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Hybrid aerial–ground robots have recently attracted increasing attention for their versatile mobility and adaptability across complex envi-
ronments. This paper presents a bias-aware estimation and control framework for aminiaturized dual-tilt aerial–ground robot. A complete
nonlinear dynamic model is ϐirst established, and a bias-linearized allocation structure is derived to reveal the effect of tilt-axis misalign-
ment on the generalized force mapping. Based on this model, servo installation bias is modeled as a matched disturbance in the control
allocation. It is estimated by a ϐixed-time observer and compensated using an integral terminal sliding-mode controller (ITSMC). The con-
troller ensures boundedness and ϐinite-time convergence during estimator transients and under actuator saturation. Simulations based on
the full nonlinearmodel and ϐlight experiments on a 0.86 kg prototype verify the proposedmethod. Results show that even small installation
offsets (on the order of 1°) can cause substantial yaw drift if uncorrected. The proposed observer–controller combination achieves rapid
bias compensation and accurate attitude tracking under realistic noise and actuation limits. The overall ϐindings conϐirm that bias-aware
modeling and control are essential for achieving robust and reliable performance in lightweight hybrid aerial–ground systems.

Keywords: Dual-tilt aerial–ground robot; installation bias; sliding mode control.

1. Introduction

Hybrid aerial–ground robotic systems have emerged as an
effective solution for extending the operational versatility of
autonomous platforms in complex and heterogeneous envi-
ronments [1–3]. Aerial vehicles provide superior agility and
spatial reach but are constrained by endurance and pay-
load [4], whereas ground robots are energy efϐicient and
load capable yet face traversability limitations on uneven
or discontinuous terrains [5]. Integrating these locomotion
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modalitieswithin a single platform enables adaptivemission
execution via mode switching, thereby improving mobility
and task efϐiciency for inspection, exploration, and rescue
scenarios [6].

Researchers have developed a wide range of aerial–
ground robotic systems to enhance the operational versatil-
ity of unmannedplatformsacrossheterogeneous locomotion
domains, encompassing diverse conϐigurations that inte-
grate both ϐlight and ground-driving mechanisms [7–9]. To
achieve ground mobility without additional actuators, sev-
eral studies have investigated nonactuated wheels [10–12].
However, in these designs, ground propulsion is entirely
dependent on rotor thrust, which results in high energy con-
sumption. Moreover, the absence of driven wheels limits
traction and gradeability, reducing adaptability on uneven or
discontinuous terrain. Precise rolling or yaw control through
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rotor thrust alone remains difficult to achieve and is ineffi-

cient in practice [13]. In pursuit of higher ground mobility,

other configurations incorporate mechanisms inspired by

conventional ground robots, including active wheel modules

[14–16], walking or legged structures [17, 18]. While these

configurations enhance terrain adaptability, they generally

require additional actuators comparedwith the flight config-

uration, thereby increasing mechanical complexity, control

redundancy, and maintenance effort. Furthermore, the addi-

tion of dedicated driving motors often compromises system

compactness and reliability, especially under constrained

payload and power budgets.

Control practice in most prior aerial–ground sys-

tems adopts cascaded PID architectures that regulate atti-

tude/position to produce virtual forces and torques, which

are then mapped to individual actuators via a allocation

(mixing) matrix [4, 11, 14, 16]. While effective under well-

identified geometry, these schemes are sensitive to plant

allocationmismatches. Uncertainties that alter the allocation

matrix’s geometry or coupling yield biased forces and resid-

ual cross-couplings despite well-tuned outer loops.

A representative andpractically consequential source of

such mismatch is servo installation bias in tilt mechanisms.

In lightweight and miniaturized platforms in particular, this

source of uncertainty is often overlooked. This bias refers

to the geometric misalignment between nominal and real-

ized tilt axes introduced during assembly [19]. Becausemost

servos report rotation relative to the actuator casing rather

than the vehicle frame, the absolute pose is not directly avail-

able. As a result, geometric errors perturb the allocation

matrix. This leads to mismatched force mapping, persistent

cross-couplings, and steady-state offsets that cannot be elim-

inated by outer-loop tuning. The effect is significant in hybrid

aerial–ground robots, where tilt servos orient the primary

thrust vector directly. In practice, such installation errors are

often compensated through manual offline calibration pro-

cedures, which are time-consuming and must be repeated

whenever the actuator is replaced or the mechanical struc-

ture is adjusted. This reliance on manual calibration intro-

duces operational inefficiency and limits task repeatability,

highlighting the necessity of an online estimation and com-

pensation mechanism for reliable long-term deployment.

We have conducted several key studies on aerial–

ground robots, establishing modeling and control tools for

hybrid locomotion in our previous studies. The DoubleBee

series adopts a dual-tilt architecture: the original platform

demonstrated thrust-based attitude regulation with wheel-

based translation [20]. A data-driven disturbance estimator

with a channel-separated attention head captured ground-

effect, motor-torque, and rotation-axis-shift disturbances

and — when combined with a sliding-mode controller–

improved attitude-tracking robustness [21]. An analytical–

empirical ground-contact model with online parameter

identification (UKF/LS) enabled a gain-scheduled controller

with bounded-error tracking that outperformed PID in

simulations and hardware tests [22]. Building on this

foundation, this study adopts a lightweight and miniatur-

ized DoubleBee design to enhance adaptability in complex

environments.

Motivated by the mentioned issues, this study adopts a

bias-awaremodel that captures servo bias as amatched term

in a reduced-order model, allowing certainty-equivalent

compensation through the allocation map. A fixed-time bias

observer is designed to recover installation angle errors

from closed-loop signals within a prescribed time win-

dow, furnishing reliable parameters estimation even during

transients. On top of this, an integral terminal sliding-mode

controller (ITSMC)with a saturation-robust channel is devel-

oped to guarantee finite-time reaching and terminal track-

ing, while preserving boundedness under estimator tran-

sients and actuator input constraints. The complete frame-

work is implemented on a lightweight, and miniaturized

dual-tilt platform that preserves the essential dynamics of

prior architectures. Both simulation and flight experiments

under persistent bias demonstrate consistent improvements

over a baseline PID and a PID augmented with the observer.

Contributions of this paper are summarized as follows:

(1) Different from conventional modeling approaches that

assume ideal actuator alignment or treat geomet-

ric errors as unstructured disturbances [4, 11, 16], a

reduced-order model is proposed in which servo instal-

lation bias is explicitly formulated as a matched dis-

turbance. In this formulation, the bias affects both

the thrust-vector direction and the effective alloca-

tion matrix. It captures bias-induced coupling effects

and enables certainty-equivalent compensation through

identified parameters.

(2) When comparedwith asymptotic observers, data-driven

estimators [21, 22], a fixed-time observer together with

an ITSMC is developed for bias estimation and con-

trol. The proposed approach guarantees a uniform con-

vergence bound independent of initial conditions and

achieves robust finite-time tracking under actuator sat-

uration.

(3) Simulations and flight tests under persistent bias show

superior tracking compared with (i) a baseline PID and

(ii) a PID+observer variant, especially during early tran-

sients and under input saturation.

2. System Design and Modeling

2.1. Configuration overview

As shown in Fig. 1, the miniaturized DoubleBee platform

integrates two tilting propellers and a pair of independently
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Fig. 1. Configuration overview of the miniaturized DoubleBee platform: The prototype integrates a power module (6S LiPo, ESC, converter, and power

distribution board), a control unit (STM32F7 main controller, sensor fusion board, and Holybro SiK telemetry with QGroundControl interface), and a sensor

suite consisting of IMUs (BMI088, BMPS81), magnetometer (MG903), GNSS (NEO 3), and laser rangefinder (DM-HS4310). Two tilt servos (GDW RS0708)

and a pair of drivenwheels provide dual-mode actuation. The right column shows four operationmodes: ground, balance, pre-flight, and flight, automatically

managed by the controller based on estimated attitude and thrust state.

actuated wheels within a compact mechanical structure,

enabling both aerial flight and terrestrial locomotion. Each

rotor is mounted on a servo joint that allows pitch-axis rota-

tion, thereby controlling the thrust vector direction for atti-

tude and translational regulation during flight. The lower

wheels are individually driven to provide ground mobility

and assist attitude stabilization near ground contact. The

overall system consists of three functional modules: a power

module, a control unit, and a sensor suite. Theprototype sup-

portsmultiple operatingmodes, including groundmode, bal-

ancing mode, pre-flight, and flight mode [20], with transi-

tions automatically managed by the controller according to

the estimated attitude and thrust state.

The coordinate systems and geometric variables are

defined, as shown in Fig. 2. The inertial frame ℱ𝐼 =

{𝑥𝐼, 𝑦𝐼, 𝑧𝐼} is fixed to the ground, where 𝑧𝐼 is aligned oppo-

site to gravity. The body frame ℱ𝐵 = {𝑥𝐵, 𝑦𝐵, 𝑧𝐵} is attached

to the center of mass, with 𝑥𝐵 pointing forward and 𝑧𝐵

oriented upward under nominal hovering conditions. Each

rotor frame ℱ𝑅𝑖 (𝑖 = 1, 2) is defined at the tilting joint,

where 𝛼𝑖 denotes the servo tilting angle relative to the body

frame.

The relevant geometric parameters are denoted as fol-

lows: 𝑙𝑎 represents the vertical distance from thebody center

to the rotor axis, 𝑙𝑏 and 𝑙𝑐 are the distances from the center

to the wheel axes, and 𝑙𝑑 and 𝑙𝑒 correspond to the lateral and

longitudinal actuator offsets. The wheel radius is defined as

𝑅. The Euler angles of the body are denoted by𝜙, 𝜃, and 𝛾 for

roll, pitch, and yaw, respectively.

2.2. Dynamic model

The dynamic behavior of the platform can be modeled as a

rigid body subject to external forces and torques:

𝑚v̇𝐼 = R𝐼
𝐵F

𝐵 +𝑚g, (1)

J𝝎̇ + 𝝎 × (J𝝎) = M𝐵, (2)

where𝑚 is the total mass, J is the inertia matrix, v𝐼 denotes

the translational velocity in the inertial frame,𝝎 = [p, q, r]T

is the angular velocity,R𝐼
𝐵 is the rotationmatrix from body to

inertial frame, and g = [0, 0, −𝑔]T is the gravity vector.

Each rotor generates thrust 𝑓𝑖 = 𝑘𝑓𝜔
2
𝑖
and reaction

torque 𝜏𝑖 = 𝑘𝜏𝜔
2
𝑖
, where 𝜔𝑖 is the propeller speed and 𝑘𝑓,

𝑘𝜏 are aerodynamic coefficients. The resulting forces and

moments in the body frame can be expressed as

F𝐵 =

2

�

𝑖=1

𝑅𝑧(𝛼𝑖) �

0

0

𝑓𝑖

� + F𝑤, (3)

M𝐵 =

2

�

𝑖=1

r𝑖 × 𝑅𝑧(𝛼𝑖) �

0

0

𝑓𝑖

� + �

0

0

𝜏𝑖

� +M𝑤, (4)

where 𝑅𝑧(𝛼𝑖) is the rotation matrix about the servo tilt

axis, r𝑖 is the vector from the body center to rotor 𝑖, and

F𝑤, M𝑤 represent the wheel–ground interaction forces and

moments. Each thrust and torque command generated by
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Fig. 2. Coordinate frames and geometric parameters of the DoubleBee system.

the controller is constrained by actuator limits physically,

which impose saturation on both the propeller speed and the

servo tilting angle. Specifically, the thrust𝑓𝑖 is boundedby the

allowable motor speed range:

0 ≤ 𝑓𝑖 ≤ 𝑓max, (5)

while the servo deflection angle satisfies

|𝛼𝑖| ≤ 𝛼max. (6)

These actuator limits define the feasible control region and

are explicitly considered in the subsequent control design

to prevent signal saturation and ensure bounded system

responses.

In the aerial mode, wheel forces are negligible (F𝑤 =

M𝑤 = 0). In ground and balancing modes, wheel contact

is modeled through rolling and frictional constraints. We

assume pure rolling without slip

𝑣𝐼𝑥 = 𝑅𝜓̇ cos 𝛾, 𝑣𝐼𝑦 = 𝑅𝜓̇ sin 𝛾, (7)

where 𝜓 is the wheel rotation angle. Longitudinal traction

and lateral resistance are represented by Coulomb-type fric-

tion terms scaled by the normal contact force.

Building on the above dynamic model, the control allo-

cation for the dual-tilt actuation is formulated from the real

actuator inputs to a virtual-control representation. As shown

in Fig. 2, the two rotors are located at 𝑑1 = [0, +𝑙𝑑, 𝑙𝑎]
⊤ and

𝑑2 = [0, −𝑙𝑑, 𝑙𝑎]
⊤ and tilt about the body 𝑦-axis by angles

𝛼1 and 𝛼2, respectively. Each rotor 𝑖 ∈ {1, 2} produces thrust

𝑓𝑖 along its local axis tilted by 𝛼𝑖. As expressed in the body

frame, we have

𝐹𝐵
𝑖
= �

𝑓𝑖 sin𝛼𝑖

0

𝑓𝑖 cos𝛼𝑖

� . (8)

The net body force and moment are

𝐹𝐵 = 𝐹𝐵1 + 𝐹𝐵2 = �

𝑓1 sin𝛼1 + 𝑓2 sin𝛼2

0

𝑓1 cos𝛼1 + 𝑓2 cos𝛼2

� , (9)

𝑀𝐵 = 𝑑1 × 𝐹𝐵1 + 𝑑2 × 𝐹𝐵2 + �

0

0

𝑘𝑟,1𝑓1 + 𝑘𝑟,2𝑓2

� , (10)

leading to the components

𝑀𝑥 = 𝑙𝑦𝑓1 cos𝛼1 − 𝑙𝑦𝑓2 cos𝛼2, (11)

𝑀𝑦 = 𝑙𝑧𝑓1 sin𝛼1 + 𝑙𝑧𝑓2 sin𝛼2, (12)

𝑀𝑧 = − 𝑙𝑦𝑓1 sin𝛼1 + 𝑙𝑦𝑓2 sin𝛼2 + 𝑘𝑟,1𝑓1 + 𝑘𝑟,2𝑓2.

(13)

These expressions establish the explicit mapping between

the real actuator inputs (𝑓1, 𝑓2, 𝛼1, 𝛼2) and the virtual con-

trol variables (𝐹𝑥, 𝐹𝑧, 𝑀𝑥, 𝑀𝑦, 𝑀𝑧), forming the basis for sub-

sequent bias-aware modeling and allocation-compensated

control design.

To facilitate subsequent controller design and bias-

aware modeling, a set of virtual control variables is intro-

duced to express the thrust components directly in the body

frame

𝑢 =

⎡
⎢
⎢
⎢
⎢
⎣

𝑢1

𝑢2

𝑢3

𝑢4

⎤
⎥
⎥
⎥
⎥
⎦

=

⎡
⎢
⎢
⎢
⎢
⎣

𝑓1 sin𝛼1

𝑓1 cos𝛼1

𝑓2 sin𝛼2

𝑓2 cos𝛼2

⎤
⎥
⎥
⎥
⎥
⎦

. (14)
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Then, the body-frame force channels can be expressed as a

linear mapping of 𝑢:

�

𝐹𝑥

𝐹𝑦

𝐹𝑧

� = �

1 0 1 0

0 0 0 0

0 1 0 1

�

���������

𝑆𝑢
𝐹

𝑢 (15)

and the geometric component of the body moments is also

linear in 𝑢,

�

𝑀𝑥

𝑀𝑦

𝑀𝑧

� = �

0 𝑙𝑑 0 − 𝑙𝑑

𝑙𝑎 0 𝑙𝑎 0

− 𝑙𝑑 0 𝑙𝑑 0

�

�������������

𝑆𝑢
𝑀

𝑢 + �

0

0

𝑘𝑟,1𝑓1 + 𝑘𝑟,2𝑓2

� .

(16)

The last term inEq. (16) represents the reaction torques gen-

erated by propeller drag. Using the definition in Eq. 14, the

exact relation between 𝑢 and 𝑓𝑖 is

𝑓1 = �𝑢21 + 𝑢22 , 𝑓2 = �𝑢23 + 𝑢24 , (17)

so that the yaw moment can be written as

𝑀𝑧 = [− 𝑙𝑑, 0, 𝑙𝑑, 0] 𝑢 + 𝑘𝑟,1�𝑢
2
1 + 𝑢22 + 𝑘𝑟,2�𝑢

2
3 + 𝑢24 .

(18)

Under the small-tilt assumption sin𝛼𝑖 ≈ 𝛼𝑖 and cos𝛼𝑖 ≈ 1,

one has 𝑢 ≈ [𝑓1𝛼1, 𝑓1, 𝑓2𝛼2, 𝑓2]
⊤, giving 𝑓1≈𝑢2 and 𝑓2≈𝑢4.

Substituting into Eq. (18) yields an affine-linear approxima-

tion for the yaw channel:

𝑀𝑧 ≈ [− 𝑙𝑑, 𝑘𝑟,1, 𝑙𝑑, 𝑘𝑟,2] 𝑢. (19)

The virtual control representation equations (14)–(19) com-

pactly relate the physical actuator variables to the gener-

alized forces and moments. It also provides a convenient

structure for incorporating actuator bias and saturation con-

straints in the subsequent estimation and control frame-

work.

2.3. Problem statement

Servo installation bias is modeled as a static offset Δ𝑖 such

that the realized tilt is 𝛼̃𝑖 = 𝛼𝑖 + Δ𝑖. The biased virtual con-

trols are

𝑢̃ =

⎡
⎢
⎢
⎢
⎣

𝑓1 sin(𝛼1 + Δ1)

𝑓1 cos(𝛼1 + Δ1)

𝑓2 sin(𝛼2 + Δ2)

𝑓2 cos(𝛼2 + Δ2)

⎤
⎥
⎥
⎥
⎦

. (20)

The Jacobian with respect to Δ = [Δ1, Δ2]
⊤ (valid for arbi-

trary 𝛼, Δ) is

𝐽Δ(𝛼, Δ)=
𝜕𝑢̃

𝜕Δ
=

⎡
⎢
⎢
⎢
⎣

𝑓1 cos(𝛼1 + Δ1) 0

−𝑓1 sin(𝛼1 + Δ1) 0

0 𝑓2 cos(𝛼2 + Δ2)

0 −𝑓2 sin(𝛼2 + Δ2)

⎤
⎥
⎥
⎥
⎦

,

(21)

so that the incremental relation reads 𝑑𝑢̃ = 𝐽Δ(𝛼, Δ) 𝑑Δ.

For parameter estimation, the installation biases are

assumed small while the commanded tilts 𝛼𝑖 are arbitrary.

By using the first-order expansions sin(𝛼𝑖 + Δ𝑖) ≈ sin𝛼𝑖 +

Δ𝑖 cos𝛼𝑖 and cos(𝛼𝑖+Δ𝑖)≈cos𝛼𝑖−Δ𝑖 sin𝛼𝑖, Eq. (20) becomes

𝑢̃ ≈ 𝑢 + 𝐸Δ Δ, Δ = �
Δ1

Δ2
� , (22)

with the sensitivity matrix

𝐸Δ =

⎡
⎢
⎢
⎢
⎣

𝑓1 cos𝛼1 0

−𝑓1 sin𝛼1 0

0 𝑓2 cos𝛼2

0 −𝑓2 sin𝛼2

⎤
⎥
⎥
⎥
⎦

. (23)

Let 𝑆𝑢𝐹 and 𝑆𝑢𝑀 be the force and (geometric)moment selection

matrices defined in Eqs. (15) and (16), and define 𝑆 ≜ �
𝑆𝑢𝐹

𝑆𝑢𝑀
�.

Then the generalized forces and moments satisfy

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

𝐹𝑥

𝐹𝑦

𝐹𝑧

𝑀𝑥

𝑀𝑦

𝑀𝑧

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

≈ 𝑆�𝑢 + 𝐸Δ Δ� +

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0

0

0

0

0

𝑘𝑟,1𝑓1 + 𝑘𝑟,2𝑓2

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, (24)

where the reaction-torque term (𝜏𝑟,𝑖 = 𝑘𝑟,𝑖𝑓𝑖) follows

Eq. (16). Under the small-tilt engineering approximation

(sin𝛼𝑖 ≈ 𝛼𝑖, cos𝛼𝑖 ≈ 1), one has 𝑢 ≈ [𝑓1𝛼1, 𝑓1, 𝑓2𝛼2, 𝑓2]
⊤,

hence 𝐸Δ admits the simplified form

𝐸Δ ≈ diag�𝑓1, 𝑓1, 𝑓2, 𝑓2�

⎡
⎢
⎢
⎢
⎣

1 0

0 0

0 1

0 0

⎤
⎥
⎥
⎥
⎦

,

while retainingEq. (23) is generally preferred topreserve the

exact dependence on 𝛼𝑖.

Remark 1. The installation bias enters the generalized

forces and moments as amatched term 𝑆𝐸ΔΔ, which enables

certainty-equivalent compensation once an estimate Δ̂ is
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available. Moreover, using 𝑓𝑖 = �𝑢2
2𝑖−1

+ 𝑢2
2𝑖
, the actuator

limits 0 ≤ 𝑓𝑖 ≤ 𝑓max and |𝛼𝑖| ≤ 𝛼max induce a corresponding

feasible set for 𝑢, which will be enforced in the subsequent

control design.

3. Installation-Bias-Aware Estimation and

Control

This section develops an allocation-aware architecture that

accounts for servo installation bias during aerial opera-

tion explicitly. Building on the bias-aware formulation in

Eqs. (20)–(23), the servo bias enters the generalized dynam-

ics as a matched term, which is estimated by a fixed-time

observer and compensated in the control channel via a

certainty-equivalent law. An integral terminal sliding-mode

controller (ITSMC) is then designed to provide finite-time

reaching and terminal tracking while preserving bounded-

ness during estimator transients and under actuator limits,

including the reaction-torque contribution in the yaw chan-

nel. In ground and balancingmodes, the independently actu-

atedwheels furnishdirect traction andyaw/roll authority; as

a result, the adverse effects of tilt-servo bias on thrust-vector

alignment can be substantially mitigated by wheel torques

and steering. Consequently, this section focuses on the aerial

mode,where propulsion relies solely on thrust vectoring and

the effective allocation matrix is directly distorted by servo

bias.

Let the state be 𝑥 = [𝑣𝑧, 𝑝, 𝑞, 𝑟]
⊤. Using the dual-tilt

allocation derived in Eq. (24), the dynamics can bewritten as

𝑥̇ = 𝑓(𝑥) + 𝐵𝑢 + 𝐵𝐸Δ Δ, (25)

where 𝑢 = [𝑓1 sin𝛼1, 𝑓1 cos𝛼1, 𝑓2 sin𝛼2, 𝑓2 cos𝛼2]
⊤,

𝐸Δ=

⎡
⎢
⎢
⎢
⎣

𝑓1 cos𝛼1 0

−𝑓1 sin𝛼1 0

0 𝑓2 cos𝛼2

0 −𝑓2 sin𝛼2

⎤
⎥
⎥
⎥
⎦

, Δ = �
Δ1

Δ2
�

and

𝑓(𝑥) = �
−𝑔

𝐽−1� − 𝜔 × (𝐽𝜔)�
� ,

𝐵 =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1

𝑚
𝑐⊤𝑧�

1 0 1 0

0 0 0 0

0 1 0 1

�

𝐽−1�

0 𝑙𝑦 0 −𝑙𝑦

𝑙𝑧 0 𝑙𝑧 0

−𝑙𝑦 𝑘𝑟,1 𝑙𝑦 𝑘𝑟,2

�

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

,

with𝜔 = [𝑝, 𝑞, 𝑟]⊤, 𝑐⊤𝑧 = 𝑒⊤𝑧 𝑅
𝐼
𝐵, and 𝜏𝑟,𝑖 = 𝑘𝑟,𝑖𝑓𝑖 incorporated

in the yaw row of 𝐵.

3.1. Fixed-time observer

Following the fixed-time observer framework previously

developed by our group [23], the estimation of the matched

bias term 𝑑(𝑡) = 𝐵𝐸Δ(𝑡) Δ is achieved through a two-layer

structure. The observer formulation is given as

�
𝑧̇1 = 𝑓(𝑥) + 𝐵𝑢 + 𝑧2 + 𝑘1Φ(𝛼bias, 𝛽bias, 𝑒),

𝑧̇2 = 𝑘2Φ(2𝛼bias−1, 2𝛽bias−1, 𝑒),
(26)

where the function Φ(𝜇, 𝜈, 𝑒) = |𝑒|𝜇 sgn (𝑒) + |𝑒|𝜈 sgn (𝑒)

is applied component-wise, 𝛼bias ∈ (0.5, 1), 𝛽bias ∈ (1, 1.5),

and 𝑘1, 𝑘2 > 0 are design gains.

Theorem 3.1. Consider the system (25) with the matched

disturbance 𝑑(𝑡) = 𝐵𝐸Δ(𝑡) Δ. Under the fixed-time observer

defined in Eq. (26), the estimation error 𝑒 = 𝑥 − 𝑧1 converges

to zero within a fixed time 𝑡⋆ independent of the initial condi-

tions and the disturbance estimate 𝑑̂ = 𝑧2 converges to 𝑑(𝑡)

after a bounded transient phase.

Proof. The proof follows directly from our previous

work [23] and is omitted here for brevity.

The observer operates by introducing an auxiliary vari-

able 𝑧2 that dynamically compensates for the unknown

matched disturbance 𝑑(𝑡). The first layer reconstructs the

nominal system dynamics using the measured state 𝑥 and

control input 𝑢, while the second layer injects nonlinear cor-

rection terms proportional to the state estimation error 𝑒 =

𝑥 − 𝑧1. The nonlinear feedback function Φ(⋅), consisting of

fractional power terms, accelerates the convergence of both

𝑧1 and 𝑧2 toward the true state anddisturbancewithin a fixed

time that is independent of the initial error magnitude. Once

the transient phase ends, the estimated disturbance 𝑑̂ = 𝑧2
accurately tracks 𝑑(𝑡), providing real-time compensation for

servo bias in the subsequent control law.

Remark 2. From 𝑑(𝑡) = 𝐵𝐸Δ(𝑡) Δ and the actuator limits

0 ≤ 𝑓𝑖 ≤ 𝑓max, |𝛼𝑖| ≤ 𝛼max, it follows that ‖𝐸Δ(𝑡)‖ ≤ 𝑓max.

Since the allocation matrix 𝐵 is bounded on the operating

envelope and the servo installation errors satisfy |Δ𝑖| ≤ Δmax,

the matched term 𝑑(𝑡) is uniformly bounded by a known

constant 𝑑̄ = ‖𝐵‖ 𝑓max√2Δmax. This bound will be used in

the pre-convergence analysis.

3.2. Saturation-resilient ITSMC law

Let 𝑒𝑥 = 𝑥−𝑥𝑑, 𝑒̇𝑥 = 𝑥̇− 𝑥̇𝑑, and defineΨ(𝑒) = |𝑒|𝑞/𝑝sgn(𝑒)

elementwise, where 𝑝𝑖 > 𝑞𝑖 are odd integers. In line with
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integral-terminal formulations, define the sliding variable

𝑠 = 𝑒̇𝑥 + 𝐾1𝑒𝑥 + 𝐾2�
𝑡

0

Ψ�𝑒𝑥(𝜏)� 𝑑𝜏, (27)

withdiagonal𝐾1, 𝐾2 ≻ 0. On 𝑠 ≡ 0, the reducederrordynam-

ics become

𝑒̇𝑥 = −𝐾1𝑒𝑥 − 𝐾2�
𝑡

0

Ψ�𝑒𝑥(𝜏)� 𝑑𝜏, (28)

which ensures terminal convergence of 𝑒𝑥.

Let 𝑑̂ be the disturbance estimate from the fixed-time

observer and introduce

𝑣eq = −𝑓(𝑥) + 𝑥̇𝑑 − 𝐾1𝑒̇𝑥 − 𝐾2Ψ(𝑒𝑥) − 𝑑̂, (29)

Δrob(𝑠) = Λ1|𝑠|
𝛼sgn(𝑠) + Λ2|𝑠|

𝛽sgn(𝑠) + Γ sgn(𝑠). (30)

where Λ1, Λ2, Γ ∈ ℝ𝑛×𝑛 are positive definite diagonal matri-

ces that determine the convergence rate and robustness

margin of the sliding surface. The first two terms provide

nonlinear damping for finite-time convergence, while the

last linear term Γ sgn(𝑠) compensates for residual distur-

bances such as actuator saturation and modeling mismatch.

The unconstrained command and the saturated control

are given by

𝑢𝑐 = 𝐵−1�𝑣eq − Δrob(𝑠)�, 𝑢 = sat(𝑢𝑐), (31)

where 𝜈 = 𝐵(𝑢 − 𝑢𝑐) represents the saturation-induced

residual. In practice, the command 𝑢𝑐 is subject to actuator

saturation, leading to the applied input 𝑢 = sat(𝑢𝑐) and the

residual term 𝜈 = 𝐵(𝑢 − 𝑢𝑐). The saturation-induced resid-

ual satisfies |𝜈𝑖| ≤ 𝜈̄𝑖 with known bounds 𝜈̄𝑖 > 0 that can be

inferred from the actuator limits and the corresponding col-

umn norms ‖𝐵(∶,𝑖)‖. These bounds are used in selecting the

robustness gains Γ = diag(𝛾𝑖) to ensure 𝛾𝑖 > 𝜈̄𝑖 for all control

channels.

The extra linear term Γ sgn(𝑠) (with 𝛾𝑖 > 𝜈̄𝑖) compen-

sates for this residual mismatch. Differentiating Eq. (27) and

substituting Eqs. (25) and (31) yield

𝑠̇ = −Λ1|𝑠|
𝛼sgn(𝑠) − Λ2|𝑠|

𝛽sgn(𝑠) − Γ sgn(𝑠) + 𝜈 + 𝑑̃,

(32)

where 𝑑̃ = 𝑑 − 𝑑̂ denotes the observer error.

3.3. Stability analysis

The closed-loop behavior is analyzed in two phases: after

the observer converges (𝑡 ≥ 𝑡⋆), the disturbance estimate

is exact (𝑑̃ = 0), yielding fixed-time reaching; before con-

vergence (𝑡< 𝑡⋆), 𝑑̃ acts as a boundedmatched perturbation,

resulting in ultimate boundedness.

Theorem 3.2. Consider the closed-loop system (25)with the

sliding surface (27) and control law (31). Let the observer con-

verge at some finite time 𝑡⋆ such that 𝑑̃(𝑡) = 0 for all 𝑡 ≥ 𝑡⋆.

Assume 𝛾𝑖 > 𝜈̄𝑖 for all channels.

(Post-convergence) For 𝑡 ≥ 𝑡⋆, there exists 𝑇𝑐 > 0, inde-

pendent of the initial conditions, such that 𝑠(𝑡) = 0 for all

𝑡 ≥ 𝑡⋆ + 𝑇𝑐. Consequently, 𝑒𝑥(𝑡) → 0 and 𝑒̇𝑥(𝑡) → 0 in finite

time.

(Pre-convergence) For 𝑡 < 𝑡⋆, if ‖𝑑̃(𝑡)‖ ≤ 𝑑̄, all closed-loop

signals remain bounded. Once 𝑑̃ → 0, the system enters the

post-convergence regime and reaches the sliding manifold in

finite time.

Proof. Since the control input (31) involves the discontin-

uous sgn(⋅) term, the closed-loop dynamics are interpreted

in the sense of Filippov differential inclusions [24]. Because

sgn(⋅) is measurable and locally essentially bounded, Filip-

pov solutions exist.

For a locally Lipschitz Lyapunov function 𝑉, the deriva-

tive exists almost everywhere (a.e.) and is defined through

the set-valued (generalized) Lie derivative [25]. In particu-

lar, for any 𝜉 ∈ 𝒦[sign(𝑠)], it holds component-wise that

𝑠𝑖𝜉𝑖 = |𝑠𝑖|, and thus

𝑠⊤𝒦[sign(𝑠)] = {|𝑠|}. (33)

Let 𝑉 =
1

2
𝑠⊤𝑠. For any admissible 𝑠̇ ∈ 𝒦[𝑠̇], we have

𝑉̇ = 𝑠⊤𝑠̇ a.e. By using Eq. (32) in Filippov form, we have

𝑉̇ = 𝑠⊤𝑠̇

= − 𝑠⊤Λ1|𝑠|
𝛼𝜉 − 𝑠⊤Λ2|𝑠|

𝛽𝜉 − 𝑠⊤Γ 𝜉

+ 𝑠⊤𝜈 + 𝑠⊤𝑑̃, (34)

where 𝜉 ∈ 𝒦[sign(𝑠)].

In the Filippov sense, 𝑉̇ is understood almost every-

where through the set-valued (generalized) Lie derivative.

Equivalently, onemay employ the upperDini derivative and a

comparison argument in the framework of differential inclu-

sions, so that the scalar inequality below holds along all Fil-

ippov trajectories[26].

By applying 𝑠𝑖𝜉𝑖 = |𝑠𝑖| and |𝑠
⊤𝜈| ≤ ∑𝑖 𝜈̄𝑖|𝑠𝑖|, we obtain

𝑉̇ ≤ −𝑐1‖𝑠‖
𝛼+1 − 𝑐2‖𝑠‖

𝛽+1 −�

𝑖

(𝛾𝑖 − 𝜈̄𝑖)|𝑠𝑖| + ‖𝑠‖ ‖𝑑̃‖,

(35)

where 𝑐1 = 𝜆min(Λ1) and 𝑐2 = 𝜆min(Λ2).

Post-convergence (𝑡 ≥ 𝑡⋆): Here 𝑑̃ ≡ 0 and 𝛾𝑖 > 𝜈̄𝑖, so the

linear term in Eq. (35) is nonpositive for all Filippov selec-

tions. Hence the generalized (set-valued) derivative of 𝑉 sat-

isfies

̇𝑉̃ ⊆ �−𝑐1‖𝑠‖
𝛼+1 − 𝑐2‖𝑠‖

𝛽+1� . (36)

This relation holds almost everywhere along Filippov

trajectories.
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Since 𝑉 =
1

2
‖𝑠‖2, it follows that ‖𝑠‖𝜂+1 = (2𝑉)(𝜂+1)/2

for any 𝜂 > 0. Therefore, there exist positive constants 𝑘1, 𝑘2
such that

̇𝑉̃ ⊆ �−𝑘1𝑉
𝛼+1

2 − 𝑘2𝑉
𝛽+1

2 � . (37)

Therefore, every Filippov trajectory satisfies 𝑉̇ ≤ −𝑘1𝑉
𝛼+1

2 −

𝑘2𝑉
𝛽+1

2 almost everywhere. Applying the fixed-time stabil-

ity theorem for differential inclusions [27],𝑉(𝑡) converges to

zero within a fixed time 𝑇𝑐 that is independent of the initial

𝑉(𝑡⋆).

When 𝑠 = 0 and 𝑑̃ ≡ 0, the Filippov set satisfies

𝒦[sign(0)] = [−1, 1]. Since |𝜈𝑖| ≤ 𝜈̄𝑖 < 𝛾𝑖, selecting 𝜉𝑖 =

𝜈𝑖/𝛾𝑖 ∈ (−1, 1) yields −Γ𝜉 + 𝜈 = 0, thus 0 ∈ 𝒦[𝑠̇] and

the manifold is invariant. Hence fixed-time reaching and on-

manifold convergence hold for all Filippov trajectories. On

𝑠 = 0, the reduced-order error dynamics (28) guarantee ter-

minal decay of (𝑒𝑥, 𝑒̇𝑥).

Pre-convergence (𝑡 < 𝑡⋆): If ‖𝑑̃‖ ≤ 𝑑̄, from Eq. (35),

𝑉̇ ≤ −𝑐1‖𝑠‖
𝛼+1 − 𝑐2‖𝑠‖

𝛽+1 + ‖𝑠‖(𝑑̄ + 𝜈̄ − 𝛾), (38)

with 𝜈̄ = max𝑖 𝜈̄𝑖 and 𝛾 = min𝑖 𝛾𝑖.

Since 𝛾 > 𝜈̄, there exists 𝑠̄ > 0 such that 𝑉̇ < 0 when-

ever ‖𝑠‖ ≥ 𝑠̄. Hence all closed-loop signals are bounded.

Once 𝑑̃ → 0, the system transitions to the fixed-time regime

described above.

Remark 3. Whether saturation limits are applied to (𝑓𝑖, 𝛼𝑖)

or directly to 𝑢, the induced residual remains matched

through 𝐵. Hence, the above analysis and convergence

results remain valid.

Remark 4. Cascaded control architectures, which regulate

attitude and thrust magnitude separately, assume perfect

actuator alignment and negligible cross-coupling between

channels. Such separation is convenient for implementa-

tion but becomes inadequate for dual-tilt aerial–groundplat-

forms, where the thrust-vector orientation directly couples

translational and rotational dynamics. In contrast, the pro-

posed controller is derived from a bias-aware dynamic for-

mulation that treats the servo installation offsets asmatched

disturbances in the generalized force domain. This unified

design integrates bias estimation and finite-time compen-

sation within a single control law, eliminating the need for

inner–outer loop tuning and improving transient consis-

tency across flight and ground-contact regimes.

Remark 5. The parameters are tuned based on the

observed transient response. For the bias observer, 𝑘1
and 𝑘2 affect the convergence speed, while 𝛼bias and 𝛽bias are

selected within their admissible ranges to balance conver-

gence speed and smoothness. In general, if the estimation is

too slow, the gains can be increased; if oscillations appear,

they should be reduced. For the controller, Λ1, Λ2, and Γ are

adjusted to balance convergence rate and robustness, and𝐾1
and 𝐾2 are refined to improve tracking accuracy.

4. Experimental Validation and Performance

Evaluation

4.1. Simulation

All simulations are performed using the full nonlinear

dynamic model derived in Sec. 2.2, which retains aerody-

namic coupling, reaction torques, and servo-tilt geometry

without simplification. The objective is to assess the pro-

posed bias-aware controller under realistic actuator limits

and installation offsets, and to compare it against repre-

sentative baseline strategies. Three controllers are evalu-

ated for comparison: a cascaded PID[20] tuned under nom-

inal alignment, the same PID equipped with a bias observer

for partial compensation, and the proposed fixed-time bias-

compensated ITSMC. All methods share the same outer-

loop PID [20] for position/attitude regulation. The com-

manded motion is a spiral ascent specified in the inertial

frame by

𝑥𝑑(𝑡) = 𝐴𝑥 sin(𝜔𝑡), 𝑦𝑑(𝑡) = 𝐴𝑦 cos(𝜔𝑡), 𝑧𝑑(𝑡) = 𝑣ref𝑧 𝑡,

with parameters {𝐴𝑥, 𝐴𝑦, 𝜔, 𝑣
ref
𝑧 } = [1, 1, 1, 1], and with ini-

tial position [0, 0, 0].

The simulated platform corresponds to the miniatur-

ized dual-tilt prototype, with a total mass of approximately

𝑚 = 1.475 kg, moment of inertia 𝐽 = diag([1.24 × 10−2 kg ⋅

m2, 3.83 × 10−3 kg⋅m2, 1.21 × 10−2 kg⋅m2]), and arm length

𝑙𝑎 = 41.67mm, 𝑙𝑏 = 88.0mm, 𝑙𝑑 = 61.1mm. Each propeller

produces thrust 𝑓𝑖 = 𝑘𝑓𝜔
2
𝑖
and torque 𝜏𝑖 = 𝑘𝜏𝜔

2
𝑖
with coef-

ficients 𝑘𝑓 = 1.64 × 10−6 and 𝑘𝜏 = 2.50 × 10−8. The servo

tilt range is limited to 𝛼𝑖 ∈ [−𝛼max, 𝛼max] with 𝛼max = 90∘,

and thrust magnitudes satisfy 0 ≤ 𝑓𝑖 ≤ 𝑓max, 𝑓max = 12.1N.

Installation biases are introduced as Δ = [6∘, −4∘]⊤, repre-

senting asymmetric mounting errors.

The control and observer parameters used in the simu-

lation are summarized in Table 1.

Table 1. Control and observer parameters.

Parameter Value Parameter Value

𝛼 0.7 𝛽 1.3

𝛼bias 0.8 𝛽bias 1.2

𝑘1 2.5 𝑘2 2.3

𝐾1 diag(2.0, 2.0, 1.5) 𝐾2 diag(1.2, 1.2, 1.0)

Λ1 diag(3.0, 3.0, 2.5) Λ2 diag(1.5, 1.5, 1.2)

Γ diag(0.8, 0.8, 0.6)
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Fig. 3. Time response of the estimation errors.

The estimation-error trajectories in Fig. 3 indicate that

the fixed-time observer drives both bias channels to a small

neighborhood of zero within a short and predictable inter-

val. Specifically, the error associated with Δ1 evolves mono-

tonically from approximately−0.11 rad to zero, whereas the

error for Δ2 decays monotonically from about +0.07 rad;

both curves enter the zero vicinity at 𝑡 ≈ 8 s. No appreciable

overshoot or oscillation is observed,which is consistentwith

the bi-limit dissipation structure embedded in the observer.

After convergence, the residual fluctuations remain at a very

low level (on the order of 10−3 rad), suggesting robustness

against numerical jitter and mild model mismatch. These

Fig. 4. Position tracking for the spiral-ascent experiment with Δ = [6∘, −4∘].

results confirm that the observer achieves rapid and reli-

able identification of constant installation biases and thus

provides accurate parameters for subsequent compensation,

enabling the improved tracking performance documented in

the trajectory experiments.

The time histories of 𝑥, 𝑦, 𝑧 together with the three-

dimensional trajectories in Figs. 4 and 5 indicate a clear

and consistent ordering of performance across the three

methods. Compared with the two baseline controllers, the

proposed bias-aware ITSMC demonstrates superior track-

ing accuracy and consistency over the full maneuver. By

embedding bias compensation in the inner loop and enforc-

ing a bi-power terminal sliding law with saturation robust-

ness, it effectively suppresses both geometric bias and

saturation-induced mismatch from the start, keeping the

(𝑥, 𝑦, 𝑧) well aligned with the reference. Quantitatively, the

proposed method achieves the smallest tracking errors

(RMS𝑥 = 0.1017m, RMS𝑦=0.1056m, RMS𝑧=0.0705m),

outperforming both the pure PID (RMS𝑥,𝑦,𝑧= [0.7178m,

0.4476m, 0.6187m]) and the observer-augmented PID

(RMS𝑥,𝑦,𝑧= [0.1875m, 0.1348m, 0.1580m]). The cascaded

PID exhibits persistent lateral drift and path distortion due

to uncorrected allocation misalignment, while the observer-

augmented PID improves after the bias estimate converges

(at ≈ 7.6 s) but still shows transient overshoot and slower

recovery near saturation. In contrast, the proposed con-

trollermaintains tight trajectory adherence throughout, con-

firming its robustness and accuracy under both bias and

input constraints. The corresponding attitude responses are

presented in Fig. 6,which further verify stable and consistent

attitude regulation during the maneuver.
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Fig. 5. 3-D trajectories for the three methods under persistent bias.

4.2. Real-world experiment

The experimental platform follows the configuration shown

in Fig. 1, integrating dual tilting rotors and two indepen-

dently actuated wheels within a compact frame. As the

onboard positioning module is still under development, the

experiments were conducted under manual control using a

remote controller, allowing the evaluation of the proposed

Fig. 6. Time response of the attitude by using the proposed method.

method without introducing additional uncertainties from

position control. The operator provided three-axis attitude

commands and a desired collective thrust, while vertical

velocity along the 𝑧-axis was estimated from the Benewake

TFmini laser rangefinder through numerical differentiation.

The experimental results demonstrate the effective-

ness of the proposed bias-aware ITSMC on the miniatur-

ized dual-tilt platform. As shown in Fig. 7, the roll and pitch

angles track their references with mean absolute errors of

0.061 rad and 0.095 rad, respectively, while the yaw remains

within 0.0033 rad throughout the test. During the initial

stage, before the bias estimates converge, uncorrected tilt

misalignment causes a small but continuous rotation about

the yaw axis, as the asymmetric thrust vectors generate

residual torque. After the bias observer converges (around

154.7 s), this drift is substantially reduced, and yaw varia-

tion becomes minimal. The remaining slow change in yaw is

mainly attributed to IMU bias accumulation and the use of a

hold-type yaw strategy without active heading correction.

The servo bias estimates shown in Fig. 8 converge

rapidly to constant values of Δ̂1= − 0.00669 rad and

Δ̂2= − 0.02859 rad, consistent with the installation off-

sets identified in the modeling process. After conver-

gence, the estimates remain bounded within ±0.0230 rad

despite sensor noise andvibration, confirming the fixed-time

observer’s capability to track constant geometric deviations

under flight conditions. Notably, these values correspond

to installation angles of approximately 0.38∘ and 1.26∘,

which, although seemingly small, induce significant attitude
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Fig. 7. Attitude tracking performance during manual flight.

Fig. 8. Fixed-time estimation of servo installation bias during flight.

deviations during flight. By comparing the attitude track-

ing in Fig. 7 with the estimated bias evolution, it is evident

that such minor servo misalignments are sufficient to cause

noticeable yawdrift before compensation. Once the bias esti-

mates converge, the yaw variation becomes negligible, high-

lighting the importance of rapid and accurate bias estimation

for this class of dual-tilt aerial–ground platforms.

The PWM signals of both rotors and servos, shown in

Fig. 9, indicate stable and well-balanced actuation. Rotor

duty cycles remain within 95.3% of the available range, and

servo outputs stay near their nominal midpoints, demon-

strating that the control allocation respects saturation limits.

Overall, these results confirm that the proposed bias-aware

estimation and ITSMC law achieve stable, precise attitude

tracking and reliable bias compensation on the physical

platform.

Fig. 9. PWM output signals of rotors and servos during the flight experi-

ment.

5. Conclusion

This work developed a bias-aware estimation and control

framework for hybrid aerial–ground robots with dual-tilt

actuation. A fixed-time observer was designed to identify

servo installation bias from closed-loop measurements, and

an integral terminal sliding-mode controller was developed

to achieve finite-time tracking while maintaining bounded

responses under saturation and estimation transients. The-

oretical analysis established fixed-time convergence of the

sliding variable and guaranteed stability of the complete sys-

tem. Both nonlinear simulations and real flight experiments

on the miniaturized platform validated the framework. The

results demonstrated that the proposed approach effectively

compensates for tilt-axis misalignment, reduces yaw drift,
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and enhances attitude precision compared with conven-

tional cascaded PID and observer-augmented PID schemes.

Although the proposed bias-aware sliding control

framework effectively compensates for servo installation

errors, it is still limited to attitude regulation under static

bias conditions. The controller has not yet been tested for

large-scale outdoor scenarios, dynamic bias variation due

to structural deformation, or mode transitions between

aerial and ground locomotion. Moreover, the present design

assumes accurate onboard attitude feedback and does not

explicitly account for sensor noise accumulation or actuator

aging effects that could degrade long-term reliability.

Future research will extend the bias-aware framework

toward full six-degree-of-freedom navigation and seamless

aerial–ground transition control. We plan to integrate posi-

tion feedback, adaptive disturbance learning, and model-

based cross-mode consistency analysis to enhance auton-

omy and robustness. In addition, coupling the fixed-time

observer with data-driven identification modules could

enable online estimation of time-varying structural or ther-

mal biases, paving the way for long-duration hybrid robot

operation in unstructured environments.
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