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In obstetric anesthesia, maintaining the stability of maternal hemodynamic systems is crucial for the safety of both maternal and fetal
well-beings. To achieve this goal, manual infusion method is usually used that infuses phenylephrine to patients during surgery. However,
traditional manual infusion method may lead to insufficient precision in the dosage. Although automatic control techniques may improve
the accuracy of infusion, the implementation of closed-loop pressure control systems usually depends on the full measurement of states,
which is hard or impossible to acquire. In this paper, based on auto-regressive with exogenous input models, an output-feedback optimal
controller is developed that integrates a state reconstruction technique and an optimal state-feedback control policy. The proposed method
effectively compensates for hypotension induced by bupivacaine through precise infusion of phenylephrine. Simulation results demonstrate
that the proposed control method can efficiently regulate mean arterial pressure of patients.

Keywords: Labor epidural anesthesia; mean arterial pressure regulation; hypotension; state reconstruction; optimal output-feedback
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us
1. Introduction imbalance [2] and leading to arterial hypotension. Low blood
pressure may cause maternal dizziness, nausea, vomiting,
Anesthesia plays a vital role in childbirth, with epidu-  and can further result in fetal acidosis and hypoxia [3, 4].

ral anesthesia being frequently employed to effectively  Therefore, precise blood pressure regulation during anes-
relieve the pain while ensuring maternal safety [1]. For  thesia, especially to counteract hypotension, remains a criti-
instance, bupivacaine is the local anesthetic that is most  cal clinical challenge [5].

commonly used in epidural anesthesia. However, improper Recent research in obstetric anesthesia has provided
administration of bupivacaine can induce vasodilation medi- new insights into the mechanisms of hypotension induced
ated by sympathetic blockade, resulting in hemodynamic by epidural anesthesia and its clinical significance. Tan
et al. [6] analyzed the maternal cardiovascular responses to
spinal anesthesia and highlighted the importance of main-
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Ahmed et al. [8] compared phenylephrine and norep-
inephrine as vasopressors and emphasized the clinical
importance of maintaining stable, well-regulated arterial
pressure during obstetric anesthesia. Therefore, it is clear
that maintaining blood pressure during anesthesia is criti-
cally important.

To maintain blood pressure stability, phenylephrine
(PE), a vasopressor, is frequently infused to counteract the
hypotension effects of bupivacaine by inducing vasoconstric-
tion [9]. Traditional blood pressure control methods rely on
manual infusion, however, this approach has limitations. For
instance, manual infusion often lacks sufficient responsive-
ness and precision amid rapid physiological changes, phar-
macokinetic delays, and inter-patient variability [10]. These
limitations can lead to hypertensive overshoots or delayed
corrections, both of which pose significant risks to maternal
and fetal health. Over-infusion may cause placental vasocon-
striction, reduce fetal blood flow, and lead to fetal hypoxia.
Moreover, delayed PE infusion may fail to correct hypoten-
sion promptly, increasing the risk of maternal organ injury or
fetal acidosis. Therefore, accurate and prompt infusion of PE
is essential to ensure the safety of both the mother and fetus
during anesthesia [11].

Considering the specific challenges of blood pressure
regulation in obstetric anesthesia, automatic control tech-
nologies provide a promising solution. These technologies
have been implemented and proven effective in various
engineering fields, ranging from smart manufacturing sys-
tems [12,13] to autonomous vehicles [14, 15].

In clinical settings, automatic regulation has already
been applied in different directions such as respiratory-
ventilator synchronization [16], blood glucose management
through artificial pancreas systems [17-19], and hemo-
dynamic stability maintenance in artificial heart devices
[20,21]. Specifically, in the context of blood pressure regula-
tion, Tan et al. [6] proposed a rule-based blood pressure con-
trol method. Malagutti et al. [22] proposed a model-based
robust blood pressure control method. Davoud et al. [23]
introduced a model-free blood pressure control method
based on adaptive dynamic programming. However, both
model-based and model-free methods essentially rely on
state feedback. For the state-space representation derived
from auto-regressive with exogenous inputs (ARX) mod-
els, some states may lack clear physical interpretations and
cannot be directly measured. Therefore, it is necessary to
develop output-feedback control methods that preserve the
optimality of the closed-loop system.

In this paper, we present a novel method for blood
pressure regulation in obstetric anesthesia. The method
integrates optimal control and output-feedback control
techniques. To address the challenge of unmeasurable or
nonphysiological states, we implement a state reconstruc-
tion technique that estimates system states in real-time

using available input-output data, thereby enabling opti-
mal output-feedback control [24,25]. The proposed optimal
output-feedback control strategy minimizes blood pressure
fluctuations, suppresses overshoot, and avoids excessive
drug infusion. Furthermore, the method achieves robust
mean arterial pressure (MAP) regulation under partial
state unmeasurability while adapting to individual patient
responses and unexpected clinical disturbances. Simulation
results confirm that this integrated optimal output-feedback
control method effectively regulates blood pressures.
The contributions of this paper are listed as follows:

(1) Based on the ARX pharmacodynamic model established
in [26], this study derives a state-space representa-
tion and designs an optimal feedback-feedforward con-
troller. The feedback control action adjusts infusion
rates based on real-time MAP measurements, while the
feedforward component regulates mean arterial pres-
sure within a safe range. This dual-loop framework
ensures robust maintenance of transient hemodynamic
stability in parturients.

(2) By incorporating the state reconstruction technique,
this study develops an optimal output-feedback con-
trol method that enables the MAP to stay within a
narrow range around the desired setpoint, even under
partial state unmeasurability. This approach effectively
addresses clinical constraints where only MAP can be
measured. The stability of the proposed control strategy
is rigorously analyzed with comprehensive safety guar-
antees established for clinical implementation.

The remainder of the paper is organized as follows.
Section 2 establishes the pharmacodynamic model through
system identification, capturing dynamic drug response
relationships with embedded time-delay characteristics to
reflect clinical realities. This model is subsequently con-
verted into a state-space representation to facilitate con-
troller design. Section 3 presents the theoretical framework
integrating state reconstruction with feedforward-feedback
optimal control. This section addresses the unmeasurabil-
ity of the partial state and formulates the theoretical foun-
dation for the control strategy. The stability analysis for
the closed-loop system is shown in Sec. 4, ensuring theo-
retical guarantees for clinical safety. Section 5 validates the
controller’s disturbance rejection capability through simula-
tions, demonstrating robustblood pressure regulation under
clinically relevant perturbations. Section 6 discusses clini-
cal adaptability and proposes future enhancements through
adaptive mechanisms. Section 7 concludes with a trans-
lational roadmap bridging theoretical advances to clinical
implementation.

Notations. Throughout this paper, R denotes the set of real
numbers and Z, denotes the set of nonnegative integers. | - |
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represents the Euclidean norm of vectors and the induced
matrix norm of matrices. For a square matrix A € R™*", the
trace of A is denoted by Tr(A). For a symmetric matrix P €
R™*", A, (P) stands for the minimum eigenvalue of P, P > 0
denotes that Pis a positive definite matrix.

2. System Modeling

The ARX is a system identification model that has been
employed to model physiological systems effectively, see, e.g.
cerebral autoregulation system [27]. For the anesthesia sit-
uation detailed in [26], the ARX model is mathematically
described as

Az Ny = Bz "y, + C(z71)dy, (1)

where y; represents the difference between the MAP of
patient and its reference at the step k, u,, represents the infu-
sion of PE, d,, represents the infusion of bupivacaine. A(z™1),
B(z7'),and C(z ') are polynomials in the unit delay oper-
ator 2 1:

A(2) =271 4019272 4+ 0.07273,
B(z) = 0.009z73, (2)
C(z) = —1.227°,
To facilitate the design of an output-feedback controller,
the ARX model is reformulated into a state-space representa-

tion required for output-feedback controller design, the fol-
lowing state variables are defined

Tik = Yk
Loy = —0.19 x Yi—1 + 0.07 x Yi—2
+0.009 X uy,_; — 1.2 x d)_y,

gy, = 0.07 X y;,_; + 0.009 X 1w, 3)
—1.2xd,_s,

.’E4k = _1.2 X dk727

Tg, = —1.2 X d),_;.

Given the lumped state z;, € R®, the input v, = [u;, d;]"
€ R?, and the output 3, € R, the difference equation can be
transformed into the following state-space representation:

Ty = Az + By,

(4)
Y = Cl‘k,

where
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3. Optimal Output-Feedback Controller Design
3.1. State reconstruction

In the state-space representation (4), only the output y,
in the state vector z,, is directly measurable. To design an
output-feedback control with limited measurements, state
reconstruction is introduced to estimate the full states,
allowing for controller design even when some states cannot
be measured directly.

Considering the discrete-time linear system (4), it can
be checked that the pair (A, B,) is controllable and the pair
(A, C) is observable.

The state reconstruction equation using input and out-
put sequences on time horizon [k —5, k—1] can be written as

__ A5 -~
z =A%z 5+ VU 5
- - (5)
Y1,k = Up5 +T0,_q 5,
where two vectors are defined as follows:
- _ T T T T T 1T
Up—1k-5 = [Vg_1> Vg2 V3 V> U]

7

Uk1h5 = Wh—1> Y2 U3 Yb—as Yps] -
Matrices V', U and T are given by
V=[B,,AB,,..., A'B,],
U=[(CAYT, ..., (cAT,C"T,
0 CB, CAB, CA’B, CA®B

v

0 0 CB, CAB, CA’B,

T=10 0 0 CB, CAB,
0 0 0 0 CB,
0 0 0 0 0

Since the system (4) is observable, there exists a left
inverse of U such that UT = [UTU]7'U". The following
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lemma recalled from [28] demonstrates that the system state
can be reconstructed using input/output sequences.

Lemma 3.1. The state of the system (4), x;,, can be uniquely
obtained from the measured input/output sequences by

Vk—1,k—5

Ty = [MU’MU] = @Zk’ (6)

Ye—1,k—5
where M, = ANUY M, =V — M,T,© = [M,,M,], and

_I,T T T
2k = | Vk—1,k-5 yk—l,k—5]'

3.2. Optimal state-feedback controller

According to clinical practice guidelines for blood pressure
management, the following two control objectives need to be
achieved.

(1) Under the influence of physiological variations and drug
injections, the MAP stays within a safe range around the
setpoint.

(2) The transient performance is optimized, i.e. an optimal
controller should be designed by minimizing the cost
function.

To address these challenges, we formulate the prob-
lem within the framework of the linear optimal output reg-
ulation problem (LOORP), focusing on designing a feedback
controller to achieve the asymptotic tracking with distur-
bance rejection. In the LOORP framework, the bupivacaine
input is regarded as a bounded external signal d,, satisfying
supy.cz, [di| < d, system (5) can be rewritten as follows:

.T/'k+1 = Axk + Buk + de’
T = Ery, (7)
e, = Cxp, + Fry,

where E = 1, F = —1, r, € Ris the reference value of MAP,
e, € R is the tracking error. The linear output regulation
problem (LORP) can be formulated as follows. For system (7)
with d;, = 0, the following feedback controller is designed

such that the closed-loop system is asymptotically stable, i.e.
(A — BK) is Schur, and the tracking error e asymptotically
converges to 0, where K € R'*% is feedback control gain and
L € R is feedforward control gain. In cases where the con-
troller is required to be optimal based on a predefined cost,
the problem is known as LOORP.

In this paper, it can be verified that the system (A, B) is
controllable, and for all A € o(F), the matrix

A—X B
E 0

is of full rank. By selecting an admissible K such that the
closed-loop system satisfies (A — BK) is Schur, the LORP is
considered solvable by the controller (8) if there exist matri-
ces X € R°*!and U € R that satisfy the following regulator
equations [29],
XE=AX + BU, ©
0=CX+F,

with
L=U+KX. (10)

Without loss of generality, the LOORP can be solved in two
subproblems.

Problem 1.
min Tr (X"QX + UTRU)
X,U

’ (11)
subject to (9),

where Q = Q" >~ 0, R = R" > 0.

Letting z;, = =, — X", u;, = u;, — U*r,, directly, the
error system is as follows:

Tyy1 = Azy + Buy,

12
Problem 2.
min Y (2] Q% + U} Rii;)
* 520 (13)

subject to (12),
where Q = Q" >~ 0, R = RT > 0.

Problem 2 is in the context of linear quadratic regula-
tor (LQR) problem. According to the theory of linear optimal
control [30], there exists a unique solution P* = P*T > 0 to
the following algebraic Riccati equation (ARE):

ATPA—-P+Q
— ATPB(R+ B"PB)'B"PA =0. (14)
The optimal feedback gain K™ can be obtained as
K*=(R+B'"P*B)"'B"P*A. (15)

The solution to the LOORP can be divided into two
parts. Firstly, addressing the Problem 1 by solving the reg-
ulator Eq. (9) to obtain the optimal steady-state solution
(X, U™) while simultaneously deriving the feedforward con-
trol gain L* = U* + K*X". Next, addressing the Problem 2
by computing the optimal feedback control gain K*. Then,
the LOORP solution is achieved, i.e. the optimal controller is
given by

uy = —K"w) + L'ry. (16)
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Regulator
System matrices A,B Equation

Weighting matrices Q,R,S
L"=U"+KX"

Optimal feedback control
gain K*

Control Gain Computation

Fig. 1. Block diagram of the control structure.

Remark 1. The weights (Q, R) in Problem 1 are used to
determine the optimal solution (X*, U*). These weights only
affect the optimal feedforward gain L* = U* + K* X", which
determines the baseline PE infusion required to maintain
MAP near the target. The weights (@, R) in Problem 2 are
used to compute the optimal feedback control gain K* via
the algebraic Riccati equation, ensuring closed-loop stabil-
ity and satisfactory transient performance. Furthermore, it is
worth noting that the optimal feedback control gain K™ does
notrely on X*, U*. Therefore, Problems 1 and 2 can be solved
independently.

3.3. Optimal output-feedback controller

In Sec. 3.2, we propose an optimal state-feedback con-
troller design scheme by solving the LOORP. However, such
controllers require full-state measurement to implement
state-feedback control. The requirement usually cannot be
satisfied in the blood pressure regulation during anesthe-
sia. Specifically, some system states lack physiological inter-
pretability and cannot be measured in clinical settings. This
measurement limitation makes direct implementation of an
optimal state-feedback feedforward controller infeasible for
blood pressure control.

To overcome this challenge, we integrate the state
reconstruction technique from Sec. 3.1 with our optimal con-
troller design from Sec. 3.2. Following Lemma 3.1 which
establishes the state reconstruction relationship z;, = Oz,
through measurable outputs and substituting (6) into (16),
an optimal output-feedback controller can be expressed as
uy; = —K"©z, + L*r,. Considering the fact that the bupiva-
caine input d,, is not measurable for feedback, the following
output-feedback controller is finally developed

uy = —K*0z, + L'ry, (17)
where
gk* = [ukflv 07 Ug—2, 0» Up—3, 07 Up—4, 0; Up—5, 0, gz—l, k_5}T

By leveraging state reconstruction techniques, the
implementation of the output-feedback controller (17)

needs only measurable MAP data and drug delivery records
to achieve control of the blood pressure. The block digram of
the control structure is depicted in the Fig. 1.

4. Stability Analysis

In this section, we will analyze the stability of the closed-loop
system with the developed output-feedback controller and
unmeasurable but bounded bupivacaine input d.

Theorem 4.1. The system (7) in closed-loop with the control
policy (17) is practically stable.
Proof. The closed-loop system (7) with (17) can be rewrit-
ten by
Ty = Az + Buy + Ddy, — X'y
= Az, — BK*©Zz, + Dd;,+ BL*r;, — X*Er,
= Az, — BK*O(z, — 2,,) + Dd;, + BU r),
+ BK*X"r, — AX*r, — BU"r,,
= Az, — BK*(0z, — X*r,) + BK*©Z, + Dd,,
= (A— BK")z;,+ BK*©%,+ Dd,
= (A— BK")z;, + A, (18)
where A, = BK"©Z, + Dd,;, and
=2 %
=[0,dy_1,0,dy_5,0,d;_3,0,d;_4,0,d,_5,0,0,0,0,0]".
As the bupivacaine input is bounded by sup;.; _[d;| <
d, it is checkable that sup,., |A,| < (V5|BK*O| + |D|)d
:= A. Moreover, the ARE (14) implies that
(A— BK*)"P*(A—BK*)— P*+Q+ (K*)"RK* = 0.
(19)

By choosing a Lyapunov function V;, = sz*gﬁk, the dif-
ference of the Lyapunov function along the trajectory of the
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system (18) satisfies
Vier = Vi = 2y P7 By — 2, P 3
= (A= BEK")Z),+ &) P*((A— BK")Z, + A)
- _Zp*i‘k
= i1[(A— BK")"P*(A— BK*) — Pz,
+ 25, P*A, + AT PFA,

=—2,[Q+ (K*)"RK*|Z), + 22, P*A, + A[P*A,

A
< —21Q + (K*)"RK*)z, + m2(® 7
2 ! 2 * 2
3@ [P IZIALE + 1271 Al
< i [Q - A’”T@)I + (K*)TRK*} T

2 * (|12 * 2
P P A
+ (52 PP+ 171 18

< -z, [Q - AWSQ)I + (K*)TRK*} Ty
v (52 PP+ 1) 22 (20)

which immediately implies the practical stability of the
closed-loop system (18). The proof is thus completed. O

5. Simulation Results

In this section, we evaluate the performance of the controller
designed from the ARX-based state-space representation by
implementing it in a simulated surgery.

In this simulation, the MAP is initially set to 80 mmHg
with a total simulation duration of 90 min. Once the surgery
was underway for five minutes, bupivacaine is infused to sim-
ulate obstetric anesthesia, which causes a decrease in MAP.
Throughout the entire simulation, stochastic disturbances
are introduced to the MAP signal to simulate fluctuations
caused by physiological changes in the human body. Under
the designed controller, the MAP is expected to stay around
85 mmHg.

To emulate physiological fluctuations and sensor noise
during obstetric anesthesia, an additive stochastic distur-
bance was injected into the MAP-related state in the simula-
tion. The disturbance d,, is selected as a zero-mean uniform
white noise.

As shown in Fig. 2, the simulation results show that
the optimal controller effectively regulates MAP fluctuations
around the setpoint with minimal overshoot and a short
response time. These results confirm the robustness of the

Mean Arterial Pressure Tracking (Target MAP = 85 mmHg)
T T T T T

110 T
105+ Actual MAP i
= = = Target
(11 PP S SN S N——— Lower Bound of MAP | — —
= = = Upper Bound of MAP
951 8
90+ b
jas)
£
E 85~ = - - - - - s -
E
S 80 g
51 4
70 8|
65 B
60 Il Il Il Il Il Il Il Il
0 10 20 30 40 50 60 70 80 90
Time (min)

Fig. 2. The simulation results of MAP regulation using the optimal output-
feedback controller.

controller and its effective tracking performance under dis-
turbances. The controller exhibits a fast response and robust
disturbance rejection, ensuring clinically reliable blood pres-
sure regulation during obstetric anesthesia.

In our MAP regulation framework, an optimal output-
feedback controller relies on state reconstruction techniques
that reconstructs the full system states from the available
input and output data. As shown in Fig. 3, the reconstructed
states closely follow the actual system dynamics, enabling
the controller to maintain the MAP at the 85 mmHg setpoint
even in the presence of disturbances such as bupivacaine
infusion or blood pressure fluctuations occurs. The minimal
difference between estimated and actual MAP values demon-
strates the high accuracy and reliability of the state recon-
struction technique, which is essential for designing an effec-
tive output-feedback controller.

The PE infusion rate generated by the optimal output-
feedback controller is shown in Fig. 4. When bupivacaine is
administered at 5 min, the controller rapidly increases the PE
infusion.

Figure 5 shows modifying the weighting matrix @
changes the aggressiveness of the blood pressure control
system. Smaller () values reduce overshoot but increase the
settling time, whereas larger () values enhance the respon-
siveness at the cost of larger overshoot. This trade-off is par-
ticularly clear when a disturbance is introduced between
5 min and 10 min.

Figure 6 shows the system response to varying bupi-
vacaine infusion rates administered during the 5-10 min
of the simulated surgery, representing different levels of
MAP reductions during anesthesia. In all cases, the con-
troller regulates MAP quickly to a small range around the set-
point despite large variations in drug dosage, demonstrat-
ing robustness to patient-specific reactions and maintaining
hemodynamic stability throughout surgery.

As shown in Fig. 7, the control system shows consis-
tent performance across different initial MAP values (80,
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Fig.7. Closed-loop control performance under varied initial MAPs (80, 85,
90 mmHg).

6. Discussion

Our optimal output-feedback controller is designed based
on a state-space representation that is directly derived from
an ARX model. This approach preserves the simplicity of
the ARX model while achieving computational efficiency and
explicit incorporation of physiological time delays, such as
PE uptake and placental transfer dynamics. The linear ARX
structure simplifies parameter identification and avoids the
computational burden of nonlinear models. This makes the
controller well designed for medical devices with limited
computing resources requiring real-time updates. Although
nonlinear models may better capture high-dose saturation
effects, their convergence challenges and high computational
costs compromise clinical practicality where speed and relia-
bility are critical. Despite the embedded physiological delays,
the proposed controller (17) effectively compensates for
transient hypotension. Simulation results show rapid distur-
bance rejection, minimal setpoint deviation, and stable blood
pressure maintenance within safe ranges.

The linear and time invariant assumptions inherent in
the ARX model limit its ability to represent the nonlinear,
adaptive characteristics of maternal-fetal physiology, such
as dynamic variations in placental resistance during uter-
ine contractions and autonomic compensatory responses.
Sensor artifacts and inter-patient variability under clinical
conditions may challenge controller performance, highlight-
ing the need for future model adaptation and experimental
validation in noisy real-world conditions to ensure robust-
ness and reliability.

A key factor in making the controller useful for clin-
ical settings is carefully adjusting the weighting matrix @,
which controls the balance between response speed and
overshoot. In obstetrics, this balance is critical for the safety
of both the mother and the baby. For example, excessive
PE administration may induce placental vasoconstriction,
which can harm the fetus, especially in high-risk pregnancies

with existing placenta problems. More conservative settings
for () prioritize stability, reducing overshoot but making the
system slower to adjust. This may pose risks in cases of heavy
bleeding or sudden low blood pressure, where delays could
increase risks to the fetus. Conversely, more aggressive set-
tings speed up the regulation of dangerous drops in blood
pressure but can lead to transient oscillations. Therefore,
safety mechanisms, such as dose limits and additional real-
time monitoring should be taken into consideration to pre-
vent over-infusion.

The simulation of different disturbances highlights how
well the controller can adapt to various clinical situations.
Gradual changes in blood pressure represent slow hypoten-
sion in patients with delayed drug absorption, where small
adjustments in PE are enough. In contrast, abrupt drops,
such as in emergencies like placental abruption, require
quick adjustments to prevent organ damage from poor blood
flow. The controller performs well in both of these situa-
tions and can work without needing patient-specific data,
which is important for personalized care. However, stud-
ies still need to address several key challenges, such as
the nonlinear effects of high-dose drugs and changes in
placental resistance during delivery. Future research will
develop machine learning algorithms to establish high-
fidelity nonlinear models capturing physiological complexi-
ties and incorporate adaptive control algorithms to enable
real-time, patient-specific blood pressure regulation, ensur-
ing computational efficiency and clinical interpretability
while addressing inter-patient variability.

7. Conclusion

This paper presents an output-feedback control method
for automated blood pressure regulation during obstetric
anesthesia under sympathetic blockade. Starting from an
existing ARX model, we convert it into a state-space repre-
sentation to directly integrate with optimal control theory.
We introduce a state reconstruction algorithm that exploits
only the available input-output data to estimate unmeasured
states, thereby enabling reliable output-feedback control
despite limited real-time measurements. Simulation results
demonstrate robust setpoint tracking and strong distur-
bance rejection, confirming the method’s effectiveness for
MAP regulation.

The proposed controller, which combines optimal feed-
back control with feedforward control, achieves rapid adjust-
ments and robust performance when evaluated under sim-
ulated clinical conditions. Theoretical analysis further con-
firms that the closed-loop system remains stable despite
model uncertainties, offering a solid safety foundation for
potential clinical implementation.

Although the linear model works well for fast real-time
computation, it has limitations in capturing more complex,
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nonlinear body responses, such as variations in placental
resistance. Therefore, further improvements are necessary.
Future research will focus on incorporating adaptive param-
eter tuning and performing validation experiments.
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