solution to
(33). By Remark 4.4, the “backward attractivity” of Y

201 1
a'e2aaaaa
-20F 1
40t .
0 5 10 15 20

Fig. 4. Time histories of the six components of the matrix I1.
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0 2 4 6 8 10 12

Fig.5. Top graph: time histories of the outputy = [y,,¥,]" of system (11)
in the direct interconnection (solid blue) and time histories of the steady-
state output s = [Vesq, Vssz] T = Cllw (dashed red). Bottom graph: time
history of the error ||y — y|| in semi-logarithmic scale.

Fig. 6. Time histories of the six components of the matrix Y.

allows computing its trajectories by solving (33) back-
wards in time, starting with a future time instant at
a random final condition. Herein, we solve (33) back-
wards, starting at t = 100 with the random final con-
dition Y, = [0.1504,—0.8804, —0.5304,-0.2937,0.6424,
—0.9692], resulting in the time history of the unique
bounded solution Y as shown in Fig. 6. With this result, we
then illustrate lim, ;o [[d(¢,)) — @wss (6, /)] = 0 in Theo-
rem 4.3. We numerically compute the state d of system (41)
and the state @ of the filter (14) with initial conditions d, =
@, = 0. Figure 7 (top) displays the time histories of the
output @ of the swapped interconnection (solid blue) and
the state d of system (41) (dashed red), and Fig. 7 (bot-
tom) shows the time history of their error ||d — @|| in semi-
logarithmic scale. The results indicate that the response of d,
which is characterized by the moment (YBC, Y+Bd), charac-
terizes the steady-state response of the state @ of the filter
in the swapped connection.

with T and ¥ obtained numerically, one can con-
struct reduced-order models solving the one-sided moment
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:,/" ‘_w(tvj)__ d(tvj)‘i

0 2 4 6 8 10 12

Or T - .
10 —ld(t,5) — @, )]
107" 3
10—2 B
107} ‘ | |

0 2 4 6 8 10 12

Fig. 7. Top graph: time histories of the state @ of system (14) in the
swapped interconnection (solid blue) and the state d of system (41) (dashed
red). Bottom graph: time history of the error ||d — @]|| in semi-logarithmic
scale.

matching problem in either Problems 2.10 or 2.12 by follow-
ing Theorems 3.5 or 4.6, respectively. In this example, by fol-
lowing Theorem 5.2, we show that it is possible to constructa
single reduced-order model that solves both moment match-
ing problems, i.e. the two-sided moment matching problem
formulated in Problem 2.13. To this end, we follow the design
methods (i) and (ii) of Theorem 5.2, respectively, obtain-
ing two exponentially stable reduced-order models (of order
v = 1). Regarding method (i), Fig. 8 (top) shows the out-
put responses of the direct (top) and swapped (bottom)
interconnections of both system (11) (solid blue) and the
reduced-order model (dashed red), where @, and @, denote

10 A b)) - w6
—ya(t, §) - - alt, j)

2+

1,

0 \‘~~\I ‘ ‘ ‘—Wf(t,])——wr(t,])’»

0 5 10 15 20
t

Fig.8. Top graph: time histories of the outputy = [y,,¥,]T of system (11)
(solid blue) and the output ¥ = [1;,1,]7 of the reduced-order model
designed by method (i) of Theorem 5.2 (dashed red) in the direct intercon-
nection. Bottom graph: time histories of the state of the filter when swapped
interconnected with system (11) (the state @y is in solid blue) and the
reduced-order model designed by method (i) of Theorem 5.2 (the state @,
is in dashed red).
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10 A\ —‘yl(t,j)——ﬁm(t,j)’
—yg(t,j) - ¢2(t7j)

0r~~._ —ws(t,§) - - @ (t, )
0 5 10 15 20

Fig.9. Top graph: time histories of the outputy = [y,,¥,]" of system (11)
(solid blue) and the output yp = [1/)1,1/JZ]T of the reduced-order model
designed by method (ii) of Theorem 5.2 (dashed red) in the direct intercon-
nection. Bottom graph: time histories of the state of the filter when swapped
interconnected with system (11) (the state @y is in solid blue) and the
reduced-order model designed by method (ii) of Theorem 5.2 (the state @,
is in dashed red).

the responses of the filter in the swapped interconnection
with system (11) and the reduced-order model, respectively.
This result indicates that the responses of the intercon-
nections with system (11) are recovered by the reduced-
order model. The same matching results, shown by Fig. 9,
exist in the reduced-order model derived by the design
method (ii) of Theorem 5.2. Similar to Fig. 8, Fig. 9 depicts
the output responses of the direct (top) and swapped
(bottom) interconnections of both system (11) (solid
blue) and the reduced-order model (dashed red), show-
ing that the reduced-order model constructed by method
(ii) solves the two-sided moment matching formulated in
Problem 2.13.

8. Conclusion

In this paper;, we have addressed the model reduction prob-
lem for hybrid systems by means of moment matching.
More specifically, we have first studied the moment match-
ing problem for direct and swapped interconnections, deriv-
ing hybrid characterizations of steady-state responses of the
interconnections and proposing families of hybrid reduced-
order models. Based on these results, we have then solved
the two-sided moment matching problem, showing two pos-
sible designs of the reduced-order model. In addition, all the
solutions have been finally specialized to the case of hybrid
systems with periodic jumps. A numerical simulation, in
which the jumps of the hybrid systems are state-dependent,
illustrates the results of the paper. Note that all pro-
posed results can be naturally extended to the time-varying
case.
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