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Three properties of the universal (U-) eigenvalues/eigenvectors of hypermatrices are proposed and proved. (1) The eigenvalue/eigenvector
of Kronecker product of hypermatrices is the product of eigenvalues/eigenvectors of factor hypermatrices. (2) The similarity of hyperma-
trices is de ined, and then it is proved that the similarity ensures the same eigenvalues/eigenvectors. (3) The Cayley–Hamilton Theorems
of Hypermatrix. These properties justify the reasonability of U-engenvalues/eigenvectors.
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1. Introduction

The eigenvalue/eigenvector of matrices plays a fundamen-
tal role in the matrix theory and has many applications.
Particularly in unmanned systems ranging from single-
vehicle autonomous navigation to multi-agent swarm coor-
dination, eigenvalue/eigenvector analysis provides the geo-
metric foundation for state-space dynamics. To reveal the
geometric meaning of eigenvalue/eigenvector, we consider
a matrix as a linear mapping over a ixed dimensional
Euclidian space, say, . Then geometrically an eigenvec-
tor represents a one-dimensional invariant subspace w.r.t.
the mapping determined by the given matrix. While, the
corresponding eigenvalue represents the proportional rate
of the mapping.

The classical eigenvalue/eigenvector is only de ined for
square matrices. A generalized de inition is described by the
following eigenequation:

(1)
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where is called the type of the eigenvalue/eigenvector.
When (the identity matrix), the solution
becomes the standard eigenvalue/eigenvector. When
, then the generalized eigenvector does not represent an

invariant subspace, but a subspace with certain relation-
ship with the subspace determined by . The relationship is
determined by .

Amore general case is that thematrix is not
a squarematrix [1]. Then determines amapping ,
and the solution of (1) has similar meaning as in
square case.

Motivated by the importance of eigenvalue/eigenvec-
tor in matrix analysis and applications, extending the
notions of eigenvalues/eigenvectors to the hypermatrix set-
ting becomes natural. In 2005, Qi [2] and Lim [3] irst
introduced thede initionof tensor eigenvalues/eigenvectors
independently. Since then, studies have been devoted to the
eigenvalue problems of hypermatrices (they are also com-
monly called tensors). In unmanned systems, hypermatri-
ces naturally arise in multi-sensor data fusion, swarm for-
mation control, and higher-order signal processing tasks.
Unmanned aerial vehicles (UAVs) and autonomous ground
vehicles generate inherently multi-way data through dis-
tributed sensor arrays, hyper-spectral imaging, and LiDAR
point clouds, necessitating ef icient eigen-decomposition
methods for real-time onboard processing.
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Let 𝒜 = (𝑎𝑖1,…,𝑖𝑑
) ∈ ℝ

𝑑
⏞𝑛×⋯×𝑛 be a hypermatrix with

order 𝑑 and dimension 𝑛 × ⋯ × 𝑛⏟⏟⏟⏟⏟
𝑑

[4]. Arranging the ele-

ments of 𝒜 into a matrix as

𝑀𝐴 ∶=
⎡
⎢
⎢
⎢
⎣

𝑎1,1,…,1 𝑎1,1,…,2 ⋯ 𝑎1,𝑛,…,𝑛

𝑎2,1,…,1 𝑎2,1,…,2 ⋯ 𝑎2,𝑛,…,𝑛

⋮
𝑎𝑛,1,…,1 𝑎𝑛,1,…,2 ⋯ 𝑎𝑛,𝑛,…,𝑛

⎤
⎥
⎥
⎥
⎦

, (2)

some existing definitions of eigenvalue/eigenvector for

hypermatrices are as follows.

(i) The H-eigenvalue/eigenvector [2]:

𝑀𝐴𝑥𝑑−1 = 𝜆𝑥[𝑑−1], 𝑥[𝑑−1] ∶= (𝑥𝑑−1
1 , … , 𝑥𝑑−1

𝑛 )T.
(3)

(ii) The E- (or Z-) eigenvalue/eigenvector [2]:

𝑀𝐴𝑥𝑑−1 = 𝜆𝑥 with 𝑥T𝑥 = 1. (4)

(iii) The D-eigenvalue/eigenvector [5]:

𝑀𝐴𝑥𝑑−1 = 𝜆𝐷𝑥 with 𝑥T𝐷𝑥 = 1. (5)

(iv) The Markov chain-based eigenvalue/eigenvector [6,7]:

𝑀𝐴𝑥𝑑−1 = 𝜆(𝑥1 + ⋯ + 𝑥𝑛)𝑑−2𝑥. (6)

(v) The generalized eigenvalue/eigenvector [8]:

𝑀𝐴𝑥𝑑−1 = 𝜆𝐵𝑥𝑑−1. (7)

(vi) The cubic eigenvalue/eigenvector with inner product

[9]:

𝑀𝐴𝑥3 = 𝜆(𝑥T𝑥)𝑥. (8)

The aforementioned eigenvalues/eigenvectors of

hypermatrices have revealed some useful properties of

hypermatrices, and have received many applications. How-

ever, they are all restricted on “vector form” of eigenvectors.

In certain sense, they are only interested in one-dimensional

subspaces.

Recently, the U-eigenvalue/eigenvector of hypermatri-

ces is proposed in [10]. The immediate motivation of this

kind of eigenvalue/eigenvector is based on the following

observation: Unlike a matrix, which can only be consid-

ered as a linear mapping from one-dimensional subspace to

another identical or different one-dimensional subspace, a

hypermatrix of order 𝑑 can be considered as a multi-linear

mapping from ℝ
𝑟

⏞𝑛×⋯×𝑛 (or ℝ𝑟𝑛) to ℝ
𝑠

⏞𝑛×⋯×𝑛 (or ℝ𝑠𝑛), where

𝑟, 𝑠 ≥ 1 and 𝑟 + 𝑠 = 𝑑. Hence, instead of “vector form”

of eigenvector, [10] proposes a “hypervector form” eigen-

vector. A hypervector of order 𝑟 can uniquely represent a

subspace of ℝ𝑛 spanned by its component vectors 𝑥 =
⋉𝑟

𝑖=1𝑥𝑖 ∼ Span(𝑥1, … , 𝑥𝑟). Hence if a hypermatrix maps an

𝑟-dimensional subspace to an 𝑠-dimensional subspace, it can

be expressed as the hypermatrix maps an hypervector of

order 𝑟 to a hypervector of order 𝑠. That is the geometric

meaning of U-eigenvalue/eigenvector of hypermatrix. As all

the components of the hypervector are the same, it is called

a diagonal (D-) hypermatrix. It is clear that most of existing

definitions of eigenvector are of this type. Hence, most of the

existing kinds of eigenvectors are D-eigenvectors.

To see theU-eigenvalue/eigenvector ismore reasonable

than the “vector form” eigenvalue/eigenvector, one can see

that the U-eigenvalue/eigenvector have many similar prop-

erties as the eigenvalue/eigenvector of matrices, such as the

linearity that if𝑥 is an eigenvectorw.r.t. eigenvalue𝜆, then𝑘𝑥,
𝑘 ≠ 0 is also an eigenvector w.r.t. the same 𝜆, etc. Moreover,

this paper reveals three properties of U-eigenvalue/eigen-

vector, which are natural extensions of their counterparts

in matrix case. They are: (1) The eigenvalue/eigenvector of

Kronecker product of hypermatrices is the product of eigen-

values/eigenvectors of factor hypermatrices. (2) The similar

hypermatrices have the same eigenvalues/eigenvectors. (3)

Under t-product and DK-STP the Cayley–Hamilton Theorem

of Hypermatrix can be obtained. These properties justify the

definition of U-eigenvalue/eigenvector.

This paper is arranged as follows. Section 2 consists

of some preliminaries, including (i) semi-tensor product

(STP) of matrices; (ii) matrix expression of hypermatri-

ces; (iii) definition and properties of hypervectors; (iv) U-

eigenvalue/eigenvector of hypermatrix. Section 3 considers

the Kronecker product of hypermatrices. It is proved that

the eigenvalues/eigenvectors of the product of hypermatri-

ces are the product of eigenvalues/eigenvectors of factor

hypermatrices. The similarity of hypermatrices is defined in

Sec. 4. It is also proved that the similar hypermatrices have

same eigenvalues/eigenvectors. Section 5 considers the gen-

eralized Cayley–Hamilton Theorem. Based on eigenequation

of square matrices, the t-product based and the dimension-

keeping (DK-) STP based Cayley–Hamilton Theorems are

obtained. Then based U-eigenequation, the corresponding

Cayley–Hamilton Theorem is also obtained, which shows the

reasonability of U-eigenvalue/eigenvector again.

Before ending this introduction, a list of notations is pre-

sented as follows:

(1) ℝ𝑛: 𝑛-dimensional real Euclidean space.

(2) ℳ𝑚×𝑛: the set of 𝑚 × 𝑛 matrices.

(3) lcm(𝑎, 𝑏): least common multiple of 𝑎 and 𝑏.
(4) ℝ𝑛1×𝑛2×⋯×𝑛𝑑: the 𝑑th order hypermatrices of dimen-

sions 𝑛1 × ⋯ × 𝑛𝑑.

(5) ℝ𝑛1⋉𝑛2⋉⋯⋉𝑛𝑑: the 𝑑th order hypervectors of dimensions

𝑛1, 𝑛2, … , 𝑛𝑑.

(6) 𝒜, ℬ, …: hypermatrices.

(7) i = {𝑖1, … , 𝑖𝑑}: set of indexes.
(8) 𝑀 j×k(𝒜): matrix expression of 𝒜, which has rows

labeled by j and columns labeled by k.

(9) [𝑎, 𝑏]: the set of integers 𝑎 ≤ 𝑖 ≤ 𝑏.
(10) 𝛿𝑖

𝑛: the 𝑖th column of the identity matrix 𝐼𝑛.
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(11) 𝛿𝐼
𝑛 ∶= [(𝛿1

𝑛)T, (𝛿2
𝑛)T, … , (𝛿𝑛

𝑛)T]T.
(12) Δ𝑛 ∶= {𝛿𝑖

𝑛|𝑖 = 1, … , 𝑛}.
(13) 𝛿𝑛[𝑖1, … , 𝑖𝑠] ∶= [𝛿𝑖1

𝑛 , … , 𝛿𝑖𝑠
𝑛 ].

(14) 1ℓ ∶= (1, 1, … , 1⏟
ℓ

)T.

(15) 𝑆(𝑥): the subspace spanned by {𝑥1, … , 𝑥𝑟}, where 𝑥 =
⋉𝑟

𝑖=1𝑥𝑖.

(16) ⊗: Kronecker product of matrices.

(17) ⋉: semi-tensor product (STP) of matrices.

(18)

⋉

: dimension keeping semi-tensor product (DK-STP) of

matrices.

(19) ×j: contract product of twohypermatriceswith respect

to their common index subset j.

(20) 𝒯 𝑟
𝑠 (𝑉 ): the set of tensors over 𝑉 with covariant order

𝑟 and contra-variant order 𝑠. When 𝑠 = 0, 𝒯 𝑟(𝑉 )
denotes the set of covariant tensor over 𝑉 with covari-

ant order 𝑟.
(21) ⊞(𝐴) = 𝑏circ(𝐴).
(22) ⊛: t-product.

2. Preliminaries

This section provides some necessary mathematical prelim-

inaries concerning the STP, hypermatrices and hypervectors.

2.1. STP of matrices

Definition 2.1 ([11, 12]). Let 𝐴 ∈ ℳ𝑚×𝑛, 𝐵 ∈ ℳ𝑝×𝑞, and

𝑡 = lcm(𝑛, 𝑝). The STP of 𝐴 and 𝐵 is defined as

𝐴 ⋉ 𝐵 = (𝐴 ⊗ 𝐼𝑡/𝑛)(𝐵 ⊗ 𝐼𝑡/𝑝). (9)

The STP is a generalization of the classical matrix prod-

uct, i.e. when 𝑛 = 𝑝, 𝐴 ⋉ 𝐵 = 𝐴𝐵. Due to this, we omit the

symbol⋉ inmost cases. Some fundamental properties of STP

are summarized as follows.

Proposition 2.2. (i) (Associativity) Let 𝐴, 𝐵, 𝐶 be three

matrices of arbitrary dimensions. Then (𝐴 ⋉ 𝐵) ⋉ 𝐶 =
𝐴 ⋉ (𝐵 ⋉ 𝐶).

(ii) (Distributivity) Let 𝐴, 𝐵 be two matrices of same

dimension, 𝐶 is of arbitrary dimension. Then (𝐴 + 𝐵) ⋉
𝐶 = 𝐴 ⋉ 𝐶 + 𝐵 ⋉ 𝐶, 𝐶 ⋉ (𝐴 + 𝐵) = 𝐶 ⋉ 𝐴 + 𝐶 ⋉ 𝐵.

(iii) Let 𝐴, 𝐵 be two matrices of arbitrary dimensions. Then

(𝐴 ⋉ 𝐵)T = 𝐵T ⋉ 𝐴T. If 𝐴, 𝐵 are invertible, then (𝐴 ⋉
𝐵)−1 = 𝐵−1 ⋉ 𝐴−1.

2.2. Hypermatrices

Definition 2.3. (i) A hypermatrix of order 𝑑 and dimen-

sion 𝑛1 × ⋯ × 𝑛𝑑 is a set of data, which are labeled by 𝑑
indexes 𝑖𝑠, 𝑠 ∈ [1, 𝑑] with 𝑖𝑠 ∈ [1, 𝑛𝑠]. That is,

𝒜 = (𝑎𝑖1,…,𝑖𝑑
| 𝑖𝑠 ∈ [1, 𝑛𝑠], 𝑠 ∈ [1, 𝑑]) ∈ ℝ𝑛1×⋯×𝑛𝑑.

(ii) Assume i = {𝑖1, … , 𝑖𝑑}, j = {𝑗1, … , 𝑗𝑟}, k =
{𝑘1, … , 𝑘𝑠}, and i = j∪k be a partition, where 𝑟+𝑠 = 𝑑.
Then 𝒜 can be arranged into a matrix as

𝐴 = 𝑀 j×k(𝒜), (10)

where 𝐴 = (𝑎𝛼,𝛽) of dimension 𝑛k × 𝑛j with

𝑛j =
𝑟

∏
𝑡=1

𝑛𝑗𝑡
, 𝑛k =

𝑠

∏
𝑡=1

𝑛𝑘𝑡
,

while its row labels 𝛼 are indexed by {𝑗1, … , 𝑗𝑟}, its col-
umn labels 𝛽 are indexed by {𝑘1, … , 𝑘𝑠}, and the ele-

ments are arranged in alphabetic order.

Remark 2.4. (i) If k = ∅, then 𝒜 is arranged into a col-

umn vector as

𝑉 (𝒜) = 𝑀 i×∅.

(ii) Recall the 𝑀𝐴 defined by (2), it is clear that

𝑀𝐴 = 𝑀{𝑖1}×{𝑖2,…,𝑖𝑑}(𝒜).

(iii) Note that a hypermatrix of order 2, say, 𝒜 = (𝑎𝑖,𝑗),
is commonly considered as a matrix. In fact, it is not

a matrix. Only when its matrix expression is fixed, it

becomes either a vector (row or column) or amatrix (𝐴
or 𝐴T). So the properties of a matrix can be obtained

only for a specifiedmatrix expression of𝒜. For a hyper-

matrix of order 𝑑 ≥ 3, it has more matrix expres-

sions. To get its matrix-type of properties, its matrix

expression should be fixed in advance. Looking for

some matrix-type of properties of a general hyperma-

trix without fixed matrix expression is meaningless.

2.3. Hypervectors

Definition 2.5. (i) Let 𝑥 ∈ ℝ𝑛, where 𝑛 = ∏𝑟
𝑖=1 𝑛𝑖, if

there exist 𝑥𝑖 ∈ ℝ𝑛𝑖 , 𝑖 ∈ [1, 𝑟] such that 𝑥 = ⋉𝑟
𝑖=1𝑥𝑖,

then 𝑥 is called a hypervector of order 𝑟 and dimension

𝑛1 × ⋯ × 𝑛𝑟. Here, 𝑥𝑖, 𝑖 ∈ [1, 𝑟] are components of 𝑥.
(ii) The set of hypervectors of order 𝑟 and dimension 𝑛1 ×

⋯ × 𝑛𝑟 is denoted by ℝ𝑛1⋉⋯⋉𝑛𝑟 .

(iii) Assume 0 ≠ 𝑥 ∈ ℝ𝑛1⋉⋯⋉𝑛𝑟 . Let 𝑒 = min𝑠{𝑥𝑠 ≠ 0} be

the head index and 𝑥𝑒 is called the head value of 𝑥. 𝑥 is

called a monic hypervector, if 𝑥𝑒 = 1.

Lemma 2.6 ([10]). Assume 0 ≠ 𝑥 ∈ ℝ𝑛1⋉⋯⋉𝑛𝑟 with the head

index 𝑒,

𝑒 = min{𝑖 | 𝑥𝑖 ≠ 0}.

𝑥𝑒 = 𝑎 ≠ 0. Then there exists a unique decomposition

𝑥 = 𝑎 ⋉𝑟
𝑖=1 𝑥𝑖, (11)

where 𝑥𝑖, 𝑖 ∈ [1, 𝑟] are all monic.

In [10], a monic decomposition algorithm is obtained.

By using the above lemma, the following result is obvious.
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Proposition 2.7. Consider 𝑥 ∈ ℝ
𝑟

⏞𝑛⋉⋯⋉𝑛. Then 𝑥 can uniquely

determine a subspace 𝑆(𝑥) = Span{𝑥1, … , 𝑥𝑟} ⊂ ℝ𝑛, where
𝑥 = 𝑎 ⋉𝑟

𝑖=1 𝑥𝑖 is its monic decomposition.

2.4. U-eigenvalue/eigenvector of hypermatrix

As we emphasized in (iii) of Remark 2.4, when we mention

the eigenvalues/eigenvectors of a hypermatrix, its matrix

expression must be specified.

Definition 2.8. Assume 𝒜 = (𝑎𝑖1,…,𝑖𝑑
) ∈ ℝ

𝑑
⏞𝑛×⋯×𝑛 is given

with its matrix expression

𝑀𝐴 ∶= 𝑀 j×k(𝒜),

where i = j∪ k is a partition with |j| ∶= 𝑟 ≥ 1 and |k| ∶= 𝑠 ≥

1. Then 0 ≠ 𝑥 ∈ ℝ
𝑟

⏞𝑛⋉⋯⋉𝑛 is called a (U-) eigenvector of𝒜w.r.t.

(U-) eigenvalue 𝜆 and type 𝐵 = (𝐵1, … , 𝐵𝑠), if there exist

𝑦𝑗 = 𝐵𝑗𝑥, 𝑗 ∈ [1, 𝑠], (12)

such that

𝑀𝐴𝑥 = 𝜆 ⋉𝑠
𝑗=1 𝑦𝑗. (13)

Remark 2.9. (i) The geometric meaning of U-

eigenvalue/eigenvector is: 𝒜 maps a subspace 𝑆(𝑥) to
its (𝐵-) related subspace 𝑆(𝑦).

(ii) The U-eigenvalue/eigenvector of 𝒜 depends on the

index partition i = j × k. Particularly, if |j| = 𝑟, |k| = 𝑠,
and |i| = 𝑟 + 𝑠. Then dim(𝑆(𝑥)) ≤ 𝑟, dim(𝑆(𝑦)) ≤ 𝑠.

We give a simple numerical example.

Example 2.10. Consider a cubic matrix 𝒜 = (𝑎𝑠,𝑖,𝑗) ∈
ℝ2×2×2. It is commonly expressed in a normal form as [13]

𝑀𝐴 ∶= 𝑀𝑠𝑖×𝑗(𝒜) ∶= [
𝐴(1)

𝐴(2)] ,

where

𝐴(1) = [
2 1
0 1

] , 𝐴(2) = [
0 −1
0 −2

] .

(i) Let 𝑦1 = 𝑦2 = 𝑥. Then we have

𝑀𝐴𝑥 = 𝜆𝑥2. (14)

Note that 𝑦1 = 𝑦2 = 𝑥 is equivalent to

𝑦𝑖 = 𝐵𝑥2 = Ξ𝑒
1,2𝑥2, 𝑖 = 1, 2. (15)

(ii) Let

𝑁𝐴 = 𝑀 𝑖×𝑠𝑗(𝒜) = [𝐴(1), 𝐴(2)].

We consider 𝑦 = (𝑥1 + 𝑥2)/2. Then we have

𝑁𝐴𝑥1𝑥2 = 𝜆(𝑥1 + 𝑥2)/2. (16)

Particularly, set 𝑥1 = 𝑥2, then we have

𝑁𝐴𝑥2 = 𝜆𝑥, (17)

which is the E- (or Z-) eigen-problem.

(iii) Set 𝑥1 = 𝑥2 ∶= 𝑥 = (𝑥1, 𝑥2)T. Then

𝑥2 = ((𝑥1)2, 𝑥1𝑥2, 𝑥2𝑥1, (𝑥2)2)T.

Choose

𝑦1 = (1, 0, 0, 0)𝑥2 = (𝑥1)2,
𝑦2 = (0, 0, 0, 1)𝑥2 = (𝑥2)2.

Then the problem becomes H-eigen problem.

It is not difficult to choose proper 𝐵 such that the U-

eigen-problem becomes the eigen-problems of (5)–(7)

respectively.

(iv) Using the method proposed in [10] to solve the eigen-

problem. We skip the detail and give some easily verifi-

able results.

(a) A solution of the eigen-problem described by (14)

is

𝜆 = 2, and 𝑥 = (1, 0)T. (18)

(b) A solution of the eigen-problem described by (17)

is

𝜆 = 2, and 𝑥2 = (1, 0, 0, 0)T. (19)

3. Kronecker Product of Hypermatrices

Definition 3.1. Given 𝒜 = (𝑎𝑖1,…,𝑖𝑟
) ∈ ℝ

𝑟
⏞⏞⏞⏞⏞𝑚×⋯×𝑚 and ℬ =

(𝑏𝑗1,…,𝑗𝑠
) ∈ ℝ

𝑠
⏞𝑛×⋯×𝑛. Define

𝒞 = {𝑐𝑖1,…,𝑖𝑟,𝑗1,…,𝑗𝑠
} = 𝒜 ⊗ ℬ ∈ ℝ

𝑟
⏞⏞⏞⏞⏞𝑚×⋯×𝑚 ×

𝑠
⏞𝑛×⋯×𝑛,

as follows:

𝑐𝑖1,…,𝑖𝑟,𝑗1,…,𝑗𝑠
= 𝑎𝑖1,…,𝑖𝑟

𝑏𝑗1,…,𝑗𝑠
, ∀ i, j. (20)

The following proposition comes from Definition 3.1.

Proposition 3.2. Let i = i1 ∪ i2, j = j1 ∪ j2 be two partitions.

Assume 𝒞 = 𝒜 ⊗ ℬ, and

𝐴 = 𝑀 i1×i2(𝒜),

𝐵 = 𝑀 j1×j2(ℬ),

𝐶 = 𝑀{i1,j1}×{i2,j2}(𝒞),

then

𝐶 = 𝐴 ⊗ 𝐵. (21)

Proposition 3.2 leads to the following result immedi-

ately.
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Proposition 3.3. Let 𝒜, ℬ, and 𝒞 = 𝒜 ⊗ ℬ be as described

above. Assume 𝜆 and 𝜇 are eigenvalues of 𝒜 and ℬ w.r.t. parti-

tions i = i1 ∪ i2, j = j1 ∪ j2 as described in Proposition 3.2, and

the corresponding eigenvectors are 𝑥 and 𝑦 respectively w.r.t.

types 𝐵1 and 𝐵2 respectively.

Then 𝜆𝜇 is an eigenvalue of 𝒞 w.r.t. the partition

{i, j} = {i1, j1} ∪ {i2, j2},

the eigenvector 𝑥𝑦 and the type 𝐵1 ⊗ 𝐵2.

Example 3.4. Recall Example 2.10. Assume

𝐶 = 𝑀𝐴 ⊗ 𝑁𝐴 =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

4 2 0 −2 2 1 0 −1
0 2 0 −4 0 1 0 −2
0 0 0 0 2 1 0 −1
0 0 0 0 0 1 0 −2
0 0 0 0 −2 −1 0 1
0 0 0 0 0 −1 0 2
0 0 0 0 −4 −2 0 2
0 0 0 0 0 −2 0 4

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

.

Note that 𝑥 = (1, 0)T is the eigenvector of 𝑀𝐴 with eigen-

value 𝜆1 = 2, and 𝑥2 = (1, 0.0.0)T is the eigenvector of 𝑁𝐴
with eigenvalue𝜆2 = 2w.r.t. 𝑦1 = 𝐵1𝑥 = 𝑥 and 𝑦2

𝑖 = 𝐵2𝑥2 =
𝑥, 𝑖 = 1, 2. Then

𝐵1 ⊗ 𝐵2
1 ⊗ 𝐵2

2𝑥3 = 𝑥3.

According to Proposition 3.3 we have that 𝑥3 = 𝑥𝑥2 is the

eigenvector of 𝐶 w.r.t. 𝜆 = 𝜆1𝜆2 = 4.
A straightforward computation shows that

𝐶𝑥3 = 4𝑥3,

which verified Proposition 3.3.

4. Similarity

Definition 4.1. Let 𝒜 = (𝑎𝑖1,…,𝑖𝑑
), ℬ = (𝑏𝑖1,…,𝑖𝑑

) ∈

ℝ
𝑑

⏞𝑛×⋯×𝑛, i = j ∪ k be a partition with |j| = 𝑝, and |k| = 𝑞,
𝑝 + 𝑞 = 𝑑.

𝒜 is similar to ℬ w.r.t. j × k, denoted by 𝒜 ∼j×k ℬ, if

there exists a nonsingular matrix 𝑇 ∈ ℳ𝑛×𝑛, such that

(𝑇 −1 ⊗ ⋯ ⊗ 𝑇 −1⏟⏟⏟⏟⏟⏟⏟
𝑠

)𝐴(𝑇 ⊗ ⋯ ⊗ 𝑇⏟⏟⏟⏟⏟
𝑟

) = 𝐵, (22)

where

𝐴 = 𝑀 j×k(𝒜), 𝐵 = 𝑀 j×k(ℬ).

Remark 4.2. (i) Let 𝐸 = (𝑒1, … , 𝑒𝑛) be a basis of ℝ𝑛, and

𝑥 be a vector expression of 𝑋 = ∑𝑛
𝑖=1 𝑥𝑖𝑒𝑖. That is,

𝑋 = 𝐸𝑥. Similarly, 𝐸′ = (𝑒′
1, … , 𝑒′

𝑛) is another basis of
ℝ𝑛, and 𝐸 = 𝐸′𝑇. Then the expression

𝐸𝑥
𝐴
−→ 𝐸𝐴𝑥, (23)

can be changed to

𝐸′𝑇 𝑥
𝐴
−→ 𝐸′𝑇 𝐴𝑥.

Setting 𝑧 = 𝑇 𝑥 yields

𝐸′𝑧
𝐴
−→ 𝐸′𝑇 𝐴𝑇 −1𝑧. (24)

Equivalently, we have

𝐸′𝑧
𝐴
−→ 𝐸′𝐴′𝑧, (25)

where

𝐴′ = 𝑇 𝐴𝑇 −1. (26)

(26) shows that under the basis transformation 𝐸 =
𝐸′𝑇, the matrix expression of linear mapping changed

from 𝐴 to its similar matrix 𝑇 𝐴𝑇 −1. Hence the physical

meaning of “similarity” can be understood as the differ-

ent expressions caused by basis transformation.

(ii) Consider a tensor 𝑡 ∈ 𝒯 𝑟
𝑠 �which is a tensor over 𝑉 = ℝ𝑛

with basis 𝐸 and dual basis 𝐷 = 𝐸−1. 𝑋𝑖 ∈ 𝑉, 𝑖 ∈ [1, 𝑟]
are expressed by 𝑋𝑖 = 𝐸𝑥𝑖 and Ω𝑗 ∈ 𝑉 ∗, 𝑗 ∈ [1, 𝑠] are
expressed by Ω𝑗 = 𝜔𝑗𝐷. Then

𝑡(𝑥1, … , 𝑥𝑟, 𝜔1, … , 𝜔𝑠) = 𝜔𝑠 ⋯ 𝜔1𝑀𝑡𝑥1 ⋯ 𝑥𝑟,

where 𝑀𝑡 is the structure matrix of 𝑡, which is con-

structed as follows. Let

𝐸 = [𝑒1, 𝑒2, … , 𝑒𝑛],

𝐷 =
⎡
⎢
⎢
⎢
⎣

𝑑1

𝑑2

⋮
𝑑𝑛

⎤
⎥
⎥
⎥
⎦

.

Define tensor coefficients as

𝜇𝑖1,…,𝑖𝑟
𝑗1,…,𝑗𝑠

∶= 𝑡(𝑒𝑖1
, … , 𝑒𝑖𝑟

, 𝑑𝑗1
, … , 𝑑𝑗𝑠

),

𝑖𝛼, 𝑗𝛽 ∈ [1, 𝑛], 𝛼 ∈ [1, 𝑟], 𝛽 ∈ [1, 𝑠].

Then we can construct the structure matrix of 𝑡 as

𝑀𝑡 ∶=

⎡
⎢
⎢
⎢
⎢
⎣

𝜇1,…,1
1,…,1 𝜇1,…,2

1,…,1 ⋯ 𝜇𝑛,…,𝑛
1,…,1

𝜇1,…,1
1,…,2 𝜇1,…,2

1,…,2 ⋯ 𝜇𝑛,…,𝑛
1,…,2

⋮ ⋮ ⋱ ⋮

𝜇1,…,1
𝑛,…,𝑛 𝜇1,…,2

𝑛,…,𝑛 ⋯ 𝜇𝑛,…,𝑛
𝑛,…,𝑛

⎤
⎥
⎥
⎥
⎥
⎦

. (27)

Nowassume thebasis of the vector space𝑉 changes from

𝐸 to 𝐸′ and its dual basis changes from 𝐷 to 𝐷′, where

𝐸 = 𝐸′𝑇 ; 𝐷 = 𝑇 −1𝐷′.
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Then

𝑋 = 𝐸𝑥 = 𝐸′𝑇 𝑥 ∶= 𝐸′𝑧 ⇒ 𝑧 = 𝑇 𝑥;

Ω = 𝜔𝐷 = 𝜔𝑇 −1𝐷′ ∶= 𝜇𝐷′ ⇒ 𝜇 = 𝜔𝑇 −1.
(28)

Assume under new basis the structure matrix becomes

𝑀 ′
𝑡 . Then we have

𝜇𝑠 ⋯ 𝜇1𝑀 ′
𝑡 𝑧1 ⋯ 𝑧𝑟 = 𝜔𝑠 ⋯ 𝜔1𝑀𝑡𝑥1 ⋯ 𝑥𝑟. (29)

Using (28) we have

𝜔𝑠 ⋯ 𝜔1(𝑇 −1 ⊗ ⋯ ⊗ 𝑇 −1⏟⏟⏟⏟⏟⏟⏟
𝑠

)𝑀 ′
𝑡 (𝑇 ⊗ ⋯ ⊗ 𝑇⏟⏟⏟⏟⏟

𝑟
)𝑥1 ⋯ 𝑥𝑟

= 𝜔𝑠 ⋯ 𝜔1𝑀𝑡𝑥1 ⋯ 𝑥𝑟. (30)

Since 𝜔𝑗 and 𝑥𝑖 are arbitrary, (30) implies that

(𝑇 −1 ⊗ ⋯ ⊗ 𝑇 −1⏟⏟⏟⏟⏟⏟⏟
𝑠

)𝑀 ′
𝑡 (𝑇 ⊗ ⋯ ⊗ 𝑇⏟⏟⏟⏟⏟

𝑟
) = 𝑀𝑡. (31)

(31) shows the physical meaning of the similarity

defined by Definition 4.1.When a hypermatrix is consid-

ered as the structurematrix of a tensor, similaritymeans

the transfer of structure matrix under basis change of

the bearing space. This is obviously the generalization of

the similarity of matrices.

Proposition 4.3. Assume 𝒫 = (𝑝𝑖1,…,𝑖𝑑
), 𝒬 = (𝑞𝑖1,…,𝑖𝑑

) ∈

ℝ
𝑑

⏞𝑛×⋯×𝑛, i = j ∪ k, |j| = 𝑠, |k| = 𝑟, and

𝒫 ∼j×k 𝒬.

Let 𝑥 = ⋉𝑟
𝑖=1𝑥𝑖 be a hyper eigenvector of 𝒫 w.r.t. eigenvalue 𝜆

and type 𝐵 = (𝐵1, … , 𝐵𝑠). Then 𝑧 = ⋉𝑟
𝑖=1(𝑇 −1𝑥𝑖) is a hyper

eigenvector of𝒬w.r.t. eigenvalue𝜆and type𝐵′ = (𝐵′
1, … , 𝐵′

𝑠)
with

𝐵′
𝑗 = 𝑇 −1𝐵𝑗(𝑇 ⊗ ⋯ ⊗ 𝑇⏟⏟⏟⏟⏟

𝑠
), 𝑗 ∈ [1, 𝑠], (32)

where 𝑇 ∈ ℳ𝑛×𝑛 is nonsingular.

Proof. Let

𝑃 = 𝑀 j×k(𝒫),

𝑄 = 𝑀 j×k(𝒬).

By definition of similarity, there is a nonsingular matrix 𝑇 ∈
ℳ𝑛×𝑛 such that

𝑄 = (𝑇 −1 ⊗ ⋯ ⊗ 𝑇 −1⏟⏟⏟⏟⏟⏟⏟
𝑠

)𝑃 (𝑇 ⊗ ⋯ ⊗ 𝑇⏟⏟⏟⏟⏟
𝑡

). (33)

Let 𝑥 = ⋉𝑟
𝑖=1𝑥𝑖 be the eigenvector of 𝒫 w.r.t. eigenvalue

𝜇 and type 𝐵 = (𝐵1, … , 𝐵𝑠). That is,

{
𝑃 ⋉𝑟

𝑖=1 𝑥𝑖 = 𝜆 ⋉𝑠
𝑗=1 𝑦𝑗,

𝑦𝑗 = 𝐵𝑗𝑥 = 𝐵𝑗 ⋉𝑟
𝑖=1 𝑥𝑖, 𝑗 ∈ [1, 𝑠].

(34)

Consider

𝑄𝑧 = 𝑄 ⋉𝑟
𝑖=1 (𝑇 −1𝑥𝑖) = (𝑇 −1 ⊗ ⋯ ⊗ 𝑇 −1⏟⏟⏟⏟⏟⏟⏟

𝑟
)𝑃 ⋉𝑟

𝑖=1 𝑥𝑖

= 𝜆(𝑇 −1 ⊗ ⋯ ⊗ 𝑇 −1⏟⏟⏟⏟⏟⏟⏟
𝑠

) ⋉𝑠
𝑗=1 𝑦𝑗

= 𝜆 ⋉𝑠
𝑗=1 (𝑇 −1𝑦𝑗) ∶= 𝜆 ⋉𝑠

𝑗=1 ̄𝑦𝑗.

̄𝑦𝑗 = 𝑇 −1𝑦𝑗 = 𝑇 −1𝐵𝑗𝑥

= 𝑇 −1𝐵𝑗(𝑇 ⊗ ⋯ ⊗ 𝑇⏟⏟⏟⏟⏟
𝑟

)𝑧, 𝑗 ∈ [1, 𝑠],

which proves (32).

Example 4.4. Recall Example 2.10.

(i) Let ℬ ∼j×k 𝒜, where j = {𝑠, 𝑖} and k = {𝑗}, be defined
by

𝑀𝐵 = (𝑇 −1 ⊗ 𝑇 −1)𝑀𝐴𝑇 , (35)

where

𝑇 = [
2 1
1 1

] .

Then

𝑀𝐵 =
⎡
⎢
⎢
⎢
⎣

3 1
0 2

−2 0
−3 −5

⎤
⎥
⎥
⎥
⎦

.

Consider (14). It is known that 𝑥 = (1, 0)T is the eigen-

vector of 𝒜 with respect to eigenvalue 2. Set

𝑧 = 𝑇 −1𝑥 = (1, −1)T .

We known that (refer to (15))

𝑦𝑖 = Ξ𝑒
1,2𝑥2 = (𝐼2 ⊗ 1T

2)𝑥2 ∶= 𝐵𝑥2, 𝑖 = 1, 2.

Under new frame, it is easy to calculate that

𝑦′
𝑖 = 𝑇 −1𝐵(𝑇 ⊗ 𝑇 )𝑧2 = 𝑧.

Hence, we have to verify that

𝑀𝐵𝑧 = 𝜆𝑧2. (36)

(36) is straightforward verifiable. This verifies Proposi-

tion 4.3.

(ii) Let ℬ ∼j×k 𝒜, where j = {𝑠} and k = {𝑖, 𝑗}, be defined
by

𝑁𝐵 = 𝑇 −1𝑁𝐴(𝑇 ⊗ 𝑇 ). (37)
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Then

𝑁𝐵 =
⎡
⎢
⎢
⎢
⎣

3 1
0 2

−2 0
−3 −5

⎤
⎥
⎥
⎥
⎦

.

Consider (17). It is known that 𝑥2 = (1, 0, 0, 0)T is the

eigenvector of 𝒜 with respect to eigenvalue 2. Set

𝑧 = 𝑇 −1𝑥 = (1, −1)T .

We known that

𝑦𝑖 = Ξ𝑒
1,2𝑥2 = 𝑥, 𝑖 = 1, 2.

Hence, we have to verify that

𝑁𝐵𝑧2 = 𝜆𝑧. (38)

(38) is straightforward verifiable. It also verifies Propo-

sition 4.3.

5. Generalized Cayley–Hamilton Theorem

for Hypermatrix

5.1. t-product based Cayley–Hamilton theorem

Consider the set of cubic matrices ℝ𝑟×𝑛×𝑛.

Definition 5.1 ([13]). Let 𝒜 ∈ ℝ𝑟×𝑛×𝑛.

(i) The (standard) matrix expression of 𝒜 = (𝑎𝑘,𝑖,𝑗) ∈
ℝ𝑟×𝑚×𝑛 is defined as

𝐴 = 𝑀{𝑘,𝑖}×{𝑗}(𝒜) =
⎡
⎢
⎢
⎢
⎣

𝐴(1)

𝐴(2)

⋮
𝐴(𝑟)

⎤
⎥
⎥
⎥
⎦

. (39)

(ii) Assume𝐴 is thematrix expression of𝒜 ∈ ℝ𝑟×𝑚×𝑛 as in

(39). The bcirc of 𝒜 (or briefly, 𝐴) is

⊞(𝐴) =

⎡
⎢
⎢
⎢
⎢
⎢
⎣

𝐴(1) 𝐴(𝑟) 𝐴(𝑟−1) ⋯ 𝐴(2)

𝐴(2) 𝐴(1) 𝐴(𝑟) ⋯ 𝐴(3)

𝐴(3) 𝐴(2) ⋯ 𝐴(4)

⋮ ⋯
𝐴(𝑟) 𝐴(𝑟−1) ⋯ 𝐴(1)

⎤
⎥
⎥
⎥
⎥
⎥
⎦

∈ ℳ𝑟𝑚×𝑟𝑛. (40)

(iii) Assume 𝐴 is the matrix expression of 𝒜 ∈ ℝ𝑟×𝑚×𝑛 and

𝐵 is the matrix expression of ℬ ∈ ℝ𝑟×𝑛×𝑞, the t-product

of 𝒜 and ℬ is defined by

𝒜 ⊛ ℬ ∶= ⊞(𝐴)𝐵 ∈ ℳ𝑟𝑚×𝑞. (41)

We need some new notations as follows:

(i) Define the matrix expression of the identity as

𝐼𝑟
𝑛 =

⎡
⎢
⎢
⎢
⎣

𝐼𝑛

0
⋮
0

⎤
⎥
⎥
⎥
⎦

. (42)

(ii) Let 𝒜 ∈ ℝ𝑠×𝑛×𝑛. Define

𝒜⟨𝑛⟩ =
⎧{
⎨{⎩

𝐼𝑟
𝑛, 𝑛 = 0,

𝐴 ⊛ ⋯ ⊛ 𝐴⏟⏟⏟⏟⏟
𝑛

, 𝑛 ≥ 1. (43)

The following result is called the t-product Based

Cayley–Hamilton theorem.

Proposition 5.2. Consider 𝒜 ∈ ℝ𝑟×𝑛×𝑛 with its matrix

expression 𝐴. Let

𝑓(𝜆) = 𝜆𝑟𝑛 + 𝑐1𝜆𝑟𝑛−1 + ⋯ + 𝑐𝑟𝑛−1𝜆 + 𝑐𝑟𝑛 = 0,

be the characteristic function of ⊞(𝐴). Then

𝑓(⟨𝐴⟩) = 𝐴⟨𝑟𝑛⟩ + 𝑐1𝐴⟨𝑟𝑛−1⟩ + ⋯ + 𝑐𝑟𝑛−1𝐴 + 𝑐𝑟𝑛𝐼𝑟
𝑛 = 0.

(44)

The t-product based Cayley–Hamilton theorem can be

used for 𝑘 > 3 cases, if the set of hypermatrices can be con-

verted into the required cubic form as in Proposition 5.2. The

following example shows this.

Remark 5.3. (i) Consider ℝ
𝑑

⏞𝑛×⋯×𝑛 with index set i =
{𝑖1, … , 𝑖𝑑}. Splitting i = j ∪ k, where |j| = 𝑟, |k| = 𝑠,
𝑟 + 𝑠 = 𝑑, and 𝑟 ≥ 𝑠, and setting 𝑛0 = 𝑛𝑠 and 𝑟0 = 𝑛𝑟−𝑠,

then 𝒜 ∈ ℝ
𝑑

⏞𝑛×⋯×𝑛 can be embedded into ℝ𝑟0×𝑛0×𝑛0 as

𝐴 = 𝑀 r×s(𝒜) =
⎡
⎢
⎢
⎢
⎣

𝐴(1)

𝐴(2)

⋮
𝐴(𝑟0)

⎤
⎥
⎥
⎥
⎦

.

With the t-product 𝒞 = 𝒜⊛ℬ has its matrix expression

as 𝐶 = 𝐴 ⊛ 𝐵, the t-product Cayley–Hamilton theorem

can also be obtained forℝ
𝑑

⏞𝑛×⋯×𝑛 w.r.t. the required index

partition.

(ii) Consider ℝ𝑛1×⋯×𝑛𝑑 with its index partition

i = j ∪ s ∪ t, (45)

where 𝑟 = ∏𝑖∈j 𝑛𝑖, 𝑢 = ∏𝑖∈s 𝑛𝑖, and 𝑣 = ∏𝑖∈t 𝑛𝑖. (45)

is called an isosceles partition if 𝑢 = 𝑣.
Let (45) be an isosceles partition of ℝ𝑛1×⋯×𝑛𝑑 and

𝒜 ∈ ℝ𝑛1×⋯×𝑛𝑑 . Then the matrix expression of 𝒜 w.r.t.
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(45) is

𝐴 = 𝑀{j,s}×{t}(𝒜) =
⎡
⎢
⎢
⎢
⎣

𝐴(1)

𝐴(2)

⋮
𝐴(𝑟)

⎤
⎥
⎥
⎥
⎦

. (46)

In thisway,𝒜 is embedded into the set of cubicmatrices

ℝ𝑟×𝑢×𝑢. The t-product Cayley–Hamilton theorem can

also be obtained for ℝ𝑛1×⋯×𝑛𝑑 w.r.t. each isosceles par-

tition.

(iii) A trivial isosceles partition is

i = i ∪ ∅ ∪ ∅.

Corresponding to this isosceles partition, the matrix

expression of 𝒜 is

𝐴 = 𝑉 (𝒜) ∶= (𝑎1, 𝑎2, … , 𝑎n)T,

where n = ∏𝑑
𝑖=1 𝑛𝑖. Its bcirc mapping is

⊞(𝐴) =
⎡
⎢
⎢
⎢
⎣

𝑎1 𝑎n ⋯ 𝑎2

𝑎2 𝑎1 ⋯ 𝑎3

⋮
𝑎n 𝑎n−1 ⋯ 𝑎1

⎤
⎥
⎥
⎥
⎦

. (47)

Hence, corresponding to this trivial isosceles partition,

each 𝒜 ∈ ℝ𝑛1×⋯×𝑛𝑑 satisfies its t-product Cayley–

Hamilton equation. In otherwords, each vector satisfies

its t-product Cayley–Hamilton equation.

5.2. DK-STP-based Cayley–Hamilton theorem

Consider ℝ𝑛1×⋯×𝑛𝑑 with one of its index partitions as i =
j∪k, and denote∏𝑖∈j 𝑛𝑖 = 𝑢,∏𝑖∈k 𝑛𝑖 = 𝑣. Let𝒜 ∈ ℝ𝑛1×⋯×𝑛𝑑

and its matrix expression w.r.t. the partition as

𝐴 = 𝑀 j×k(𝒜). (48)

Fixing this partition, the DK-STP is defined as follows.

Definition 5.4. Let 𝒜, ℬ ∈ ℝ𝑛1×⋯×𝑛𝑑 , the DK-STP of 𝒜 and

ℬ, denoted by 𝒞 = 𝒜 ⋉ ℬ, is defined by

𝐶 = 𝑀 j×k(𝒞) = 𝐴 ⋉

𝑣×𝑢 𝐵 = 𝐴Ψ𝑣×𝑢𝐵. (49)

Define Π𝐴 ∶= 𝐴Ψ𝑣×𝑢 ∈ ℳ𝑢×𝑢, then [14]

𝐴 ⋉ 𝑥 = Π𝐴𝑥, ∀ 𝑥 ∈ ℝ𝑢. (50)

Define

𝐴(𝑘) = 𝐴 ⋉ ⋯ ⋉ 𝐴⏟⏟⏟⏟⏟
𝑘

, 𝑘 ≥ 1. (51)

Then we have the following DK-STP-based Cayley–Hamilton

Theorem for any hypermatrix.

Proposition 5.5. Consider 𝒜 = (𝑎𝑖1,…,𝑖𝑑
) ∈ ℝ𝑛1×⋯×𝑛𝑑,

where i = j ∪ k is a fixed partition, and denote ∏𝑖∈j 𝑛𝑖 = 𝑢,
∏𝑖∈k 𝑛𝑖 = 𝑣. Moreover, the matrix expression 𝐴 of 𝒜 is as in

(48). Assume the characteristic function of Π𝐴 is

𝜆𝑢 + 𝑐1𝜆𝑢−1 + ⋯ + 𝑐𝑢−1𝜆 + 𝑐𝑢.

Then

𝐴(𝑢+1) + 𝑐1𝐴(𝑢) + ⋯ + 𝑐𝑢−1𝐴(2) + 𝑐𝑢𝐴 = 0. (52)

In fact, it is an immediate consequence of the DK-STP-

based Cayley–Hamilton Theorem for nonsquare matrices

[14].

Example 5.6. Recall Example 2.10 and set 𝐴 = 𝑀𝐴. It is

easy to calculate that

Ψ2×4 = (𝐼2 ⊗ 1T
2)𝐼4 = [

1 1 0 0
0 0 1 1

] .

It follows that

Π𝐴 = 𝐴Ψ2×4 =
⎡
⎢
⎢
⎢
⎣

2 2 1 1
0 0 1 1
0 0 −1 −1
0 0 −2 −2

⎤
⎥
⎥
⎥
⎦

.

The characteristic function of Π𝐴 is

𝜆4 + 𝜆3 − 6𝜆2 = 0.

It is a straightforward computation to show that

𝐴(5) + 𝐴(4) − 6𝐴(3) = 0,

which verifies Proposition 5.5.

5.3. U-eigenequation based Cayley–Hamilton

theorem

Both t-product and DK-STP based Cayley–Hamilton theo-

rems are based on classical eigenequation of square matrix.

Can the U-Eigenequation be used to construct its corre-

sponding Cayley–Hamilton theorem?The goal of this subsec-

tion is to solve this problem.

Consider 𝒜 = (𝑎𝑖1,…,𝑖𝑑
) ∈ ℝ𝑛1×⋯×𝑛𝑑 and a fixed parti-

tion i = j ∪ k. Assume |j| = 𝑢 and |k| = 𝑣, ∏𝑖∈j 𝑛𝑖 = 𝑚, and

∏𝑖∈k 𝑛𝑖 = 𝑛. We set

ℋ𝑚×𝑛 ∶= {𝑀 j×k(𝒜) | 𝒜 ∈ ℝ𝑛1×⋯×𝑛𝑑}. (53)

It is obvious that under conventional addition and scalar

multiplication ℋ𝑚×𝑛 ⊂ ℳ𝑚×𝑛 is a vector space. We need to

pose a “product” on ℋ𝑚×𝑛 (or ℳ𝑚×𝑛) to make it a ring.

Definition 5.7. Given a matrix 0 ≠ Ψ ∈ ℳ𝑛×𝑚. The bridge

matrix (or Ψ) depending DK-STP is defined as follows.

𝐴 ⋉

Ψ 𝐵 ∶= 𝐴Ψ𝐵, 𝐴, 𝐵 ∈ ℋ𝑚×𝑛. (54)
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The following properties are easily verifiable.

Proposition 5.8. Consider 𝐻𝑚×𝑛 with DK-STP

⋉ ∶= ⋉

Ψ.

Then

(i) 𝑉 ∶= (𝐻𝑚×𝑟, +, ⋅) is a vector space, where + and ⋅ are
conventional addition and scalar product respectively.

(ii) 𝑅 ∶= (𝐻𝑚×𝑛, ⋉ , +) is a ring.
(iii) (𝑅, 𝑉 , ⋉ ) is a module.

Definition 5.9. A formal identity 𝐼𝑚×𝑛 w.r.t.Ψ is defined by

satisfying the following.

(i)

𝐼𝑛×𝑚

⋉

𝜓 𝐼𝑛×𝑚 = 𝐼𝑛×𝑚. (55)

(ii)

𝐴 ⋉

𝜓 𝐼𝑛×𝑚 = 𝐼𝑛×𝑚

⋉

𝜓 = 𝐴, ∀ 𝐴 ∈ ℳ𝑛×𝑚. (56)

(iii)

𝐼𝑛×𝑚

⋉

Ψ 𝑥 = 𝑥, ∀ 𝑥 ∈ ℝ𝑛. (57)

(Equivalently, 𝐼𝑛×𝑚Ψ𝑚×𝑛 = 𝐼𝑛.)

By using

⋉ = ⋉

Ψ and the formal identity 𝐼𝑚×𝑛, the ana-

lytic functions of 𝑓(𝑥) on 𝐴 ∈ ℋ𝑚×𝑛 can be defined as

𝑓(𝐴) = 𝑓(0)𝐼𝑚×𝑛 +
∞

∑
𝑛=1

𝐴(𝑛)

𝑛!
𝑓 (𝑛)(0), (58)

where

𝐴(𝑛) ∶=

⎧{{
⎨{{⎩

𝐼𝑚×𝑛, 𝑛 = 0,

𝐴, 𝑛 = 1,

𝐴 ⋉ ⋯ ⋉ 𝐴⏟⏟⏟⏟⏟
𝑛

, 𝑛 > 1.
(59)

Example 5.10. Given𝐴 ∈ ℋ𝑚×𝑛, we consider the following

dynamic system:

̇𝑥(𝑡) = 𝐴 ⋉ 𝑥(𝑡), 𝑥(𝑡) ∈ ℋ𝑚×𝑟. (60)

Let 𝑥0 ∈ ℋ𝑚×𝑟, then a straightforward verification shows

that the solution of (60) is

𝑥(𝑡) = 𝑒(𝐴𝑡) ⋉ 𝑥0,

where

𝑒(𝐴𝑡) = 𝐼𝑚×𝑛 +
∞

∑
𝑛=1

𝑡𝑛

𝑛!
𝐴(𝑛).

Now we are ready to deduce the Cayley–Hamilton The-

orem of Hypermatrix.

Let 𝒜 = (𝑎𝑖1,…,𝑖𝑑
) ∈ ℝ

𝑑
⏞𝑛×⋯×𝑛 with index set i = j ∪ k,

where |i| = 𝑑, |j| = 𝑠, |k| = 𝑟, 𝑠 + 𝑟 = 𝑑. and

𝐴 = 𝑀 j×k(𝒜).

Consider the eigenequation

(𝐴 − 𝜆𝐵)𝑥 = 0, (61)

where 𝐵 ∈ ℳ𝑛𝑠×𝑛𝑟 is the matrix expression of type ℬ. We

discuss the problem under the different kinds of 𝐵.

• Case 1: Assume 𝐵 has full row rank.

Denote

𝐹 ∶= 𝐵+ = 𝐵T(𝐵𝐵T)−1.

If 𝜆 is an eigenvalue of𝐴−𝜆𝐵 (whichmeans 𝜆 is an essential

eigenvalue), then rank(𝐴 − 𝜆𝐵) = rank(𝐴𝐹 − 𝜆𝐼𝑛𝑠)𝐵 < 𝑛𝑠.

It follows that rank(𝐴𝐹 − 𝜆𝐼𝑛𝑠) < 𝑛𝑠 (because it is square

and𝐵 is of full row rank). Then𝜆 is an eigenvalue of𝐴𝐹. Con-
versely, it is not true.

Consider det(𝐴𝐹 −𝜆𝐼). Thenwe have the characteristic
function as

𝑓(𝜆) = 𝜆𝜅 + 𝑐1𝜆𝜅−1 + ⋯ + 𝑐𝜅−1𝜆 + 𝑐𝜅, (62)

where 𝜅 = 𝑛𝑠,

According to the (classical) Cayley–Hamilton Theorem

we have

(𝐴𝐹)𝜅 + 𝑐1(𝐴𝐹)𝜅−1 + ⋯ + 𝑐𝜅𝐼𝜅 = 0. (63)

Setting

Ψ = 𝐹,

yields:

𝐴(𝜅+1) + 𝑐1𝐴(𝜅) + ⋯ + 𝑐𝜅𝐴 = 0. (64)

• Case 2: Assume rank(𝐵) = 𝜅 < 𝑛𝑠.

Then we have row elimination matrix 𝐸 ∈ ℳ𝑛𝑠×𝑛𝑠 ,

such that

𝐸𝐵 = [
0

𝐵𝑡
] ,

where 𝐵𝑡 ∈ ℳ𝜅×𝑛𝑠 has full row rank. Now consider the

matrix of last 𝜅 rows of 𝐸𝐴 − 𝜆𝐸𝐵, denoted by 𝐴𝑡 − 𝜆𝐵𝑡.

Define

𝐴0 = 𝐴𝑡𝐸−1, and 𝐵0 = 𝐵𝑡𝐸−1.

Then the eigenequation becomes

(𝐴0 − 𝜆𝐵0)𝑥 = 0.

Using the result obtained from Case 1, we can find 𝐹0 =
𝐵T

0(𝐵0𝐵T
0)−1 and set

Ψ0 = 𝐹0.
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Let

det(𝐴0𝐹0 − 𝜆𝐼𝜅) = 0,

then we have the corresponding eigeneqution as (62),but

now 𝜅 < 𝑛𝑠. Set

𝐻 = [
0(𝑛𝑠−𝜅)×(𝑛𝑠−𝜅) 0

0 𝐼𝜅
] .

Then it is easy to see that𝐴0 satisfies (64)w.r.t.Ψ0 = 𝐹0𝐸2,2,

where

𝐸 = [
𝐸1,1 𝐸1,2

𝐸2,1 𝐸2,2
] .

Note that

𝐻𝐸(𝐴𝐹 − 𝜆𝐼𝑛𝑠)𝐸T𝐻

= 𝐻 ([
𝐴1

𝐴0
] 𝐹 − 𝜆𝐼𝜅) 𝐸T𝐻

= ([
0

𝐴0
] [0, 𝐹0] − 𝜆 [

0 0

0 𝐼𝜅
]) 𝐸T𝐻

= ([
0 0

0 𝐴0𝐹0
] − 𝜆 [

0 0

0 𝐼𝜅
]) 𝐸T𝐻

= ([
0 0

0 𝐴0𝐹0 − 𝜆𝐼𝜅
]) 𝐸2,2.

It follows immediately that if𝐴0 satisfies (64)w.r.tΨ0 =
𝐹0𝐸2,2, then 𝐴 satisfies (64) w.r.t.

Ψ = [0 𝐹0] [
0 0
0 𝐸2,2

] . (65)

Summarizing the above argument yields the Cayley–

Hamilton Theorem of hypermatrix.

Theorem 5.11 (Cayley–Hamilton Theorem). Consider

𝒜 = (𝑎𝑖1,…,𝑖𝑑
) ∈ ℝ

𝑑
⏞𝑛×⋯×𝑛 with a partition i = j ∪ k, where

|i| = 𝑑, |j| = 𝑠, |k| = 𝑟, and 𝑠 + 𝑟 = 𝑑. Let

𝐴 = 𝑀 j×k(𝒜).

Then 𝐴 satisfies Cayley–Hamilton equation (64), w.r.t.

Ψ ={
𝐹, 𝐵 is of full row rank,

Ψ in (65), Otherwise.

Example 5.12. Recall Example 2.10 and set 𝐴 = 𝑁𝐴. It is

easy to get that

𝐵 = Ψ2×4 = [
1 1 0 0
0 0 1 1

] .

Since 𝐵 is of full row rank, we set

𝐹 = 𝐵T(𝐵𝐵T)−1 =
⎡
⎢
⎢
⎢
⎣

0.5 0
0.5 0
0 0.5
0 0.5

⎤
⎥
⎥
⎥
⎦

.

The characteristic function of 𝐴𝐹 is

𝜆2 − 0.5𝜆 − 1.25.

Set

Ψ ∶= 𝐹,

then it is easy to show that

𝐴(3) − 0.5𝐴(2) − 1.25𝐴 = 0,

which verifies Theorem 5.11.

6. Conclusion

As discussed in [10], the U-eigenvalue/eigenvector of hyper-

matrices is the most general eigenvalue/eigenvector. It has

significant geometric meanings. This paper is a follow-up

work. It proved that the U-eigenvalue/eigenvector of hyper-

matrices has somemajor properties of the eigenvalue/eigen-

vector of matrices, which are shown as follows: (1) If a

hypermatrix is the Kronecker product of two factor hyper-

matrices, then the eigenvalues/eigenvectors of the hyper-

matrix are the products of the eigenvalues/eigenvectors of

its factor hypermatrices. (2) If two hypermatrices are sim-

ilar, then they have the same eigenvalues/eigenvectors. (3)

Given an eigenequation of hypermatrix, the corresponding

Cayley–Hamilton theorem remains true. All these factors

prove the validity of the definition of U-eigenvalue/eigenvec-

tor for hypermatrices.
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