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This paper studies the fixed-time group formation tracking (FXGFT) problem for heterogeneous multi-agent systems (HMASs) under a
directed interaction graph. First, a novel distributed fixed-time observer is proposed to estimate the state of each subgroup leader based
on both inter-group and intra-group interactions. Then, via a coordinate transformation method, an observer-based fixed-time controller
is designed for each follower. It is shown that with the proposed control protocol, the outputs of the followers in each subgroup achieve the
desired sub-formation and track the output of the corresponding subgroup leader in a fixed time. Finally, a simulation example demonstrates

the effectiveness of the proposed approach.
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1. Introduction
Over the past few decades, the cooperative control of multi-
agent systems (MASs) has received considerable atten-
tion owing to its wide range of applications, such as
unmanned aerial vehicles, autonomous underwater vehicles,
and mobile robots [1-8]. Formation control, as a typical
class of cooperative control, focuses on coordinating MASs
to achieve and maintain specific geometric configurations.
Many significant results on the formation control have been
reported [9-11]. Formation tracking control of MASs has also
been studied [12-17]. In this case, MASs not only form the
prescribed formation but also follow the reference trajectory
provided by a real or virtual leader.

The existing works on cooperative control primarily
concentrate on a single group of agents. However, in some
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scenarios involving complex and challenging objectives, the
group synchronization problem arises, wherein the entire
MAS is partitioned into multiple subgroups that perform dif-
ferent tasks simultaneously. Several studies have addressed
group synchronization control problems for homogeneous
MASs [18-23]. However, due to differences in physical prop-
erties or operating conditions, the dynamics of MASs are
often nonidentical and therefore are known as HMASs. Com-
pared to homogeneous MASs, HMASs enable better resource
utilization, task specialization, and adaptability to complex
environments. Recently, several studies have investigated
the group cooperative control problem for HMASs [24-26].
The convergence rate serves as a crucial performance
index in the study of cooperative control. Most existing
research focuses on asymptotic convergence [24-26], where
the objective is achieved as time tends to infinity. Due to its
advantages, such as faster error convergence and enhanced
robustness, finite-time cooperative control of MASs has
attracted considerable attention [27-32]. However, a notable
drawback of finite-time control is that the upper bound of
the convergence time relies on the initial states of the system,
which may become excessively large when these states are
far from the equilibrium. Motivated by the fixed-time control
strategy developed for single systems [33], several studies
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have investigated the fixed-time cooperative control prob-
lem of MASs [34-39]. Considering both fast error conver-
gence and multi-group cooperation, several finite-time and
fixed-time group cooperative control problems have been
investigated [40-42]. However, most of these studies focus
on integrator-type MASs or homogeneous MASs, and their
control protocols are typically designed for undirected inter-
action graphs. In fact, to our best knowledge, the FXGFT con-
trol problem for HMASs under the directed graph is yet to be
addressed, which motivates this study.

In this paper, the FXGFT problem for HMASs under
a directed graph is studied. A novel fixed-time distributed
observer is first designed to estimate the leader’s state
in each subgroup under the directed graph. FXGFT con-
trollers are further developed for each follower to achieve
the desired time-varying formation (TVF) while following
the trajectory of their respective leader. The main contribu-
tions of this paper are outlined as follows:

(1) A novel distributed FXGFT control protocol, consisting
of distributed fixed-time observers and controllers, is
developed. Taking into account both inter-group inter-
actions and intra-group interactions, a novel distributed
fixed-time observer is developed for each follower to
estimate the state of the leader in each subgroup. Sub-
sequently, a FXGFT controller is developed for each fol-
lower using coordinate transformation methods. Unlike
those group cooperation studies in [24-26] with asymp-
totic convergence, and [42] with finite-time conver-
gence, this work achieves group formation tracking
(GFT) control with an explicit upper bound on the con-
vergence time, which is independent of the initial condi-
tions of the HMAS.

(2) In contrast to the studies in [40-42], which focus on
undirected graphs, this paper addresses the FXGFT con-
trol problem with more general directed graphs. The
asymmetry of the Laplacian matrix in directed graphs
complicates both controller design and stability analy-
sis relative to the symmetric case. Moreover, as directed
graphs are commonly encountered in practical applica-
tions, the proposed FXGFT control protocol is expected
to have broader real-world applications.

(3) This paper investigates the FXGFT problem for het-
erogeneous linear MASs, encompassing integrator-type
dynamics discussed in [40, 41] and homogeneous
dynamics studied in [42] as special cases.

The remainder of this paper is structured as follows.
Section 2 introduces the preliminaries and formulates the
FXGFT problem. The main results are presented in Sec. 3. Sec-
tion 4 provides a numerical simulation, and the conclusions
are summarized in Sec. 5.

Notation: Let 1, and 0,, represent the n X 1 vectors with
all entries equal to one and zero, respectively. [, € R™"

denotes the identity matrix, and @ stands for the Kronecker
product. A diagonal matrix is expressed as diag{by, ..., b,,},
where b;, i = 1,..,n, are its diagonal entries. For a vec-
tor V. = [y, ...,vn]T € R", its p-norm is represented

1
by ||[V]Ip 2 ™, lv|P)?, where p > 1. ||V|| represents
the Euclidean norm of the vector V. Define sign?(V) =
[sign(v,)|v;]%, ..., sign(v,)|v,|1]", where ¢ > 0 and sign(-)
denotes a sign function. The operators min(-) and max(-)
return the smallest and largest elements of a vector, respec-
tively.

2. Preliminaries and Problem Formulation
2.1. Graph theory

The directed interaction graph among the MASs is repre-
sented by G = (0, €, A) with the set of nodes O = {1, ..., N},
the set of edges € = {(j, i) : i,j € 0}, and the weighted adja-
cency matrix A = [a;;] € RM*N where a;; # 0if (j, i) € &,
and a;; = 0 otherwise.

Consider a HMAS with N, followers and N, leaders. If
an agent has no neighbors, it is defined as a leader; oth-
erwise, it is defined as a follower. Let 0; = {1,...,N;} and
Of = {1, ...,Nf} be the sets of the followers and lead-
ers, respectively. The set of followers Oy is partitioned into
{0f1,0¢3, ., Opp,} such that Op; # 9, U?/il Of; = O, and
ij n Ofs =@forj,s =1,..,N,j # s. The system is divided
into N; subgroups, represented by O,, r = 1,...,N;, where
each subgroup O, contains the rth leader together with its
corresponding follower subset Of,.. The number of the fol-
lowers associated with subgroup r is denoted by g, satisfy-

. N,
g Zril Ir = Nf'

2.2. Problem formulation

The model of the ith follower is described by
x;(t) = Ax;(t) + By (b),
yi(t) = Cixy(t),

where x; € R™, u; € R™, y; € RP represent the state, con-
trol input, and output of the ith follower, respectively, 4;, B;,
and C; are the system matrices of compatible dimensions sat-
isfying rank(B;) = m,.

The leader indexed by Or for subgroup O, evolves
according to the following dynamics:

Xor(t) = Agxor(0),
Yor(£) = CoXop (1),

where x,- € R™,and y,, € R? are the state and output of the
rthleader, respectively, A, and C, are matrices of compatible
dimensions.

(1)

(2)
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The TVF vector for the ith follower is generated by

hxi(t) = Aphy (),

3
hy(t) = Crhy(t), ©)

where h,; € RP, Ap and Cp are matrices of compatible
dimensions.

The objective of this paper is to address the following
problem.

Definition 2.1 (FXGFT problem). Consider the HMAS (1)
and (2) under a directed graph. For each follower in any sub-
group O, = {leader r,0f,.}, 7 = 1, ..., N}, the FXGFT problem
is defined to be finding a distributed fixed-time control pro-
tocol such that

lim [1:(6) = hyi(6) = Yor (DIl = 0, Vi€ Op,  (4)

where T > 0 represents the convergence time that is inde-
pendent of the initial states.

Remark 1. According to Definition 2.1, the outputs of the
followers in each subgroup are required to achieve the TVF
and track the output of their subgroup leader in a fixed time.
For follower i in subgroup O,, the TVF vector hyi, which is
generated by Eq. (3), represents the desired relative offset
between the output y; and the reference output yj,.

To address the problem, the following assumptions and
lemmas are presented.

Assumption 1. The pair (4;, B;) is controllable, i € Of.

Assumption 2. The following regulator equations:

l_[iAO = Al-l_[i + Biri,

5
have solution pairs (I1;, T;) for all i € Of.
Assumption 3. The following linear matrix equations:
Np;Ap = Allp; + Bl )

0= Cillp; — Cp
have solution pairs (Ilg;, [;) forall i € Of.

Assumption 4. The partition of followers O given by
{Ofl, . Ole} is acyclic.

The Laplacian matrix among the agents has the follow-
ing form:

= Ly L,

)

ONZXNf ONIXNZ

where £; € RY*Nf and £, € R¥/*M., As described in [19],
under Assumption 4, £, has the following particular struc-
ture:

Ll 091X92 091X9Nl
£ g 0g,xgn,
Ll - . = . . 4
H Ll] ‘. H
Ly, Ly,

where £; denotes the interaction graph within subgroup 0;.

L;; represents the interaction graph between the followers
of subgroups O0; and 0j, i # j.

Assumption 5. Given any two different subgroups 0; and
0]-, i,j €{1,..,N;} the row sums ole-j are all zero.

Assumption 6. The interaction graph of any subgroup
0, = {leader k, Ofk}, k =1, ..., N, contains a spanning tree
with leader k as the root.

Remark 2. Assumptions 1-3 are standard for the coopera-
tive control problem of HMASs [15,28,35]. According to [43],

the regulator Eq. (5) admits solutions if rank[" _Cfll“i A

n; +p holds forall A € 0(4,), where g (4,) denotes the spec-
trum of A,. Assumptions 4-6 are commonly made in group
synchronization problems [22-26].

Lemma 1 ([22]). Under Assumptions 4-6, all eigenvalues of
L, have positive real parts, and —LIILZ has the following
form:

1.91 091 0.91
0 1 eee 0
_ g2 g2 g2
_L1 1L2 = . . .
OgNl Ole lgNl

Lemma 2 ([23]). Under Assumptions 4-6, one can find a real
diagonal matrix D satisfying DL, + LI@ > 0.

Define A,,;;, > 0 as the minimal eigenvalue of DL, +£] D
and D = diag{d,, ...,de} = %,Where d,>0,i=1, ...,Nf.
By Lemma 2, it follows that DL, + LID = levf-

3. Main Results
This section presents a novel distributed fixed-time observer

under the directed interaction graph. Then, an observer-
based FXGFT controller is designed.

3.1. Distributed fixed-time observers

For each follower in any subgroup O, = ({leader 7,0},
r =1,..., N, the following distributed fixed-time observer is
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proposed:
v, = Agv; — k,6; — k, signP(8;) — k5 sign?(5;), (7a)
Ny¢ Ny
6; = Z a;j(vi—vy) + z Aior (Vi — Xok), (7b)
j=1 k=1

where v; represents the state of the observer, §; denotes the
neighboring relative estimation error, and the parameters k,,
k,, k3, p, and q are positive constants that will be decided
later.

Define the estimation error ¥; = v; — x,,.. Then, the fol-
lowing result on the distributed observer (7) is given.

Theorem 1. Consider the distributed observers (7) under
Assumptions 4-6. Let k,, k,, k3, p, and q be chosen such that
ki > IDQ Al ky, > 0,k; >0,0<p < 1landq >
% > 1. For each follower in any subgroup O, = {leaderr, O, },
r = 1,..,N, there is a convergence time T; = 0, indepen-
dent of any initial conditions, such that lim,_,7, v;(t) = 0 and
7,)=0,t=>T,.

Proof. It then follows from (2) and (7) that

v, = Ay, — 8, (8)
where §; = k,8; + k, 51gnp(6) + k5 sign?(5;).

Let ¥ = [vl,.. ]T and § = [5],..,6y ]T One can
obtain from (8) that

V= (Iy, ® 4g)V — 8. 9)

Letv = [vlT,...,v;f]T, X, = [xgl,...,xJNl]T, and § =

[6;—,...,61-\,'-f]T. It follows from Lemma 1 that ¥ = v +

((L7'L) ® Ly )xgand § = (L4 @ I v + (£, ® I, )xg =
(£1 ® I, )V. Then, by (9), one has

8= (ly, ® 45)8 = (£; ® I,)5. (10)

Choose the following Lyapunov function candidate:

Ng o d
1+ 34 1+
Vs = Z ( SIS + T ||6i||1+3>
=1
ky +
+ ?é‘ D ®1,,)6. (11
The time derivative of (11) along (10) satisfies
Ny
Vs = ) Ueod, sign”(87) + ksd; sign(6))7S,
i=1

+ k8T (D ® 1,0

= §T(D® 4,)6 — %ST((Dﬁl +LD)®1,)8.  (12)

Noting that DL, + L]D > ZINf, via Young’s inequality,
one can obtain from (12) that

< %(IID ® AolI”I811* — 11811 (13)

Since k,6;, k,sign?(8;), and kjysigni(§;) are of
component-wise sign consistency with their respective ele-
ments, one has

Wi
611 = Z llky6; + k, signP (8;) + k; sign?(8,)||?

i=1

Ny Ny
> D KIS + ) KIS +Zk2||6||
i=1 i=1
(14)
Noting that 0 < p < 1and q > 1, by Lemma A.1
> (lI81I*)? and
Zl 1 116; ||2q > W(Hé‘” 2)4, Then, it follows from (14)
that

. . . N 2p
glven in Appendix A, one has ¥,/ ||5-||

2

S22 2 2 2 2N\p q
1811% = kNS + k5 (NlS117) +( N )q S(181%)7.
(15)
Substituting (15) into (13), one has
Vs < —c1 (18117 + CISIAP + (1817, (16)
—ID®4,l1* k3 k3
where ¢; = min{ K > o, 2 TN -} > 0.

Since 0 < p < 1and g > 1, via Lemma A.1, one has

Nf k,d 1+p > 2 “—p Nf k.d 1+q
DA 11,;||6||1+p B I017) 2 and 3,2, 11;||6||1+q <

Amax 7 kszdpax
k (”5” ) 2 wherek = ( 21+p )(nONf) 2 , 3 - 31+q )

,de}. Note that 0 < 22 < 1 and

1+p
%qq > 1.Via (11) and Lemma A.1, one has

and d,,,, = max{dy, ...

2p

A )“” FUSIP + (1612 e ) (17)

and
Z_‘Iq g 2L ) q(1+p) )
< c3(UIBIA ™ + (18113 ™ + (I511)7),  (18)
2p 2p
where ¢, = max{(2 "‘ax)lﬂ’ k,"",k;""} and ¢; =

2q _ 24 Zq q-1
max{ (Xadmax maX)w Jes ket 1y X 3%,

Sincep < 22 < landp < E&*9 < 4 one has
1+p 1+p

2 2B 2 2\p 2 ptq) 2\p
817y =7 < (18117 + (IS9P and (JISN17) **+» < (lI5]1*)” +
(I51%)?. Similarly, noting that 1 < 2L < gandq < “;th) <



Fixed-Time Time-Varying Group Formation Tracking of Heterogeneous Linear Multi-Agent Systems 565

2q_ q(1+p)
g, one has (||§]|*) ™ < ||6]1* + (I8]1*)? and (]|§]|*) e <
(I811*)? + (|I8]1%)9. Then, via (17) and (18), one has

2p
Vs < (18117 + 3(8I%)P + (1815)7) (19)
and
Z_q
Vs < cs(I8117 + 31815 + ISI%)P).  (20)
Combining (19) and (20), one has
2P 29
V1+p 1+q
) 8 2 2 2
+ < I81% + AISIHHT + (I811)P. 21
4, T ac 8117 + CISH=* + IS (21)

Substituting (21) into (16), one has

c 2p c 29
Vs < -V — Lyt (22)
4c, 4cq
By Lemma A.2 in Appendix A, it follows that system (10)
is fixed-time stable. The convergence time can be upper

bounded by T; < 4;2((1”;)) + 4;3(;“1‘1)). Moreover, since §(t) =
1L 14~
(£, @1, )V(t) and £, is nonsingular, one has lim,_7, ;(t) =

0 and ¥;(t) = 0 for t = T;. Thus, the proof is completed. O

3.2. FXGFT controller

Based on the distributed fixed-time observers described
in (7), we proceed to develop the FXGFT controller in this
part.

The following observer-based FXGFT controller is pro-
posed.

w; () = Ty () + Tpihy () + w1 (0),

where I and I; are the solutions to Egs. (4) and (5), respec-
tively, u;(t) will be determined later.

Let é; = x; — Il;v; — lIg;h,;. Noting that rank(B;) = m,,
via Assumption 1 and Lemma A.3 given in Appendix A, one
can find a linear coordinate transformation § = X;é; =
(1,10 0 Ei1,pps o0 Eimy 10 “"éimi.Pmi]T' where p;,j = 1,..,m;
denotes the controllability index of &;;.

Then, y;(t) can be designed as follows:

i€, (23)

- y-1 5
Hy =M (0; = Gy, (24)
— T i — Pj
where w; = [wjq, o, @y vy Wi, ] With ;. = =3, X
(Cijx SigN"Uk (€540 + Cij e sign‘iik (&), Gy and M; are given
as in Lemma A3, Cij,k' Cij,k' rl‘j,k’ and lij,k’ ] = 1, e, my,

k=1, -, Pj €an be determined according to Lemma A.4 in
Appendix A.
Now, the main result of this work is presented as follows.

Theorem 2. Suppose Assumptions 1-6 hold. Consider the
HMAS (1) and (2). The distributed FXGFT problem is solved

by the distributed control protocols consisting of (7), (23),
and (24).

Proof. The proofisto be accomplished via two steps. First,
it is shown that the tracking errors are bounded in [0, T;).
Second, we show that the tracking errors converge to zero in
a fixed time.

Step 1: é; is bounded in t € [0, T;).
Under Assumptions 2 and 3,
from (1), (3), (7), and (23) that

é, = A8, + By, + 11,5;. (25)

one can obtain

~ o o T
v €100 0 iy e gimi,Pmi]
and Al = Xlnl6l = [Ail,l’ ...,A

T

il,pl’ ey Aimi,l' ’Aimi'Pmi] .
Then, the dynamics of ¢;;, j = 1,...,m;, has the following
form:

Let éi = Xiéi = [éil,l""

jl
€ij1 = &ij2 T A1
ij2 = &ij3 T2
(26)

Pj
gij’Pj = Z (Cijr sign'uk (&; k)
k=1

_ e Liinra =
+ Cij,k sign ik (gij,k)) + Aij,P]"

As established in [44], system (26) is bounded-input-
bounded-state stable with A;; = [A;;,, ...,Aij,p},]-r regarded

as the input. Accorgling to Theorem 1, Si isbounded in [0, T}),
and consequently Aij,j =1,...,m;, are bounded on the same
interval. As a result, €; remains bounded as well. Since &; =
X;é; and X; is nonsingular, é; is also bounded in [0, T).

Step 2: Fixed-time convergence of é;.

For t = T,, we have §; = 0, which yields ¢; =
ei S xi - l—IiXOr - HFihxi' NOtl_ll_lg that Ei = Xiei =
[€i1,15 -+ Ei1,p s Eimy 1 o simi,pmi] ,the dynamicsof¢;;,j =

1,...,m;, has the following form:

€j1 = Eij2
Eij2 = Eij3
.
Pj
Eijp; = Z (Cijxe iGNk (&5 1) + Cij e Signl”""'(fij,k))-
=1

(27)

By Lemma A.4, it can be concluded that Vj € {1, ...,m;},
the system described by (27) is fixed-time stable with con-
vergence time bounded by T < T; + T,, where T, is given
by Lemma A.4. Since ¢;(t) = X;e;(t), with X; being invert-
ible, and ey,;(t) = Cie;(t) = y;(t) — hy;(t) — ¥o,-(t), one can
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conclude thatlim,_,; e,;(t) = Oand e,;(t) = Ofort = T.The
proof is thus completed. O

Remark 3. Under Assumption 1 and the condition
rank(B;) = m,, it follows from Lemma A.3 that there exists
a nonsingular matrix M; for each follower to construct the
fixed-time tracking component y; (t).

Remark 4. Compared with existing finite-time results in
[27-32], the upper bound of the convergence time in
this work is independent of the initial states of the con-
cerned system. Nevertheless, the proposed fixed-time con-
trol scheme may require larger control inputs than the afore-
mentioned finite-time approaches, which may pose chal-
lenges in energy-limited applications.

Remark 5. By applying a coordinate transformation, sys-
tem (25) is reformulated as m; single-input subsystems in
the controllable canonical form, where the coupling appears
only in the last equation of each block. A fixed-time control
scheme is then designed based on Lemma A.4. This design
avoids the computation of the generalized inverse of the fol-
lowers’ input matrix and relaxes the common full-row rank
assumption adopted in [38,39].

4. Simulation

This section presents a simulation to demonstrate the effec-
tiveness of the proposed FXGFT control protocol.

The HMAS is partitioned into three subgroups, each
with a single leader. Subgroups 1 and 2 each consist of one
leader and three followers, whereas subgroup 3 consists of
one leader and four followers. In this setting, Of; = {1,2,3},
sz = {4,5, 6}, and 0f3 = {7,8,9,10}. The interaction graph
is shown in Fig. 1.

As in [15], the system matrices of the followers are
described by

0 1 0

A4=LQ , B=1LQ , =1L ((10),
a; b, 1

4;=1,®0,

B]=12, C]=12,

Fig. 1. The interaction graph.

where i = {1,..,8}, j = {9,10}, the parameters {a;, b;}
are set as {—3,—-5}, {—2,-3}, {—4,—-6}, {—4,—4}, {—2,-2},
{—-3,—1},{-5, —3},and {—6, —6}, respectively. The reference
trajectories are generated in the form of (2) with 4, =1, ®
(5 g)andCy =1, ® (10).

The TVF vectors are given as

sin(t + ¢;)
cos(t + ¢,
hyi(t) = R e+ ) , i=1,..,10,
cos(t + ¢;)
—sin(t + ¢;)
where
i —1)2
w‘ i€ Ofl'
i—4)2n
¢ =1 Q, i € Op,
3
i—7
¥’ i € 0f3'

R =12,and Cx = 1, ® (1 0). Solving the linear matrix
Egs.(5)and (6) yieldsI; = ,®(; 3).T; = L®(—a; —by),

H]:IZ®(1 0),szlz®(0 1)!HFi:IZ®((1) (1)’
T =L, ®(-1-a; —b),Np; =1, ®(1 0)andly; =
I, ® (0 1).

Choose k;, = 24,k, = 5 k; = 6,p = 7/9,q =
907/700, and M; = 1,,i = 1, ..., 10, for the observer in (7)
and controller in (24). Let initial condition x;(0) be ran-
domly generated from the interval [—4, 4] and v;(0) = 0,4,
i = 1,...,10. The initial states of the leaders are x4, (0) =
(0,—0.8,0,0.8)", x,(0) = (1,0.8,—1,—0.8)", and x3(0) =
(1,0.9,0,0.9)".

The simulation results are shown in Figs. 2-4. Figure 2
shows the motion of the HMAS, where subgroups 1-3 are

Yi2 (%)

-20

-25

-30 -20 -10 0 10 20 30
yi (t)

Fig. 2. Motion of the HMAS.
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Fig. 3. The distributed observer error.
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Fig. 4. The GFT errors with the fixed-time control protocol. (a) Subgroup 1. (b) Subgroup 2. (c) Subgroup 3.
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lleg1 (2]
leg2(2)]]
legs (@)l

lley: (81l

Time(sec)

(a)

15 T T

----- lleya(®)l
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N lleys (@)l
\
\
10 /_:\‘ 1
\ S ‘-\

llewi ()]

o e
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Time(sec)

(b)

llewi ()]

Time(sec)

Q)

Fig.5. The GFT errors with the finite-time control protocol. (a) Subgroup 1. (b) Subgroup 2. (c) Subgroup 3.

represented in purple, orange, and cyan, respectively. The
leaders are marked with pentagrams, while the followers are
denoted by circles. It can be observed from Fig. 2 that the fol-
lowers in each subgroup form the desired TVF and track their
leader in a fixed time. The distributed observer error and the
GFT errors are depicted in Figs. 3 and 4, respectively.

For comparison, Fig. 5 depicts the GFT errors for a finite-
time control protocol obtained by removing the power index
greater than one from our method. The initial conditions for
both the HMAS and the distributed observers are set to be
identical in this comparison. It is evident from Figs. 4 and 5
that the FXGFT control protocol demonstrates much better
performance than the finite-time one.

5. Conclusion

This paper has investigated the FXGFT problem for HMASs
under a directed interaction graph. We have proposed a
novel distributed FXGFT control protocol comprising a fixed-
time observer and a distributed FXGFT controller. It has been
shown that, for each subgroup, the followers achieve the
desired sub-formation while tracking their subgroup leader.
More specifically, the proposed control protocol ensures that
the GFT errors converge to zero in a fixed time, and the
upper bound of the convergence time does not depend on
the initial states. Future research will focus on extending
the proposed approach to the sampled-data FXGFT prob-
lem for HMASs. Another promising direction is to investigate
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the robust FXGFT problem for HMASs under external distur-
bances and other uncertainties.
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Appendix A.

Lemma A.1 ([45]). Forany {; € R,i = 1,2,...,n, and any
L€ (0,1, (T, 16D < T, 1G] < TS, ICll)‘ For any
t> 1LY G < CR 1GD <t TR 1G]

Lemma A.2 ([33]). Consider the system z = g(z,t), where
g : R" x [0,0) - R" is a continuous vector function and
g(0,t) = 0. Assume there exists a continuous, positive definite
function W (z) : R™ - R such that W (z) < —a,(W(2))* —
by(W (2))* for all z € R™, where ay > 0,b, > 0,0 < a < 1,
and B > 1. Then, the system is fixed-time stable, with an upper
bound on the convergence time given by T <

1
ap(1-a) + bo(ﬁ n’

Lemma A.3 ([46]). For a linear system,

x = Ax + Bu, (A1)

where x € R", u € R™, A and B are the constant matrices.
Suppose that (A, B) is controllable and the rank(B) = m
one can find a nonsingular transformation matrix T € R™"
such that & Tx = [&],..¢&n]" Let py i = 1,..,m,
be the controllability index of &;. Then, & can be described by

& =111 81y Smas ---,fm,pm]T and the dynamics of §;,
i = 1,...,m, have the following form:
Séi,1 = fi,z'

S(i,z = fi,3'

F 4T AP T gpi-1
Sip, = t; APIE + t] AP Bu,

wheret] = iTTl,T, i, € R™is the kth canonical basis vector, and
1 = Sizo (1 + py) with py = 0.

Moreover define P = [§, ., fm,pm]T € R™, one has
&P = G& + Mu, (A.2)
where
t] AP t] AP7'B
G = , M=
t) APm th APm~1p

with M being invertible.

Lemma A.4 ([47]). Consider a system that is modeled as an
nth-order integrator:

X1 = Xy,
Xy = X3,

(A.3)
X, = U,

n

where x =[xy, ..., xn]T and u are the state and control inputs,
respectively.

The fixed-time controller is given as

n
- Z({’ sign%(x,) + 2, signfi (x,), (A4)
j=1
where {’j > 0 and Z’j > 0,j = 1,..,n, are the constants
such that the polynomials s™ + £,s™ ' + --- + £,5 + £, and
st +8,s" 1 + -+ 8,5+ ¢, are Hurwitz. The values a4, ..., @,

a;a;j

and By, ..., B, can be chosen as a;_; = 2L and B;_; =
2041 —0;

BjBj+1 :

Zﬁ;i_ﬂj,where] =2,..,M 0y = P41 =L a, = a €

(1—€,1),and B, = B € (1, 1+€) for sufficiently smalle, € > 0.
Moreover, the convergence time satisfies
i-p

A P,
< b max( 1) Amgx (P1)

T (=P min(@)

qlmax(PZ) qT_l
— =% A P),
(@ = D (@) max ()

where P, = PL.T > 0,i = 1,2, satisfy the Lyapunov equation

(A5)

PH;+ Hl.TPi = —Q;, with Q; being an arbitrary positive definite
matrix. The matrices D;, i = 1,2, have the following forms:
0 1 0
H = : : : ‘
1 0 0 1
-0, =, - =4,
0 1 0
H, =
2 0 0 1
—t -1, —,
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