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This paper presents a discrete-time extremum seeking control (ESC) scheme for multi-input single-output (MISO) Hammerstein systems
with unknown linear dynamics and a multi-input multi-output (MIMO) cost function. The steady-state cost function may have multiple
extrema and, combined with the linear dynamics, exhibits complex behavior; it is assumed to be differentiable, nonconvex, and accessible
only via noisy, dynamically filtered sensor measurements. The proposed algorithm integrates stochastic dithers with a stochastic approx-
imation algorithm with expanding truncations (SAAWET), ensuring bounded iterates and closed-loop stability under unmodeled sensor
dynamics. Convergence to the set of stationary points of the composite cost function is established from arbitrary initial conditions. The
framework extends discrete-time ESC theory to nonconvex, high-dimensional settings with measurement noise and dynamic sensing, pro-
viding a rigorous foundation for real-time optimization of nonlinear dynamic systems.
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1. Introduction

Extremum seeking control (ESC) is a model-free control
strategy that searches for the extremum of an unknown
objective using real-time input-output measurements and
designed perturbations to estimate the gradient in static
systems [1]. For dynamic systems, ESC can be extended by
exploiting a timescale separation between the fast plant
dynamics and the slow adaptation loop to construct an
input-to-steady-state-output cost for optimization [2]. As
performance optimization is often desired in engineering, ES
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algorithms have attracted significant attention due to their
success across diverse domains, including robotics and max-
imum power point tracking (MPPT) in wind turbines [3, 4].
This practical success has, in turn, motivated extensive theo-
retical research aimed at better understanding ES properties
and ensuring reliable performance.

In continuous-time ESC, it is usually assumed that the
cost function is convex, which guarantees a unique global
optimum and convergence from a broad range of initial con-
ditions [5]. In practice, many systems have nonconvex cost
functions with multiple local optima. The potential of ESC
algorithms in nonconvex static optimization [6] and dynamic
optimization [7] has received significant attention in recent
years. Classical ESC methods either rely on carefully cho-
sen initial conditions to remain in the basin of attraction of
a local optimum [2] or employ computationally expensive
global optimization techniques [8].
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In many of the existing ESC, dither signals are used
to perturb the system and estimate gradients. Reducing
the dither amplitude to zero can compromise robustness,
whereas maintaining nonzero dithers ensures stability but
limits convergence to a neighborhood of the optimum [8,
Remark 9].

Most modern control systems are digitally imple-
mented, motivating the design of discrete-time ESC. Exist-
ing results focus primarily on single-input single-output
(SISO) systems with convex cost functions and provide only
local or semi-global convergence guarantees under stochas-
tic dithers [9-12]. For multi-input single-output (MISO)
discrete-time systems with nonconvex cost functions, mul-
tiple input configurations can achieve the same optimum,
forming a set of local optima. Convergence from arbitrary
initial conditions is challenging due to stochastic perturba-
tions and nonlinear interactions, and few results rigorously
address this problem.

This paper considers discrete-time MISO Hammerstein
systems with unknown linear dynamics and a vector-valued
static nonlinearity. The cost function is multi-input multi-
output (MIMO), unknown, differentiable, and may have mul-
tiple maxima, minima, and saddle points. Only vector-valued
noisy measurements are available through digital sensors,
which themselves exhibit dynamic behavior. For example,
a set of temperature sensors in a room heated by mul-
tiple heaters measures temperatures that depend on all
heater inputs, while the sensors’ thermal time constants
introduce filtering and delay. This combination of MISO lin-
ear dynamics, MIMO cost, high-dimensional inputs, multiple
critical points, and unmodeled sensor dynamics makes con-
ventional gradient-based or exhaustive optimization infeasi-
ble. Designing a controller in this context is particularly chal-
lenging because the algorithm must operate safely in real
time, cope with distorted measurements, and handle multi-
ple local minima, maxima, or saddle points without knowl-
edge of the underlying system parameters.

To address these challenges, the paper proposes an
ESC algorithm inspired by stochastic approximation algo-
rithm with expanding truncations (SAAWET). The algorithm
injects stochastic perturbations into the inputs to systemati-
cally explore the high-dimensional input space while ensur-
ing bounded iterates and maintaining closed-loop stabil-
ity. This algorithm guarantees convergence to stationary
points of the composite multi-input, multi-output cost func-
tion. A stationary point is a point where the gradient of
the cost function is zero, which may correspond to a local
extremum — that is, a local maximum or minimum — or a
saddle point. Designing a model-free ESC that converges to a
specific extremum is extremely challenging, particularly for
complex Hammerstein systems in which the cost function
and LTI dynamics are unknown and analytically intractable,
as illustrated in Remark 4. Consequently, convergence to

stationary points is the most achievable guarantee in such
settings.

Despite this limitation, convergence to stationary points
remains practically meaningful in many engineering applica-
tions — such as HVAC systems, robotic manipulators inter-
acting with human operators, or other multi-input, complex
control systems — where the system is too difficult to model,
yet all stationary points are safe and stable. In these set-
tings, stationary points often correspond to operationally
feasible and predictable regimes. Even when they do not
coincide with a desired extremum, identifying these points
allows engineers to maintain stable system behavior and
make informed adjustments in systems that are otherwise
too complex to model.

Moreover, under an additional assumption — for exam-
ple, knowledge of the sign of the steady-state input-output
gain — the ESC algorithm can be guided toward desirable
operating points. In this context, stationary solutions can
be interpreted within a multi-objective framework, enabling
the identification of Pareto-optimal solutions, where no
performance criterion can be improved without degrading
another. This highlights that, under this additional assump-
tion, the ESC algorithm does not merely identify stationary
points but can actively select Pareto-optimal solutions, pro-
viding a principled way to achieve balanced performance in
complex engineering systems.

The main contributions
follows:

of this paper are as

(1) We develop a discrete-time ESC algorithm for multi-
input Hammerstein systems with nonconvex cost func-
tions. By carefully designing a stochastic perturbation,
the algorithm systematically explores the input space
and estimates the necessary information for optimiza-
tion. Under very weak assumptions on the system and
cost function, the iterates of the algorithm converge
almost surely to stationary points. This provides a rigor-
ous guarantee of stability and convergence even in the
presence of nonconvexity and minimal prior knowledge
of the system.

(2) We integrate the SAAWET into the ESC framework and
extend it to multi-input Hammerstein systems. This inte-
gration ensures that the iterates remain bounded and
that the algorithm systematically explores the input
space, which is essential for reliable estimation in
dynamic nonlinear systems. By doing so, SAAWET pro-
vides a rigorous foundation for convergence analysis,
enabling almost-sure convergence guarantees even in
stochastic, nonconvex multi-input settings.

(3) With additional knowledge of the system, the pro-
posed method can converge to a Pareto-optimal solu-
tion, demonstrating its potential for multi-objective
optimization in complex MISO Hammerstein systems.
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This paper is arranged as follows. Section 2 formulates
the ESC problem for MISO Hammerstein systems. Section 3
presents the proposed SAAWET-based ESC algorithm. Sec-
tion 4 establishes the almost sure convergence of the algo-
rithm. Section 5 provides a simulation study to demonstrate
its effectiveness. Section 6 concludes the paper.

2. Problem Formulation

2.1. Multi-objective optimization for MISO
Hammerstein systems

Consider a MISO Hammerstein system, where a multi-
objective cost function is connected to alinear time-invariant
(LTT) system. At discrete time instants £k = 1,2, ..., the m-
dimensional control input u;, € R™ passes through a static
nonlinear block J(-) to produce the intermediate signal v

U = J(uk)’ (1)
where J : R™ — R is a continuous vector-valued mapping,
J(u) = [Jy(w), ... Jy(w)]",

with each J;(-) representing a distinct performance objec-
tive. The corresponding multi-objective optimization prob-
lem is

min J(u), (2)
where U C R™ denotes the feasible input set.

Remark 1. The cost function J(-) considered in this work is
MIMO, unknown, and differentiable. Each component of J(-)
may possess multiple local minima, local maxima, and saddle
points. This setting is significantly weaker than those com-
monly adopted in the existing ESC literature. For instance,
many ESC results, such as [5, Assumption 3], require the exis-
tence of a unique local or global optimum. In contrast, the
present work imposes no such requirement. Consequently,
the resulting optimization problem is highly challenging due
to the simultaneous presence of an unknown MIMO cost
function, multiple critical points, and high-dimensional deci-
sion variables.

Motivated by this challenge, we impose a mild growth
condition on the cost function.

Assumption 1. Function J(-) is continuously differen-
tiable, and there exists a constant p > 0 such that

| ()| = O(f[w]*)
where p is assumed to be known. Here, O(|u|") denotes the

order of |u|* [13, Definition 10.1], and || - | is the standard
Euclidean norm.

as [u] — oo, (3)

Remark 2. Condition (3) ensures that the growth of J(u)
with respect to |u| is at most polynomial. This excludes
functions that grow too rapidly (e.g. exponential, factorial,

or super-exponential), while encompassing most cost func-
tions commonly used in optimization, control, and machine
learning, particularly those arising from physical systems or
quadratic penalties. Although the exact value of ;n may not be
available in practice, it can be reasonably estimated, and such
an estimate can be used without affecting the applicability of
the proposed algorithm.

However, due to the existence of sensor dynamics, the
measured cost function J(u,,) is used to drive the following
discrete-time MISO LTI system:

@), = Awy_y + By,
yk = ka7

z, € R,

(4)

where x;, € R™ and y;, € R denote the state and output of the
linear subsystem, respectively, and A, B, C' are matrices of
compatible dimensions. The block diagram of the MISO Ham-
merstein system considered in this paper is shown in Fig. 1.

Remark 3. The MISO Hammerstein model with an associ-
ated cost function naturally represents many real engineer-
ing systems where multiple inputs influence a vector-valued
performance index that is observed indirectly through
unknown linear dynamics and static nonlinearities. For
instance, consider a small-scale chemical reactor with three
actuated inputs: feed rate, temperature, and catalyst concen-
tration. The performance index may include multiple out-
puts such as product concentration, reaction selectivity, and
energy consumption. These outputs are measured through
sensors with their own dynamic behavior, such as delays, fil-
tering, or amplification, which means the observed cost func-
tion differs from the underlying true performance. We will
show that such a setting is highly challenging in Remark 4,
where a simple illustrative example demonstrates how the
combination of a multi-input cost function and linear dynam-
ics can transform a straightforward minimum into a saddle
point, highlighting the difficulty of ESC in practical engineer-
ing systems.

Although matrices A, B, and C are unknown, it is
assumed that this discrete-time LTI system satisfies the fol-
lowing assumption, which is widely used in ESC for dynamic
systems, for example, [5, Assumption 2].

Assumption 2. Matrix A is stable, i.e.

p(A4) = max [A;| <1, (5)
€k
Up— Vi J
k—1 J(.) k—1 (A,B,C) Yk 2k

Fig. 1. A MISO Hammerstein system.
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where ), is a root of the characteristic polynomial p(\) =
det(AI — A) with |\, | its modulus, and I denotes the identity
matrix.

As matrix A is stable, the matrix / — A is nonsingular.
This implies that the mapping from the input to the steady-
state output becomes

yss(”) = C<I - A)ilea

with the following input to steady-state output cost function:

1
u) =GJ(u) = J.(u),
Q(u) (u) ;gz i(u) ©)

9] = C(I—4)"'B.

Note that the weight vector G can have positive or nega-
tive entries: positive values indicate minimization of the cor-
responding objective, while negative values indicate maxi-
mization. Thus, Q(u) represents a scalarized cost for a mixed
minimization-maximization problem rather than a conven-
tional multi-objective weighted sum.

Recall that a Pareto solution to the multi-objective opti-
mization problem (2) refers to a feasible input for which no
objective can be improved without degrading at least one
other objective, whereas a scalarized (weighted) Pareto solu-
tion is obtained by minimizing a weighted sum of the objec-
tives. For a differentiable unconstrained multi-objective
problem, a Pareto stationary point is a stationary point of
some positively weighted scalarized optimization problem.

where G = [gy, ...

Remark 4. Theintroduction of the linear dynamics can fun-
damentally alter the observed input-to-steady-state-output
cost Q(-), defined in (6), potentially transforming an original
minimum of J(u) into a saddle point.
For example, consider a three-input, two-output cost
function
u? + ug

J(u) = |us+ui|, ueR’
u? + ug
which is strictly convex in all inputs. Each component of J
has a unique global minimum at
u* =10,0,0]".

Now consider a linear system with

05 0
A . B= 1 1 0 ’
0 05 0 1 1
and various configurations of the observation matrix C.
When C = [—1, 2], the observed scalar cost is
Qu) =C(I —A)'BJ(u) = 2u? + 6uj,

so the original minimum property of J(u) is preserved.
However, when C' = [1,-2], Q(u) = —2u} — 6u; trans-
forms the original minimum of J(w) into a maximum point

in Q(u). Furthermore, when C = [3,—2], then Q(u) =
2u} + 8uj — 2u3. In this case, the Hessian of Q(u) at u* is
Hg, = diag(4,16,—4), which has mixed signs. Consequently,
the original minimum of J(w) is mapped to a saddle point
in Q(u). This illustrates that the linear dynamics can funda-
mentally alter both the location and nature of the extrema of
J (), making the design of ESC nontrivial.

We define the set of critical points of V@Q

U ={ueR™: VJ(u)B (I—A)"C" =0},
(7)

as according to Assumption 1, Q(-) is differentiable, where
VJ(u) = [J'(u)]", the transpose of the Jacobian of J (u). We
also define the distance to this setas d(u, U*) := inf, ;. |u—
v| the distance from w to the set U".

Since the cost function ) is unknown, possibly high-
dimensional, and may have multiple critical points, we need
to assume not only that the optimal set U* is nonempty, but
also the existence of a guiding function that ensures that ESC
can systematically make progress toward U™,

Assumption 3. The optimal solution set U™ of the cost
function @ : R™ — R is nonempty, i.e.

U= {u e R™ : Q(u) = min Q(v) = Q" } #0.

UGIR"L
Moreover, there exists a continuously differentiable function
V : R™ — R such that

inf Viu)" 0 8
s<d(uU<A VV(u) VQ(u) > (8)
forany0 < 0 < A, where d(u, U*) denotes the distance from
u to the set U*. Furthermore, the set V(U*) := {V(u) : u €
U*} is nowhere dense.

Remark 5. Assumption 3 has two components. The first
ensures that the cost function has at least one optimal input,
which is a basic feasibility requirement for any optimiza-
tion problem. A natural necessary condition for this assump-
tion to hold is that not all components of G are zero simul-
taneously. The second provides a Lyapunov-like function
V(u) to guide iterative algorithms toward the optimal set
U™. Specifically, the gradient alignment condition guarantees
that when the current input w is not too close to U* (i.e.
0 < d(u,U*) < A), the gradient of V points in a direc-
tion that reduces Q(u), ensuring systematic progress toward
the optimum. The requirement that V' (U*) is nowhere dense
avoids pathological cases where V could be constant over a
large subset of U*, which could stall convergence. Together,
these conditions provide a mathematically tractable way to
ensure convergence of the ESC algorithm, even when the cost
function is unknown, multi-dimensional, and nonconvex.
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2.2. ESC for MISO Hammerstein systems

Control objective: The goal of this work is to design an ESC
algorithm that converges to the set U*, which consists of all
stationary points of the composite MIMO cost function Q(-)
defined in (6) under Assumptions 1-3.

Remark 6. Achieving this control objective is highly chal-
lenging due to the unknown MIMO cost function, multiple
local extrema, saddle points, and unmodeled system dynam-
ics, as discussed in Remark 4. Despite these challenges, con-
vergence to stationary points remains practically meaningful
in many engineering applications, as these points often cor-
respond to safe, feasible, and predictable operating regimes.

It is worthwhile to emphasize that the scalar objec-
tive arises from the steady-state input-output relation of the
LTI sensor subsystem, and the vector G is not chosen as a
design weight but is determined by the system structure.
Consequently, the ESC algorithm optimizes a system-induced
scalar performance index, which represents a prescribed
trade-off among the objectives rather than an exploration
of the Pareto front. The control objective is relatively weak,
since the ESC algorithm may converge to any stationary
point — including a local maximum, minimum, or saddle
point. In many engineering systems, stronger assumptions
can be satisfied. For example, under the following assump-
tion, stronger convergence results can be established.

Assumption 4. The vector C(I — A) "' B s positive, where
avector is said to be positive if each of its elements is strictly
positive.

Remark 7. Assumption 4 requires knowledge of the sign
of the control gain. It is worth noting that this assumption
is not restrictive in practice, as engineers typically obtain
such information through experimental testing during sys-
tem commissioning or identification. For example, this can
be determined experimentally without requiring an explicit
plant model. Specifically, a small constant perturbation Au >
0 is applied around a steady operating point, and the corre-
sponding steady-state output variation Ay is measured after
transients have decayed. The sign of the control gain is then
given by sign(Ay/Au). If Ay > 0, the system is direct-acting
(positive control gain); otherwise, it is reverse-acting (nega-
tive control gain). This procedure relies only on local steady-
state behavior and is therefore applicable to general stable
LTI systems operating in a neighborhood of the equilibrium.
Under this assumption, significantly stronger convergence
results can be established.

Under Assumption 4, i.e. when the subsystem-induced
weight vector G = C(I — A)"!B satisfies G; > 0 for all
components, the solution u, of the scalarized cost

Qu) =G J(u)

is a parameterized Pareto solution of the multi-objective cost
function J(-). Since the weight vector G is determined by
the LTI subsystem, u, corresponds to a specific point on the
Pareto front, rather than being freely selectable.

Under the additional Assumption 4, we can obtain
sharper convergence results than those in Theorem 1, as pre-
sented in Corollary 2.

To summarize, the ESC for Hammerstein systems tar-
gets a directionally weighted scalarized steady-state opti-
mum defined by the linear subsystem. This optimum is gen-
erally not Pareto optimal unless a positive weight G > 0 is
imposed, under which convergence to a Pareto optimal solu-
tion is guaranteed.

3. ESC Using Random Perturbations

This work proposes a random-perturbation-based ESC, as
illustrated in Fig. 2, which is motivated by the randomized
gradient-free methods in [14, 15].

We consider a randomized approximation of the objec-
tive function @)

Qo(u) = EwlQ(u + aW)]
= /Rm Q(u + aw)p(w)dw, 9)

where p(-) is the probability density function of random vec-
tor W, and a > 0 is a smoothing parameter.

It can be shown, referring to [14,15], that if W ~ U()
is uniformly distributed over B := {u € R™ : |u| < 1} —
the unit ball centered at the origin in R — then the gradient
of @, (u) is given by

VQa () = ZEy_yom [Q(u+aV) V], (10)
If W ~ N(0, 1) is a standard normal random vector, then
1
VQu(u) = ~EwlQ(u+aW)W]
= l/ Q(u + aw)wp(w)dw. (11)
a Jrm
€k
wr [ o |
S0 (o) O
Up—1 | _
OpW wy /o

Fig. 2. ESC with random perturbations for MISO Hammerstein systems.
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This motivates the ESC algorithm for optimizing the Ham-
merstein system, as shown in Fig. 2.

Since @(-) is unknown and the observed output is per-
turbed by e;,, even when a constant input u;, = w is applied,
the exact function value Q(u) cannot be determined. Con-
sequently, the optimization problem must be solved in real
time by utilizing the system input u,, and the perturbed out-
put z,.

3.1. ESC using stochastic approximation

For a selected initial value u,, the following stochastic
approximation-based ESC takes the following form:

Zk = yk + ek, (12)
Up_y = Uy_q + Qpwy, (13)
if w,, ~ V10B):

(14)

. Uy_y — Ymzpwy /oy
uk ==

Uy 1 — Vp2pWy/ 0,

where {a;.},~, € Ris asequence of smoothing parameters,
{7:}i>1 € R is a sequence of step-sizes, and {w;};-; €
R™ is a sequence of random perturbations and {e; },-, is a
sequence of observation noises. -

The following conditions are used to design

sequences: {1, { Ve tis1r {€x i1, and {wy fys .

Condition 1. Therandom sequence {w), },~, isanindepen-
dent and identically distributed (i.i.d.) sequence of random
perturbations: w,, ~ U{9B) or w;, ~ N(0, ).

Condition 2. The sequences {;},-; and {a;},-, are cho-
sen as

1w
Vi k) k Lo

with a < L and o > 0.
I+p

Remark 8. The step-size sequence -, = 1/k is com-
monly used in stochastic approximation algorithms to guar-
antee diminishing updates while ensuring convergence. This
choice also establishes a discrete-time scale separation
between the fast process driven by ;. and the slower adapta-
tion governed by «,, satisfying the standard two-time-scale
stochastic approximation condition 7, /o, — 0as k — oc.
As noted in [5], such a time-scale separation is necessary for
applying ESC (i.e. the solution of an optimization problem) to
a dynamic system.

Regarding the noise random process {e,}, a classical
assumption is as follows.

Condition 3. {e;};-, isani.i.d. sequence such that E[e;] <
oo and e, is independent of {w, : 1 <7 < k}.

It is noted that such a signal originates from mea-
surement noises, which usually satisfy this condition. The
random process {e, } provides an additional design degree
of freedom. Complementing the original observation noise
{eg)}, we can appropriately construct perturbation signal

{egf)} such that the combined excitation signal e, = eg)—ke?

satisfies Condition 4 stated below, thereby making the pro-
posed algorithm more robust to a broad class of noises.

It is worth noting that this choice of random perturba-
tions is motivated by the randomized gradient-free methods
in [14,15]. However, the proposed approach can be extended
to accommodate other types of random perturbations as
well.

Note that the ESC (13) and (14) can be rewritten as

Uy = Uy_y — Vi [Yp, + ewy/ay,
=y — % (VQ(Ey_) + &, +mp),  (15)
where
6Q(ﬁkq) = Q(uy_y + qpwy)w,/ay (16)

is an estimate of the gradient of ) at u,,_, with the perturba-
tion e,

& = [y, — Quy_; + qwy)|wy /oy, (17)
M = €W/ ay. (18)
The above formulation shows that the ESC algorithm (13)

and (14) with random perturbations can be interpreted as a
randomized zeroth-order optimization method.

Remark 9. The SA ESC algorithm can be extended and
adapted in practical scenarios as follows:

(1) Input constraints. When the input is restricted to a set
U C R™, the projected SA ESC algorithm should be used.
This is achieved by replacing (14) with

~ {HU(ﬁkl —emzpwy/ay)  ifw, ~ V(0B),
Uy =

if wy, ~ N(0, 1),
(19)

Oy (g q — vk 2w/ )

where II;;(-) denotes the Euclidean projection onto U.

(2) Extension to MISO Hammerstein-Wiener systems.
The ESC algorithm (13) and (14) can be applied to the
MISO Hammerstein-Wiener system in Fig. 3. The mod-
ification lies in the output observation equation, which
becomes

2 = hyy) + ey, (20)

where y,, € R"and h : R™ — R is a static nonlinear
function satisfying appropriate smoothness conditions,
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ek

Yi h(:) _»l Zk

J() 44, B, 0)

Fig. 3. A MISO Hammerstein-Wiener system.

ensuring that assumptions analogous to Assumption 3
hold.

Since normal random variables can take arbitrarily
large values, though with very low probability, applying them
to a nonflat cost function J(-) may produce input changes
that possibly make the system unstable. In practice, this
means that the output y,, could grow without bound, causing
the controller to fail. To prevent this, we introduce an adap-
tive version of the algorithm in the following section that
keeps the inputs and outputs within safe limits.

3.2. Stochastic approximation algorithm with
expanding truncations

Let { M.} be a sequence of positive numbers that diverges to
infinity, and let u’ € R™ be a constant reference point. Vec-
tor u” serves as a reset to prevent the iterates from diverging
when trial updates exceed the allowable range. Its choice is
flexible, but it is typically selected near the expected operat-
ing region to avoid abrupt jumps. As the truncation bounds
M, grow, the effect of resets diminishes, allowing the algo-
rithm to safely explore the input space while maintaining sta-
bility. Variable o), counts the number of truncations up to
time k.

Given an initial estimate %, the SAAWET ESC algorithm
for the MISO Hammerstein system (1), (4), and (12) recur-
sively generates sequences (u,, 0},) as follows. At each itera-
tion k£ > 1, a trial update is computed by

~ mz,w

Up_1 — r}/ka—:k lf’LUk ~ 7/(5‘6),
ﬁk} —

R Zw .

uk*l_%a—kkk if w;, ~ N(0, I).

(21)

The next iterate u,, is then obtained by applying the trunca-
tion rule:

4, = it 0

Uy = U Ly, <n,, 3 H 8 Lgagsn, ) (22)
k

Tk = Z; Lyaon,, 3 90 =0, (23)

where 1, is the indicator function of event A meaning it
equals 1 if A occurs and 0 otherwise. This truncation ensures

that

“ﬁk” < Mo’ ) vk > 07
k

so that the iterates remain bounded at every step.

The SAAWET ESC algorithm adaptively searches for a
stationary point of Q) if the trial update @, exceeds the cur-
rent truncation bound M, , the algorithm resets u,, to u®
and increments the truncation threshold to M,, .

Remark 10. The SAAWET ESC algorithm (21)-(23) has
two key features that contribute to its robustness and flexi-
bility:

(1) Use of the reset point u". The reset point can be inter-
preted as prior knowledge of the problem’s optimal
solution. In practice, it can be chosen randomly from
a set of candidate solutions. The closer these candi-
dates are to the true optimum, the higher the likelihood
of convergence to the global optimum. This property
makes the algorithm suitable for nonconvex optimiza-
tion problems, while still ensuring asymptotic conver-
gence regardless of the initial choice.

(2) Role of the truncation sequence ). The sequence M,
is crucial for controlling the propagation of uncertainty
caused by observation noise and stochastic perturba-
tions through the nonlinear mapping J and the linear
system. Appropriate growth bounds prevent divergence:
typically, M,, = O(k'/*#)) for uniform perturbations
and M, = O(In k) for normal perturbations. This design
ensures both stability and reliable convergence of the
algorithm.

Condition 4. For any sufficiently large integer N, the fol-
lowing condition holds:

m(ny,T)
lim lim sup E Ji€ithi -0
T a1 |<N}| =
T30 oo e o {1 <N}

forany {n,} such that, _, converges, where

m(k,t) := max {m : Xm:'yi < t}. (24)
ik

Remark 11. Condition 4 regarding e, is quite general,
allowing state-dependent noise, thereby facilitation algo-
rithm design and theoretical analysis. It holds if

s V€W
E M < o0 a.s.
=1 %

which is satisfied if
Z'yi/ozi < 00 (25)
k=1

and {e, } satisfies Condition 3.
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Finally, for k£ > 1, u;, is measurable with respect to the
o-algebra

gk = O—(ﬁ()veivwi 1< < k)a (26)

generated by the history of the random variables up to time k.

4. Convergence Analysis

In this section, we present an analysis of almost sure conver-
gence for the SAAWET-based ESC (21)-(23) applied to the
MISO Hammerstein system (1), (4), and (12).

The primary result regarding almost sure convergence
of the SAAWET ESC algorithm (21)-(23) is stated below.
The theorem indicates that with appropriately selected
sequences of step-sizes and smoothing parameters, the esti-
mates u,, generated by the algorithm converge to the set of
optimal solutions of min,,zm @ () with probability 1.

Theorem 1. Assume that Assumptions 1-3 hold. Set M, =
kY OF1) for uniformly distributed perturbations and M, =
In k for normally distributed ones. Assume that the random

sequences {o}is1, {Vetes1, {€xtiz1, and {wy}yoy satisfy
Conditions 1, 2, and 4. Let {u,,},~ be the iterates generated

by the SAAWET ESC algorithm (21)-(23) for the MISO Ham-
merstein system (1), (4), and (12). Vector u® used in (22) is
selected such that V(u®) < infy, ., V(u) for some ¢, > 0

and |u®|| < c,. Then the algorithm yields almost sure conver-
gence to the set of optimal solutions:

lim d(a,,U") =0 as.
k—oo
Proof. We rewrite the trial step (21) as
Uy, = Uy — (VQ(Uy_y) + &, + M), (27)

where £, = é’;:) + 5? + Esf) with

& = EVQ(ay 1)|F 1] — VQ(iy_y), (28)
&2 = VQ(iy_y) — EVQ(iy_1)|F1), (29)
&Y = yow, /oy, — VQ(ay,_y), (30)

and 669('&1@71)7 7, are defined as (16) and (18), respectively.
Consequently, the algorithm (21)-(23) presents an SAAWET
with regression function VQ(-) and observation noise &, +
1. Here &, is defined in (26).

To prove the almost sure convergence of @, to the root
set U* of the regression function VQ(-), we apply the gen-
eral convergence theorem given in [16, Theorem 2.2.1]. It is
evident that the step-size condition [16, A2.2.1] is automat-
ically satisfied. The Lyapunov condition [16, A2.2.2], along
with the condition [16, A2.2.4] regarding the regression func-
tion, had been fulfilled by Assumption 3. Therefore, it suffices

to verify the noise condition

m(ny,T) )
lim li = N =00=1,2

(31

for any {n,} such that«,, _, converges.

We note that if the term 52,3) vanishes, the algorithm
(21)-(23) is consistent with the SAAWET optimizing the
static function () using the normal randomized gradient-free
method. Therefore, the analysis of the noises £§€D, 59 isanal-
ogous to that presented in [17]. The challenge arises in the

analysis of noise 5;3). The relevant lemmas and their proofs
regarding noise analysis (31) are provided in the appendixd

Remark 12. As the proposed algorithm is stochastic, its
convergence analysis does not rely on the classical aver-
aging arguments commonly used in deterministic dither-
based ESC schemes. In deterministic periodic perturbation
methods, convergence is typically established for the aver-
aged system. Consequently, the actual closed-loop trajecto-
ries converge only to an O(a) neighborhood of the opti-
mizer, where a denotes the dither amplitude. In contrast, the
stochastic nature of the proposed scheme enables the use
of stochastic approximation techniques to analyze the true
closed-loop system directly. As demonstrated in our simu-
lation studies, the actual closed-loop trajectories converge
to the true stationary set U*, rather than to a neighborhood
whose size depends on the perturbation magnitude.

For the complex Hammerstein system under a model-
free ESC framework, where both the cost function and the LTI
dynamics are unknown, achieving almost sure convergence
to the set of critical points is already nearly the strongest the-
oretical guarantee under only Assumptions 1-3.

The following corollary shows that if the sign of the
steady-state input-output gain of the LTI system is known
(Assumption 4) and additional restrictions are imposed on
the cost function, a sharper result can be established: the
algorithm converges to the set of Pareto stationary points, or
even a point in the Pareto optimal set.

Recall that an extended real-valued function f : R™ —
[—o0, 00] is called proper if its domain dom(f) := {x €
R™ : f(x) < oo} is nonempty. A proper function f : R™ —
[—o0, o0] is called coercive if

f(x) = 0.
l|—o00
Let L > 0, a differentiable function f : R™ — (—o0, o] is
said to be L-smooth if |V f(x) — V f(y)| < L|z — y| for all
x,y € R™. A differentiable function f : R™ — R is said to be
pseudo-convex if for all z,y € R™,

Vi) (y—2)>0= f(y) > f(z).
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Corollary 2. Let Assumptions 1, 2, and 4 hold. Assume that
U** #+ 0 and that Q is proper, coercive, and L-smooth. Then,
the SAAWET ESC algorithm (21)-(23) converges almost surely
to the set of Pareto stationary points with the weight defined in
(6), and converges almost surely to a Pareto optimal solution
if, furthermore, Q) is pseudo-convex.

Proof. By choosing Lyapunov functions V(u) = Q(u)—Q*
and V(u) = |u — u*||* (where u* € U* is arbitrary) respec-
tively, it can be verified that all conditions of Theorem 1 are
satisfied. Consequently, we have lim,_,  d(u;,U*) = 0 ass,,
and no truncation occurs after a finite step k, > 0. This
implies that the algorithm reduces to the Robbins-Monro
iteration given in (27) forall k > k.. Moreover, the noise term
&, can be decomposed into the form shown in (28)-(30).
Notably, by leveraging the conclusions of Theorem 1 and
following the standard stochastic approximation analysis
framework for stochastic gradient descent-type algorithms,
this corollary can be rigorously derived. O

Corollary 3. Under the assumptions of Theorem 1, and fur-
ther assuming that Q) is a strictly convex function (which
implies that U* consists of a singleton u*), then the SAAWET
ESC algorithm (21)-(23) attains an exact almost sure conver-
gence: lim;_, _u, = u" as.

5. Simulations

To validate the effectiveness of the proposed algorithm, we
begin with a simple SISO Hammerstein system governed by
a static nonlinear function. This example serves three pur-
poses. First, it demonstrates that the conventional stochas-
tic approximation-based ESC algorithm (13) and (14) may
diverge when applied to nonconvex functions without input
constraints. Second, it verifies that the proposed SAAWET-
based ESC algorithm (21)-(23) effectively prevents diver-
gence by adaptively constraining the iterates within an
expanding compact set. Third, it illustrates how the sign of
the steady-state gain c(1 — a)~'b determines whether the
algorithm converges to a local minimum or a local maximum
of the cost function. This simple case therefore provides an
intuitive validation of the theoretical results established in
the previous sections.

To further demonstrate the performance and robust-
ness of the proposed SAAWET-based ESC algorithm in a
multi-dimensional setting, we consider a MISO Hammerstein
system with a two-dimensional input and a static nonlin-
ear mapping defined by benchmark test functions, including
the Himmelblau, Beale, Six-Hump Camel Back, and Rosen-
brock functions. These examples confirm that the proposed
SAAWET-based ESC can successfully converge to the set U¥,
defined in (7), through appropriate selection of the random
design sequences.

Finally, we apply the proposed SA-based ESC algorithm
to the material balance control of a well-established con-
tinuous stirred-tank reactor (CSTR) model, motivated by
practical engineering applications. This example serves two
purposes. First, it demonstrates that the proposed algo-
rithm performs effectively in an industrial setting. Sec-
ond, it shows that the method can be extended to ESC of
MISO Hammerstein-Wiener systems. A comparison with the
classical ESC algorithm highlights the advantages of our
approach over algorithms with semi-global convergence.

5.1. A SISO Hammerstein example

Consider a SISO Hammerstein system. A static nonlinear
function J; (u) = u®/3 — u is examined, as shown in Fig. 4. It
can be verified that —1 is a local maximum and +1 is a local
minimum. This function has no global maximum or mini-
mum.

The linear dynamic system takes the following form:

Ty = axy_y +bug_y,
Yp = CTy, (32)
2 = Yp T ek
where ¢ = —0.5.
The random perturbation sequence {e,} is selected as
an ARMA(2,1) process, that is, an auto-regressive moving

average (ARMA) process with two auto-regressive terms and
one moving-average term:

ek = O.3€k71 — 0'1561672 + ek + 0'2616717
fid (33)

€ ™~ N(0,0l)

Ji(u) =u?/3 —u
T T T

300

200 - b

Ji(u)

-100 - b

-200 1

-300 b

Fig. 4. The curve of function J; (-).



678 X.-M. Chen, C. Gao & Y. Tan

For the SAAWET ESC algorithm (21)-(23), we use the
initial value conditions 4, = 5,z, = 0, and the fixed point
u® = 0. Set M, = 1 + k'/? for uniformly distributed random
perturbations and M, = In(k + 1) for normally distributed
ones, the step-sizes 7y, = 1/k, and the smoothing parameters
oy, = o/ k¢ with oy = 1.5,and a = 0.25.

We run the algorithms for K = 500 steps. We present
the trajectories of the estimates 4, and outputs z,, versus the
steps kin Figs. 5(a) and 5(b) under various scenarios, respec-
tively. Note that in the graph legends, the labels “uniform” or
“normal” indicate whether the dither w,, follows a uniform

5 T T T T T T T T T

1, =2, uniform, with noise
1, ¢=2, normal, with noise
1, ¢=-2, uniform, without noise |-
-1, c=2, uniform, with noise

—b
b:

a4l _

o o

0 50 100 150 200 250 300 350 400 450 500
k

(a) Estimates @, of the SAAWET ESC algorithm under different
scenarios.

30 gy T T T T T T T T T
‘ —-—- SA-ESC (sample)
N R PPVPPOOS adaptive gain ESC (sample)
20 | — — SAAWET-ESC (sample) h
| —— SA-ESC (mean)
i adaptive gain ESC (mean)
——— SAAWET-ESC (mean)
I
10 ! 1
I

Y S N S S S

0 50 100 150 200 250 300 350 400 450 500
k

(c) Estimates @, of the compared algorithms with 10 random initial
points.

or normal distribution, and “with noise” or “without noise”
denote whether the observed output ¢, is used or not.

It can be observed that if ¢(1 —a)~'b > 0, the algorithm
will seek the minimum of J, and if ¢(1 — a)*lb < 0, it will
seek its maximum.

To verify the algorithm’s robustness to initial condi-
tions and compare the performance of different approaches,
we evaluate the SAAWET ESC algorithm (21)-(23) (labeled
as SAAWET-ESC) against the conventional SA ESC algo-
rithm (13) and (14) (labeled as SA-ESC) and the adaptive
gain ESC algorithm in [12] (labeled as adaptive gain ESC).

200 T T T T T T T T T
— b=1,c=2,uniform
b=1,c=2,normal
150 f — - —- b=1,c=-2,uniform |
b=-1,c=2,uniform

100 | 1

2

200 L L L L L L L L L
0 50 100 150 200 250 300 350 400 450 500
k

(b) Output z; of the SISO Hammerstein system under different
scenarios.

T T T T T T
—-— - SA-ESC (sample)
------- adaptive gain ESC (sample) |
— — SAAWET-ESC (sample)
—— SA-ESC (mean)
adaptive gain ESC (sample) |
——— SAAWET-ESC (mean)

i
Py
i

A
3
3
[ T

0 50 100 150 200 250 300 350 400 450 500
k

(d) Output z;, of the SISO Hammerstein system for the compared algo-
rithms.

Fig. 5. Numerical experiments for the SISO Hammerstein system.
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The SA ESC algorithm uses the same step-size and smoothing
parameter sequences as the SAAWET-ESC algorithm, while
the adaptive gain ESC algorithm employse; = 0.1and p = 1.

We randomly selected 10 initial values @, within the
range [—10, 10] and conducted 10 independent experiments.
In each experiment, perturbations were randomly drawn
from uniform and normal distributions with equal proba-
bility, satisfying [12, Assumption A1]. The trajectories of i,
and z,, for each experiment are plotted in Figs. 5(c) and 5(d),
respectively, together with the mean curve over the 10 exper-
iments. For clarity, the range of 4, is limited to [—30, 30] and
that of z;, to [—10, 100].

Note that the SA ESC algorithm without truncation or
expanding truncation diverged in 9 out of 10 experiments,
which is why some trajectories are omitted from the figures.
To highlight the differences, the SAAWET-ESC algorithm uses
¢ = —2, while all other parameters and linear system set-
tings for the remaining algorithms are kept identical.

5.2. A MISO Hammerstein example

Consider a two-dimensional input MISO Hammerstein sys-
tem with a static nonlinearity represented by one of the four
test functions, as illustrated on Figs. 6(a) and 6(b), which
display the corresponding surface and contour plots, respec-
tively. These four benchmark cost functions are widely used
in nonlinear optimization and control studies to evaluate the
performance and robustness of search algorithms under dif-
ferent landscape conditions. Each function exhibits distinct
structural properties, providing a diverse set of challenges
for the proposed SAAWET-based ESC algorithm.

e Himmelblau’s function:
Jg(ug,uy) = (U? +uy —11)% + (uy + Ug —7)?

is a multi-modal function possessing four identical local
minima and one saddle point. Such a function is partic-
ularly suitable for examining whether the algorithm can
identify one of several equivalent extrema in a nonconvex
landscape. It has four identical local minima at

ul =[3,2]",

ul = [—2.805118, 3.131312]",
u} = [—3.779310, —3.283186] ',
u) = [3.584428, —1.848126] ",

each corresponding to the minimum value J;; = 0.
e Beale’s function: The objective function Jg(uq,u,),
defined as

Jp(uy,uy) = Jp 1 (U, ug) + Jpg o(ug, us)

+Jp5(uy, us),

Jpa(ug,ug) = (1.5 —uy + U uy)?,
Tpa(ugsty) = (225 —uy + uguj)?,
Jp.a(uy, uy) = (2.625 —uy + uyul)?,

possesses a unique, well-defined global minimum sur-
rounded by large flat regions, posing challenges for
gradient-free methods that depend on local variation in
function values for exploration. By analytical computation,
the critical points of Jz(u,, u,) are determined as follows:

ul =3, 05]", Jg(ul) =0,
uj ~ [0.1005, —2.6445] ",

uy = [0, 1]7,

Jp(ul) ~ 9.8645,
Jp(ul) = 14.2031.

The first critical point corresponds to the global minimum
of the function, whereas the remaining two critical points
are verified to be saddle points.

e Six-Hump Camel Back function:

4/3

Js(uy, ug) = (4 —2.1u? +u) " )u? + uyu,

+ (—4 + 4ud)u3

is a global optimization test function. Within the bounded
region are six local minima, two of them are global minima:

u} = [—0.0898, 0.7126] ",
u} = [0.0898, —0.7126]",

and the minimum J; = —1.0316.
e Rosenbrock’s function:

Jr(uy,ug) = (1 —uy)* +100(uy — uf)?

(often referred to as the “banana function”) features a nar-
row, curved valley leading to a global minimum. It is com-
monly used to evaluate convergence speed and stability
in ill-conditioned optimization landscapes. By calculation,
the critical points of Jy(uq, u,) are

uwi =1, 1", Jgpul) =0,

’U/; = [_lv 1]T7 JR(UZ) =4.

The first optimal solution is a global minimum, while the
second optimal solution is a saddle point.

Collectively, these test functions encompass multi-
modality, strong coupling, nonconvexity, and flatness — key
challenges frequently encountered in practical optimization
and control problems — thereby providing a comprehensive
assessment of the proposed algorithm’s performance.

The linear subsystem is similar to (32) with ¢ = —0.5,
b =1, ¢ = 2 and initial 2, = 0. The observation noise is an
ARMA process defined as (33).

For each test function, both the initial value points u,
and the fixed points u” are sampled within the following
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Beale function Himmelblau function

Six Hump Camel Back function Rosenbrock function

(a) The surface plots of the test functions.

2 2,2 3,2
Jglu)=(1.5-u, +u, u )" +(2.25-u, +u, U} +(2.625-u, s, uy)

(b) The contour plots of the test functions.

Fig. 6. The test functions for ESC of the MISO Hammerstein system.
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bounded rectangular domains:

Himmelblau: @, ~ U(—5,5), u’ ~ U{-5,5);

Beale: @y ~ U(—4,4), u’ ~ U(—4,4);

Six-Hump Camel Back: @, ~ U(—2,2), u’ ~ U(-2,2);
Rosenbrock: ity ~ U(—2,2), u® ~ U(—2,2).

For each case, 10 independent groups of random points are
generated to ensure statistical reliability.

The algorithm employs a step-size sequence v, = 1/k
and a smoothing parameter sequence «;, = «y/k“, k =
1,2, ..., K, where the baseline smoothing parameter is set to
oy = 1.5 and the decay exponent to o = 0.3. Two types of
stochastic perturbations are applied, controlled by a binary
flag € {0, 1} that takes values 0 and 1 with equal probability
1/2:

e If flag = 0: uniformly distributed random perturbations
are used, with

M, =1+EY3.

iy, of DT-ESC(SAAWET) for Himmelblau Case under Different Scenarios

8 1 1 1 1 1

o Ifflag = 1:normally distributed random perturbations are
used, with

M, =In(k+1).

All numerical simulations are executed for K = 2000 steps.

The trajectories of the estimates 4, and the output z,
of the MISO Hammerstein system versus the iteration steps
k for the four test functions under different scenarios are
shown in Fig. 7.

From the simulations, we observe that by selecting the
appropriate «,, the algorithm can effectively explore the
extremum of the mapping (), even in nonconvex scenarios.
The fixed point «° can also be regarded as priori knowledge
of the extreme point. By varying u°, distinct extrema can be
explored.

Here the steady-state input-output mapping is y =
Q(u) = %J(ul, u5), thus minimizing @ is equivalent to mini-
mizing J. However, if ¢ = 2 is set to —2 for example, the algo-
rithm will seek the maximum of .J.

i of DT-ESC(SAAWET) for Beale Case under Different Scenarios

8 1 1 1 1 1 1 1 1 1 |

0 200 400 600 800 1000 1200 1400 1600 1800 2000
&

(a) Estimates u,, for Himmelblau case

iy of DT-ESC(SAAWET) for Six Hump Camel Back Case under Different Scenarios

1

0 200 400 600 800 1000 1200 1400 1600 1800 2000
&

(b) Estimates u,, for Beale case

;. of DT-ESC(SAAWET) for Rosenbrock Case under Different Scenarios

1

0 200 400 600 800 1000 1200 1400 1600 1800 2000
&

(c) Estimates w, for Six-Hump Camel Back case

[ 200 400 600 800 1000 1200 1400 1600 1800 2000
&

(d) Estimates w,, for Rosenbrock case

Fig. 7. Estimates u; and output z;, of the SAAWET ESC for the test functions.
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6000 Output 2, of DT-ESC(SAAWET) for Himmelblau Case under Different Scenarios
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105 Output 2z of DT-ESC(SAAWET) for Beale Case under Different Scenarios
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(e) Output z;, for Himmelblau case

5000 Output 2 of DT-ESC(SAAWET) for Six Hump Camel Back Case under Different Scenarios
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(f) Output z,, for Beale case

5000 Output 2 of DT-ESC(SAAWET) for Rosenbrock Case under Different Scenarios
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3000 1 1 1 1 | 1 2000 | 1 1 | | | |
o 200 400 600 800 quﬂ 1200 1400 1600 1800 2000 [ 200 400 600 800 mADU 1200 1400 1600 1800 2000
(g) Output z,, for Six-Hump Camel Back case (h) Output z;, for Rosenbrock case
Fig.7. (Continued)
Now, consider a two-input, two-state, one-output Ham- problem

merstein system with the following LTI subsystem:

0 1/2

= (2, 1]z,
_1/2 0 Yk [ ]k

Ty = Ty + V1,

where v, = [v;(uy,), vo(u,)]" with v, (u) = Jp(uy,u,) and
vy(u) = Jg(uq,uy). It is straightforward to verify that the
matrix A is stable, and the system is both controllable and

observable. The steady-state gain matrix of the LTI subsys-
tem (from inputs to output) is given by

0.8 04| (1 O

C(I—-A)"'B=21]
—04 08| ]0 1

[1.2,1.6].

The scatter plot of the solution structure minimizing
Jg or Jg, corresponding to the bi-objective optimization

min
uy€[—3,3], ux€[—2,2]

{J(u) = [Tp(uy, up), Js(uy, up)] "},

is shown in Fig. 8, where the optimal solution of the weighted
minimization

(34)

i Jy(u) =127 1.6J
u1€[—37131]1,11?26[—2,2]{ A(w) p(u) + s(u)}
(35)

is also plotted. The Pareto front of (34) is presented in Fig. 9.

The algorithm parameters are set as 7, = 1/k and
a, = 1.5/k%3, k = 1,2, ..., K, with a uniformly distributed
stochastic dither M, = 1+ k'/3. The observation noise is the
same as in (33). The initial estimate is set to u, = [—2,3]",
the reset point is u° = 2, Z]T, and the initial state is fixed at
xz, = 0. The total number of steps is K = 2000.
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*  Pareto optimal solution
®  minimum points of f1
15 ¢ minimum points of f2
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Fig. 8. The scatter plot of solution structure of Jz and Jg.
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Fig.9. The scatter plot of Pareto front of [J 5, Jg].

The trajectories of the estimate u, and the output z,
of the two-state MISO Hammerstein system versus the iter-
ation steps k are shown in Figs. 10 and 11, respectively. It is
observed that the estimate u;, converges asymptotically to
the Pareto-optimal solution of (35).

5.3. Application to material balance control
of CSTR

A CSTR is a well-mixed chemical reactor in which reac-
tants are continuously fed while products are continuously
removed, maintaining a constant reactor volume. Perfect

1y, of SAAWET ESC for Hammerstein system with 2 states
T T T T T

10 T

Uy,

8 L L L L L L L L L

0 200 400 600 800 1000 1200 1400 1600 1800 2000
k

Fig.10. Estimates w;, of the SAAWET ESC for a MISO Hammerstein system
with two states.

«108 output z; of SAAWET ESC for Hammerstein system with 2 states
T T T T

25 1

2k
T
L

05 1

05 .

1 L L L L L L L L L

0 200 400 600 800 1000 1200 1400 1600 1800 2000
k

Fig. 11. Output z;, of the MISO Hammerstein system with two states.

mixing is assumed, so that temperature and species concen-
trations are uniform throughout the reactor and equal to
those at the outlet. Due to its nonlinear dynamics — partic-
ularly for exothermic reactions with heat exchange — CSTRs
are widely used as benchmark systems in nonlinear control
and optimization studies.

A CSTR model is employed here to characterize a non-
isothermal, irreversible first-order exothermic reaction A —
B occurring within the reactor. Specifically, we consider the
well-established CSTR model [18], which is governed by the
following set of continuous-time nonlinear differential equa-
tions:

aC, ¢

= =(Cyp—Cy) — koCre 7T,

dt |4 (36)
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dI" ¢ AH _E
T ‘—/(To -T)— kaOCAe AT
p
p:.Che __ha
+ C Z;qc <1 —e C) (T, —T), (37)
p

where C'4 (mol/L) denotes the outlet concentration of reac-
tant A, T (K) is the reactor temperature, ¢, (L/min) repre-
sents the coolant flow rate, and C 4, (mol/L) is the inlet feed
concentration of A.

The control objective is to achieve precise material bal-
ance for species A by adjusting the coolant flow rate ¢,
and regulating the feed concentration C,,. To quantify this
objective, we minimize the absolute steady-state error of the
material balance for A, defined as

__E_
J = q<CA0,ss - CA,SS) - kOCA,sse RTss ) (38)

the subscriptsson Cy &, Cy s and T, denotes their steady-
state values under the stationary operating conditions of the
stochastic process. In this cost function, the term ¢(C' 4¢ s —
C 4 ) represents the molar flow rate of unreacted species
A at the reactor outlet under steady state, while the term

E
koC 4 ss€ =7V describes the molar consumption rate of A
resulting from the exothermic reaction.

The nominal model parameters are listed in Table 1. The
sampling period is 7, = 0.01 min and the total simulation
duration is 15 min. The initial values for (36) and (37) are
C4(0)and T'(0) = 438.5K.

The above CSTR process has been widely modeled as a
Hammerstein-type system, as discussed, for example, in [19].
After discretization, the process described by (36) and (37)
can be accurately approximated by a two-input, three-output
Hammerstein-Wiener model. In this formulation, the inputs
are u = [q,,C )", the outputs are y = [C0,C4,T]", and
the nonlinear mapping h(-) is defined by the objective func-
tion in (38).

Table 1. CSTR model parameters.

Parameter Value Description

q 100 L/min Feed flow rate

|4 100L Reactor volume

ko 7.2 x 101 min~! Pre-exponential factor
E/R 1x 104K Activation energy term
AH —2 % 10° cal/mol Heat of reaction

P 1x10%g/L Reaction fluid density
) 1 cal/(gK) Heat capacity of fluid

Pe 1x10%g/L Coolant density

Chpe 1 cal/(gK) Heat capacity of coolant
h 4 7 x 10° cal/(minK)  Heat transfer term

Ty 350K Feed temperature

T 350K Coolant inlet temperature
q. (50, 150] L/min Coolant flow rate

Cao [0.5,1.5] mol/L Feed concentration
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Fig.12. The surface graph of .J with respective to g, and C 4.

x10°
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Fig. 13. Aslice plotof Jat C 4o = 0.5.

To visualize the steady-state behavior, we plotted the
surface of the objective function Jwith respectto g, and C4
using the parameters in Table 1, as shown in Fig. 12. Addi-
tionally, a slice plot at C'y, = 0.5 is provided in Fig. 13.
These figures clearly illustrate that the optimization prob-
lem is nonconvex and nonsmooth, which highlights the chal-
lenges for ESC.

Assuming the inputs are constrained as g. € [50,150]
L/minand C, € [0.5,1.5] mol/L, we apply Algorithms (20),
(13), and (19) to investigate the ESC problem for the CSTR
model. The step-size sequence is chosen as v, = 0.01/k, and
the smoothing parameter sequence is configured as o, =
ay/k®, with a = 0.3 and oy = 0.1 for the estimate ¢, , and
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o = 0.3 for the estimate éAO,k' A uniformly distributed ran-
dom perturbation is employed to explore the input space.
For comparison, the classical ESC algorithm using deter-
ministic sinusoidal perturbation and synchronous demodu-
lation for gradient estimation is also implemented [11].

Qo1 = Qg T agesin(wiy),
C%s oy = C5% |+ ag o sin(wty, + 7/2),
('Z*esc _ ('Z*esc _T y 2 Jk Sin(Wtk)
k k— ’
c, c,k—1 s qcﬂ. aqc
esc __ ,esc
Chor = Cao g — TSVCAOE a .
CAO0

where t;, is the sampling time, and J,, is the transient value of
the objective function (38) obtained by replacing the steady-
state variables with the current variable estimates. The algo-
rithm parameters are set as follows:

w=10; a, =05, acyo=0.1;

Yge = 0.5, 7vca0 = 0.01.

The trajectories of the control variables g, ;, and C’AAOJC,
together with the transient objective function values J,, ver-
sus the iteration steps k for both algorithms, are shown in
Fig. 14, while the corresponding system outputs are illus-
trated in Fig. 15.
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Fig. 14. Estimates @, of the SAAWET ESC.
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Fig. 15. Output z, of the MISO Hammerstein system.

It was observed that both algorithms converge to
near-nominal optimal inputs; however, the proposed algo-
rithm converges directly to the optimal values, whereas the
perturbation-based ESC using deterministic dithers reaches
only a small neighborhood around the optimum due to the
presence of the deterministic perturbations, clearly illustrat-
ing the difference between the two techniques.

6. Concluding Remarks

This paper presented a discrete-time ESC framework for
MISO Hammerstein systems with unknown linear dynam-
ics and nonconvex, high-dimensional cost functions. By com-
bining stochastic approximation algorithm with expand-
ing truncations, the method guarantees bounded iterates
and closed-loop stability under noisy, dynamically filtered
measurements. Convergence to the set of stationary points
from arbitrary initial conditions is established, demonstrat-
ing robust performance in complex optimization landscapes
with multiple extrema. Simulation studies confirm the algo-
rithm'’s effectiveness in navigating high-dimensional inputs
while maintaining stable behavior. These results provide a
rigorous and practical foundation for real-time optimization
of MISO systems, with potential extensions toward directed
convergence to local minima and distributed multi-agent
implementations.
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Appendix A. Noise Analysis of the SAAWET ESC
Algorithm

In this appendix, we present the noise analysis of the
SAAWET ESC algorithm (21) and (23), that is, we prove that
(31) holds. We primarily provide the proof for the case of uni-
formly distributed perturbations; the proof for the normally
distributed case follows by a similar method.

Lemma A.1. Assume that Assumptions 1-3 and Conditions 1,
2,and 4 hold. Let w,, ~ U(0B) be i.i.d. Then almost surely

: 1 _
klggo £ =0. (A1)

Proof. Note that w, = [w;,...,w}]"]" ~ U(0B) is a
sequence of i.i.d. uniformly distributed random vectors with
zero mean. By using the Taylor series expansion, we have

Qg 1 + apwy) — Q(ty_q)
= akwEVQ(’Ekal) + 0<ak)7
Thus,
0 [Q@kl +awy)

ay

Wy

)]

_F [Q(ﬁkl + awy,) — Q(uy_q) w, 9‘}—1}

A

=E [w,w, VQ(ty, )| F;,_,] +o(1).

The result follows by noticing that @,_, is %;_;-measurable,
wy, is independent of %,_;, and E[w,w, ] = I. O

Lemma A.2. Assume that Assumptions 1-3 and Conditions 1,
2, and 4 hold. There is Q with P{Q} = 1, such thatifw € Q
and if{a,, _,} is a bounded subsequence of {u,}, then

m(ny,T)
oo (2)
lim 1 = E &7 = 0. A2
e P

Lemma A.3. Assume that Assumptions 1-3 and Conditions 1,
2, and 4 hold. Let w;, ~ U(0B) be iid., and set M, =
kY40, Let X € (0,1). Then, for any j = 0,1, ..., [+,
Zfig v; — 0, and

k—o0

k+j

Z Vil _ellw; 0
Py o, k—oo

(=0,1,

" (A.3)

Z i€ W 0.

ik Qi oo
where [a] denotes the integer part of the real number a, and p
is given in Assumption 1.

Proof. The result Zf;g Vi 0 is straightforward to
— 00

verify, see [20, Lemma 2].
It follows from (21)-(23) and Condition 2 that

o, <k and
i (A.4)
la,| <M, <M= (k- Y m),

By Condition 2 and Assumption 1, it follows that thereis ¢; >
0 such that

| T (@y_y + owy,)| < ey b/ V> 1

(A5)

By stability of matrix A, there is a constant ¢, > 0 such that

|y < cok/0H, VE > 1. (A.6)
Therefore,
k+j
Z Yille; el /cv;
i=k
kH,[k/\/(lﬂL)]
<ec, Z i1t/ p) o
i=k
kﬂkk/(lwl] ;
< Cy / d—l‘
= i1 xl/(1+u)—o¢
1

———— = (k- 1)t
A rac Y

LN (L) w/(+p)+a
. l(l + & —1
k—1

—0
k—oo
since A € (0,1)and a < f
Finally, the second limit in (A.3) follows from Condi-
tion 4. O

Lemma A.4 (Analysis of noise 52.3)). Assume that Assump-
tions 1-3 and Conditions 1, 2, and 4 hold. Let w,;, ~ U{0B) be
i.id.,and set M, = k""", Then (31) holds for { = 3 and any
{ny} such thatw,, _, converges.

Proof. By substituting the linear subsystem Egs. (4) into
(30), we find that

‘523) =C(I — A)ilA(wkfl —xp)wy /oy, (A7)

the noise is related to the state z,, it suffices to show

m(ng,T
<zk: ) Yillle;—y — =;|)w,

! (o7
=Ny, T

lim lim sup — =0.

T=0 koo
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mng,T) v (Je;_1—2;)w,

By decomposing }_;” " = as
n +[nx/(1+u)]
k 2’“: Yillle;—1 — 2;)w;
i=ny, ai
T
N m% A
i b

we can derive from Lemma A.3 that its first term tends to
zero as k — oo.

Consequently, for proving the lemma, we only need to
verify that

A/(1+p)

”xnk,Jr[nk 1 mnk+[n2/(1+“)]+j||

0
Aty g1 k=00
(A8)
for j = 0,1, ..., m(ny, T) —ny — [ ") — 1.

Note that under Assumption 2: A is a stable matrix, there
exist constants ¢, > 0 and § > 0 such that

|A¥| < coe®*, VEk>0. (A9)

By performing recursions on the first equation of (4), we
obtain

xr n;/(lﬂt)]

ny+| +j+1
A/(A+p)

— A[nk |+j+1

dfnk

nHny -1

T Y L

i=ny,—1

x BJ(u;).

[ g

Then, using the triangle inequality, we derive the following
estimate

H xr A/(1+u)]

A
ny+ng nk/(H“)]

+i+1 mn,ﬁ[ +j”

X/(1+p)

< ”A[nk ]+j+1(A _ I)$

n,;l”

A(L+p)

n j+1
+jAm B (u,, )

nk+[n2/(1+ﬂ-)]+j+1

n Z Aty i

i=n,—1

x BlJ (u; 1) — J(w,)]|| (A.10)

The first term on the right-hand side (RHS) of (A.10) is
bounded by

gt [n )

+j+1 -6 w/ (1)
cope lcoe™ — 1cgny”

which tends to zero as kK — oc. The second term on the RHS
of (A.10) also approaches zero by (A.9), (3) and the bound-
edness of u,, _;.Finally, the last term on the RHS of (A.10) is
bounded by

<l Bl
o= max o [T (wiy0) = I (uy)]-

1 — e 9 ny—1<i<m(n,,
A standard analysis of the SAAWET algorithm [16, Step 2 on
the proof of Theorem 2.2.1] can prove that

lim max

U, — =0
k—o00 n,—1<i<m(n,,T) HuZH uz” )

From Assumption 1, J(-) is continuous, and from Condi-
tions 1 and 2, it follows that the last term on the RHS of (A.10)
converges to zero as k — oo, hence the lemma is establisheda
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