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This paper addresses the importance of accounting for both nonaffine-in-control structure and non-minimum phase behavior in the
control of autonomous unmanned helicopters (AUHs). Many existing control methods for AUHs tend to simplify these complexities. Such
approximations can restrict operational regime, compromise flight performance, and potentially lead to system instability. To overcome
these limitations, we introduce a feasible control strategy for 3-DOF AUHs that preserves these essential characteristics while also
accounting for external disturbances. First, we construct an augmented fast subsystem to transform the closed-loop system into the
standard singular perturbed form. Thereafter, we derive and manipulate the order-reduced subsystems separately in the fast and slow
time-scales. In the fast time-scale, the flapping angle is exponentially stabilized around the desired manifold. In the slow time-scale, we
transform AUHs into a simpler affine form compared to the original model through the manifold derived in the fast time-scale, and then an
observer-based nonlinear controller is designed to guarantee the uniformly ultimately bounded stability of the resulting order-reduced
slow subsystem. Finally, the tracking performance of the entire system is analyzed and ensured under the singular perturbation theory. To
illustrate the effectiveness of our method, we present two simulation examples comparing our approach with existing methods using
simplified models. The analysis of the results highlights the issues arising from these approximations, and demonstrates the superior
performance of our proposed control method in terms of reduced amplitude of input, decreased setting time, and improved tracking
accuracy.

Keywords: Autonomous unmanned helicopter; nonaffine; non-minimum phase; singular perturbation theory; disturbance-rejection;
nonlinear dynamic inversion.

1. Introduction

During the past decades, unmanned aerial vehicles (UAVs)
have found extensive applications in various fields, includ-
ing scientific research, industrial tasks, agricultural activi-
ties, military operations, and more [1, 2]. Among the
different types of UAVs, autonomous unmanned helicopters
(AUHs) have garnered significant attention due to their
exceptional maneuverability, agile movement, rapid re-
sponse, and vertical take-off and landing capabilities [3].
However, the control design for AUHs poses substantial

challenges in practical engineering due to their complex
high-order dynamics, nonlinearity, strong coupling effects,
and nonaffine-in-control structure [4].

Up to the present, researchers have proposed numerous
sophisticated approaches to address various challenges
related to AUHs. By applying approximate feedback line-
arization, Chen translated the model of AUH into a simpli-
fied form and designed a set of finite-time disturbance
observers for AUHs in the presence of high-order dis-
turbances [5]. Siri proposed a predictor-based control law
through back-stepping procedure for AUHs with long input
delays [6]. Learning-based adaptive control methods were
widely applied to AUHs with unknown dynamics [7, 8].
However, the aforementioned controllers were built with
the negligence of the strong non-minimum phase character
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in AUHs, which arises from the coupling effect between the
forces generated by cyclic pitch and the moments created
by the flapping angle. As analyzed by Siddarth [9], the
stabilization of inertial position may excite the periodic
behavior in the pitch channel, and the error between the
exact and approximated forces can exceed 100% in hori-
zontal direction. Consequently, neglecting such coupling
effects would severely limit the operational regime of AUHs.
The development of advanced nonlinear controllers for
AUHs while considering the non-minimum phase character
has become a crucial research focus. Siddarth took advan-
tage of the inherent three time-scale separation character-
istic of helicopters to construct a composite controller.
Recently, the inherent time-scale was proved to be unreli-
able during forward flight, and state extension was imple-
mented with time-scale assignment to achieve exponential
tracking performance with retained non-minimum phase
behavior [10]. By means of time-varying gain extended
state observer and neural networks (NN), Yan developed an
adaptive dynamic programming controller for disturbed
AUHs [11].

However, the control methods mentioned above ap-
proximate the dynamic model of AUHs to be affine-in-
control. Consider the longitudinal direction. The flapping
angle “a” of the main rotor was assumed to be sufficiently
small, allowing the approximations sinðaÞ � a and
cosðaÞ � 1. These approximations transform the nonaffine
structure into an affine form, which is essential for deriving
the explicit inversion needed for controller design. As
pointed out by Seo [4, 12], such assumptions can impose
limitations on the applicable conditions and significantly
degrade flight performance. In Sec. 2.2, we will present a
simulation example to analyze the impact of ignoring the
nonaffine structure of AUH. To deal with the nonaffine
structure of AUHs, some researchers have investigated NN
and fuzzy logic (FL)-based adaptive control methods. Tee
[13] utilized NN to approximate unknown functions, and
designed an adaptive nonaffine controller for AUHs in ver-
tical flight. Dynamic approximation technique was adopted
with FL-based adaptive controller for the nonaffine yaw
channel model of AUHs with uncertainties [14]. Zhang [15]
transformed the nonaffine model into an affine form, and
then developed an NN-based flight controller. Nevertheless,
the implementation of intelligent strategies may cause
issues such as high computational burden, degraded control
performance, or even instability, impacting their practical
applicability [4, 16, 17].

Hovakimyan [18] proposed a singular perturbation
theory (SPT)-based control strategy, known as approximate
dynamic inversion (ADI), for a class of nonaffine nonlinear
systems. Owing to its feasibility, a large number of relevant
control methods have been developed [19, 20]. Recently,

Seo adopted ADI to establish a multi-time-scale structure
for nonaffine AUH to achieve robust and predictive control
performance [4, 12]. Despite considering the nonaffine
structure, the methods in [4, 12] ignored the non-minimum
phase character. To the best of our knowledge, the control
problems of AUHs incorporating both non-minimum
phase behavior and nonaffine structure remain largely
unexplored.

Motivated by the aforementioned circumstances, this
paper proposes a feasible tracking control strategy for
disturbed 3-DOF AUHs that retaining both nonaffine struc-
ture and non-minimum phase behavior. We first construct
an augmented fast subsystem so that the entire system can
be reformulated in the standard singular perturbed form
(SSPF). Subsequently, two order-reduced subsystems are
derived based on SPT in fast and slow time-scales. In the
fast time-scale, the flapping angle dynamics are designed to
converge exponentially toward the desired manifold. In the
slow time-scale, we transform the original model of AUHs
into an affine form. Thereafter, a nonlinear observer-based
controller is built such that the resulting slow subsystem
achieves uniformly ultimately bounded (UUB) stability
under external disturbances. At last, the tracking perfor-
mance of closed-loop system is ensured by SPT. The main
contributions of the proposed strategy are as follows:

. In contrast to prior research [4, 9, 10, 12], the controller
developed in this paper is designed without any
approximations regarding the nonaffine-in-control struc-
ture and the non-minimum phase character. Further-
more, it effectively accounts for the presence of
disturbances. These advancements contribute to a wider
operating range and significantly improved flying
performance.

. Unlike the SPT-based controller presented in [9, 10], the
effectiveness of our method is not constrained by the
inherent time-scale characteristics of AUHs. This inde-
pendence highlights its feasibility and potential for
broader application.

This paper is arranged as follows. Section 2 provides an
overview of SPT and formulates the problem. Section 3
presents the detailed controller design strategy. Section 4
introduces the main theorem. The simulation results are
presented in Sec. 5. Finally, Sec. 6 concludes.

2. Preliminaries and Problem Formulation

2.1. Preliminaries on singular perturbation theory

The mathematical foundation of SPT utilized in this paper
will be briefly presented in this section. Consider the
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singular perturbation problem as follows [21]:

x
: ¼ f ðt; x; z; �f Þ;
�f z
: ¼ gðt; x; z; �f Þ;

ð1Þ

where x 2 Dx , z 2 Dz, Dx � Rn, and Dz � Rm; f and g are
continuously differentiable in their arguments; 0 < �f � 1
is a small positive parameter characterizing time-scale split.
The system (1) is in SSPF, if 0 ¼ gðt; x; z; �f Þ has k � 1
isolated real roots z ¼ hiðt; xÞ, i ¼ 1; . . . ; k. For ease of no-
tation, we fix an i within the range 1 to k and omit the
subscript from hi hereafter. Denote e ¼ z� hðt; xÞ and
� f ¼ t

�f
. By substituting �f ¼ 0, the “reduced slow subsys-

tem” (RSS) and the “boundary-layer subsystem” (BLS) are
derived, respectively, as follows:

x
: ¼ f ðt; x; hðt; xÞ; 0Þ; ð2Þ

and

de
d� f

¼ gðt; x; eþ hðt; xÞ;0Þ: ð3Þ

Lemma 1 ([21, Theorems 11.1 and 11.2]). Consider the
singular perturbation problem described by (1), and let z ¼
hðt; xÞ be an isolated root of 0 ¼ gðt; x; z;0Þ. Suppose that the
following conditions are satisfied for all ðt; x; z� hðt; xÞ; �f Þ 2
½0; t1� � Dx � De � ½0; �f0� for t1 2 ð0;1Þ,
(A1) The first partial derivatives of f and g with respect to

ðx; z; �f Þ, and the first partial derivative of g with re-
spect to t are continuous; the function hðt; xÞ and
½@gðt; x; z; 0Þ=@z� have continuous first partial deri-
vatives with respect to their arguments.

(A2) The reduced problem (2) has a unique solution
xsðtÞ 2 S, for t 2 ½t0; t1�, where S is a compact subset
of Dx.

(A3) The origin is an exponentially stable equilibrium point
of the BLS (3), uniformly in ðt; xÞ. Let Re � De be the
region of attraction of (3), and �e be a compact
subset of Rx.

Then there exists a positive constant �	f > 0, such that for all
t1 > t0, z0 � hðt0; x0Þ 2 �e, and 0 < �f 
 � 	f , the system (1)
has a unique solution xðt; �f Þ, zðt; �f Þ on ½t0; t1�, and

xðtÞ ¼ xsðtÞ þ Oð�f Þ;
zðtÞ ¼ hðt; xsÞ þ eð� f Þ þ Oð�f Þ;

ð4Þ

hold uniformly for t 2 ½tb; t1�, where Oð�Þ denotes the order of
magnitude notation.

The Assumption (A3) in Lemma 1 can be verified by the
following lemma.

Lemma 2 ([21, Definition 11.1, Chap. 11]). The equili-
brium point e ¼ 0 of the BLS (3) is exponentially stable,

uniformly in ðt; xÞ 2 ½0;1Þ � Dx, if the Jacobian matrix
½@g=@e� satisfies the eigenvalue condition

Re �
@g
@e

ðt; x; hðt; xÞ; 0Þ
� �� �


 �c < 0; ð5Þ

for all ðt; xÞ 2 ½0;1Þ � Dx, where �ð�Þ represents the
eigenvalue of the matrix, and c > 0 is a positive constant.

2.2. Problem formulation and control objective

In this paper, the following model of a 3-DOF symmetric
helicopter, in which the lateral and directional dynamics are
in equilibrium, is considered [9, 10]:

x
:

z
:

" #
¼ cos � sin �

� sin � cos �

� �
u
w

� �
; ð6Þ

u
:

w
:

" #
¼ 1

m
�mqw � TM sin a
mqu� TM cos a

� �

þ cos � � sin �

sin � cos �

� �
0
g

� �
þ du

dw

� �
; ð7Þ

�
: ¼ q; ð8Þ

q
: ¼ 1

Iy
ðMaaþ hM � TM sin a� lM � TM cos a� QTÞ þ dq; ð9Þ

y ¼ ½x; z�T ; ð10Þ
where ½x; z�T represents the position state vector of AUH in
the North–East-Down frame; ½u;w�T denotes the velocity
state vector in the body frame; � denotes the pitch angle,
and q is the pitch angular velocity; m denotes the mass of
the helicopter, and g is the gravitational acceleration; TM is
the main rotor thrust, and a represents the flapping angle;
QT is the tail rotor torque, Ma denotes the spring constant,
and Iy is the pitch moment of inertia; hM and lM denote the
distances between the main rotor and the center of gravity
along the upward and forward directions, respectively; du,
dw , and dq are disturbances of velocities u, w, and pitch
angular rate q; y is the output.

Remark 1. It is worth noting that the 3-DOF helicopter
model has been extensive researched for control design due
to its ability to represent complex movements applicable to
various fields, including agriculture, industry, and military
[9, 10, 22]. Previous studies [9, 10, 22] have made
significant contributions. However, this paper maintains
both non-minimum phase character and nonaffine-in-
control structure, which more accurately represents the
nonlinear relationship between control inputs and system
dynamics in real-world helicopter systems. Additionally, the
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model in (6)–(10) incorporates the influence of external
disturbances, further enhancing its practical relevance.

The forces and moments of the thrust acting on AUH can
be expressed as

Fx ¼ �TM sin a; Fz ¼ �TM cos a;

Mh ¼ �Fx � hM; Ml ¼ �Fz � lM:
ð11Þ

Referring to the internal dynamic analysis in [9], it was
found that the exact and approximate forces acting on the
AUHs exhibit a difference exceeding 100%. Although the
control methods proposed in [9, 10] have taken the cou-
pling effect into account, the nonaffine structure in (9) is
simplified under the assumption of small values, resulting
in the following approximations:

hM � TM sin a � hM � TMa;

lM � TM cos a � lM � TM:
ð12Þ

The impact of disregarding the non-minimum phase be-
havior has been investigated in [9]. To avoid redundant
discussion, the details are omitted. Interested readers
can refer to [9] for more information. Here, we will analyze
the ramifications of simplification on nonaffine character
in (12).

It can be observed from (11) and (12) that neglecting the
nonaffine structure via the small angle assumption impacts
the forces and moments on AUHs. Moreover, the error
introduced by this simplification is exacerbated with in-
creasing flapping angle. To illustrate this influence, we em-
ploy the controller in [9] for the nominalmodel of (6)–(10), in
which the disturbances are not considered. The reference
signals are xr ¼ 0, zr ¼ 0, the initial conditions and the
parameters are borrowed from [9]: xð0Þ ¼ �2m, zð0Þ ¼ 2m,
uð0Þ ¼wð0Þ ¼ 0 m=s, �ð0Þ ¼ 15deg, qð0Þ ¼ 30deg=s, K� ¼ 3,
Kq ¼ 10, �¼ �1 ¼ 2, � ¼ �1 ¼ 1. We represent the forward

and vertical positions as x1 and z1, respectively. The flapping
angle is denoted as a1.

Observe that although a1 is within an acceptable region,
there is a concerning negative vibration in the forward direc-
tion,which isdangerous forpracticalflight. Additionally, it takes
5 s for the helicopter to stabilize around the origin. To achieve
better performance, we maintain the same initial conditions
as before and adjust the tuning parameters as follows: � ¼ 3,
�1 ¼ 8, � ¼ 3, �1 ¼ 5, K� ¼ 20, Kq ¼ 40. The resulting
responses are labeled as x2, z2, and a2. As depicted in Fig. 2, the
helicopter achieves faster stabilization in both directions with-
out any negative vibration. However, the flapping angle a2
reaches 120�, which is unacceptable for real application and
exceeds the condition specified in the theory presented in [9]
that flapping angle should be less than 30�. Although the non-
affine nonlinear control methods have been proposed for AUHs
in [4, 12], the coupling effects in (7) have been ignored.

The aim of this paper is to present an SPT-based non-
linear control strategy for disturbed AUHs described by
Eqs. (6)–(10) maintaining both the non-minimum phase
character and the nonaffine structure such that the output y
can successfully track the reference signal yr . In order to
facilitate the controller design, the following assumption
and lemma are given.

Fig. 1. View of 3-DOF AUHs.

Fig. 2. Curves of positions and flapping angles.
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Assumption 1. The disturbances and their first time
derivatives are bounded as jdjj 
 di and j _djj 
 �di, where
di > 0 and �di > 0 are positive constants for i ¼ 1; 2; 3 and
j ¼ u;w; q.

Remark 2. In recent years, there has been a growing focus
on control problems involving systems subject to dis-
turbances described by Assumption 1 [23–25]. As high-
lighted in [23], the disturbances outlined in Assumption 1
are frequently encountered in practical applications,
including cruise control in autonomous vehicles and voltage
fluctuations in power systems.

Lemma 3 ([26, Lemma 3.2]). For x 2 R, y 2 R, any positive
real numbers p; q; b; and continuous function að�Þ � 0, the
following inequality is hold:

að�Þxpyq 
 bjxjpþq þ q
pþ q

pþ q
p

� �� p
q

að�Þ pþq
q b� p

q j yjpþq:

ð13Þ
3. Controller Design and Main Result

3.1. Fast augmented subsystem

To introduce time-scale split, a fast augmented subsystem is
designed as follows:

"a
: ¼ �sign

@Q
@a

� �
Q;

Q ¼ 1
Iy

Maaþ hMTM sin a� lMTM cos a� QTð Þ � �:

ð14Þ

where 0 < " � 1 is a small tuning parameter, similar to the
singular perturbation parameter �f in (1), and � is the vir-
tual controller, which will be designed later for the resulting
RSS. By substituting (7), the second time derivative of ½x; z�T
can be derived as follows:

x
::

z
::

" #
¼ � TM

m

sinð�þ aÞ
cosð�þ aÞ

� �
þ 0

g

� �

þ cos � sin �

� sin � cos �

� �
du
dw

� �
: ð15Þ

Then, the closed-loop system augmented with (14) can be
given in the error-coordinate

_e1 ¼ e2;

_e2 ¼ � TM

m

sinð�þ haÞ
cosð�þ haÞ

� �
þ 0

g

� �
� x

::
r

z
::
r

" #
þ

~du

~dw

" #
;

�
: ¼ q;

q
: ¼ 1

Iy
ðMaaþ hMTM sin a� lMTM cos a� QTÞ þ dq;

"a
: ¼ �sign

@Q
@a

� �
Q;

ð16Þ

where e1 ¼ ½ex; ez�T , ex ¼ x � xr , ez ¼ z� zr , ~du ¼ du cos �þ
dw sin �, and ~dw ¼ �du sin �þ dw cos �. We assume the
following assumptions are satisfied for (16).

Assumption 2. ½@Q=@a� is bounded away from zero,
equivalently, it is either positive or negative.

Assumption 3. There is a solution a ¼ ha such that
QðhaÞ ¼ 0.

Remark 3. The validity of Assumption 2 for ensuring the
controllability of the system to employ ADI is supported by
numerous studies [18–20, 27]. The existence of the smooth
isolated root stated in Assumption 3 can be verified by [28,
Lemma 1], which has been widely utilized in literature to
demonstrate the existence of isolated roots in nonaffine
nonlinear systems [23, 29, 30]. Additionally, both Assump-
tions 2 and 3 have been verified in real-world AUHs [4, 12]
as well as in other applications [31].

According to SPT, the corresponding BLS and RSS can be
derived as follows:

dea
d�

¼ �sign
@Q
@a

� �
Q; ð17Þ

and

_e1 ¼ e2;

_e2 ¼ � TM

m

sinð�þ haÞ
cosð�þ haÞ

� �
þ 0

g

� �
� x

::
r

z
::
r

" #
þ

~du

~dw

" #
;

�
: ¼ q;

q
: ¼ � þ dq;

ð18Þ

where � ¼ t=" represents the fast time-scale. In the next
subsection, we will develop an observer-based nonlinear
control law for the RSS in (18).

3.2. Observer-based controller

Design the following nonlinear observer to estimate
disturbances:

d̂u ¼ 	1 þ k1 _ex;

	
:
1 ¼ �k1	1 � k1 k1 _ex �

TM

m
sinð�þ haÞ � x

::
r

� �
;

d̂w ¼ 	2 þ k2 _ez;

	
:
2 ¼ �k2	2 � k2 k2 _ez �

TM

m
cosð�þ haÞ þ g� z

::
r

� �
;

d̂q ¼ �k3ð	3 � qÞ;
	
:
3 ¼ � þ d̂q;

ð19Þ
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where 	i are internal variables of observer, d̂ i are distur-
bance estimations, and ki are the tuning gains, i ¼ 1; 2; 3.
Define estimation errors as Eu ¼ d̂u � ~du, Ew ¼ d̂w � ~dw ,
and Eq ¼ d̂q � dq. Their time derivatives can be obtained as

_Eu ¼ �k1Eu � ~d
:

u;

_Ew ¼ �k2Ew � ~d
:

w;

_Eq ¼ �k3Eq � _dq:

ð20Þ

Meanwhile, ~d
:

u and ~d
:

w are

~d
:

u ¼ �qdu sin �þ _du cos �þ qdw cos �þ _dw sin �;

~d
:

w ¼ �qdu cos �� _du sin �� qdw sin �þ _dw cos �:
ð21Þ

According to Assumption 1 and the expressions in (21), one

achieves ~d
:

u 
 ~d1 and ~d
:

w 
 ~d2, where ~d1 > 0 and ~d2 > 0
are positive constants.

Introduce new variable 
1x ¼ ex , 
1z ¼ ez, 
2x ¼ _exþ
�x
1x , and 
2z ¼ _ez þ �z
1z, where �x > 0 and �z > 0 are
positive parameters. Choose Lyapunov candidate
V1 ¼ 1

2 

2
1x þ 1

2 

2
1z. Then, the time derivative of V1 can be

derived as

V
:
1 ¼ ��x


2
1x � �z


2
1z þ 
1x
2x þ 
1z
2z: ð22Þ

Denote �d ¼ �� ha as the desired value of pitch angle. The
desired dynamics of ex and ez are designed as

€exd ¼ ��xex � �x _ex � Eu

¼ � TM

m
sinð�d þ haÞ � x

::
r þ ~du;

€ezd ¼ ��zez � �z _ez � Ew

¼ � TM

m
cosð�d þ haÞ þ g� z

::
r þ ~dw;

ð23Þ

where �x > 0, �z > 0, �x > 0, and �z > 0 are some
positive tuning parameters. By substituting Eu ¼ d̂u � ~du

and Ew ¼ d̂w � ~dw , we obtain

x
::
r � �xð1� �xÞ
1x � �x
2x � d̂u ¼ � TM

m
sinð�d þ haÞ;

z
::
r � �zð1� �zÞ
1z � �z
2z � d̂w � g ¼ � TM

m
cosð�d þ haÞ:

ð24Þ
For brevity, we denote �1 ¼ � TM

m sinð�d þ haÞ and �2 ¼
� TM

m cosð�d þ haÞ. Then, TM and �d can be derived as
follows:

TM ¼ m
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2
1 þ �2

2

q
; �d ¼ arctan

�1
�2

� ha: ð25Þ

For this stage, we choose Lyapunov candidate as
V2 ¼ V1 þ 1

2 

2
2x þ 1

2 

2
2z þ 1

2 E
2
u þ 1

2 E
2
w . By substituting (18)

and (24), the time derivative of V2 can be derived

V
:
2 ¼ V

:
1 þ 
2xð€ex þ �


:
1xÞ þ 
2zð€ez þ �


:
1zÞ þ Eu

_Eu

þ Ew
_Ew

¼ ��x

2
1x � �z


2
1z � ð�x � �xÞ
 22x � ð�z � �zÞ
 22z

þ ð1� �x � �2
x þ �x�xÞ
1x
2x þ ð1� �z � �2

z

þ �z�zÞ
1z
2z �
TM

m

2x½sinð�þ haÞ � sinð�d

þ haÞ� �
TM

m

2z½cosð�þ haÞ � cosð�d þ haÞ�

� 
2xEu � 
2zEw þ Eu
_Eu þ Ew

_Ew: ð26Þ
According to Lemma 3, we have

lx
1x
2x 

1
2

 21x þ

1
2
l 2x 


2
2x;

lz
1z
2z 

1
2

 21z þ

1
2
l 2z 


2
2z;

�
2xEu 

1
2

 22x þ

1
2
E 2
u ;

�
2zEw 
 1
2

 22z þ

1
2
E 2
w;

ð27Þ

where lx ¼ 1� �x � �2
x þ �x�x and lz ¼ 1� �z � �2

z þ �z�z.
According to [21, Lemma 3.3], functions sinð�Þ and cosð�Þ are
globally Lipschitz, which implies

� TM

m

2x½sinð�þ haÞ � sinð�d þ haÞ� 


TM

m
ð
 22x þ e2�Þ;

� TM

m

2z½cosð�þ haÞ � cosð�d þ haÞ� 


TM

m
ð
 22z þ e2�Þ:

ð28Þ
By substituting (27) and (28) back to (26), we have

V
:
2 
 � �x �

1
2

� �

 21x � �x � �x �

1
2
l 2x �

1
2
� TM

m

� �

 22x

� �z �
1
2

� �

 21z � �z � �z �

1
2
l 2z �

1
2
� TM

m

� �

 22z

þ 2TM

m
e2� þ

1
2
E 2
u þ

1
2
E 2
w þ Eu

_Eu þ Ew
_Ew: ð29Þ

Denote q ¼ eq þ qd , where qd is the desired pitch angu-
lar rate. Choose Lyapunov function as VðxÞ ¼ V2þ
1
2 e

2
� þ 1

2 e
2
q þ 1

2 E
2
q . By substituting (20) and (21), we obtain

V
: ðxÞ 
 � �x �

1
2

� �

 21x � �x � �x �

1
2
l 2x �

1
2
� TM

m

� �

 22x

� �z �
1

2

� �

 21z � �z � �z �

1

2
l 2z �

1

2
� TM

m

� �

 22z

þ 2TM

m
e2� þ e�ðeq þ qd � �

:
dÞ þ eqð� þ dq � qd

: Þ
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� k1 �
1
2

� �
E 2
u � k2 �

1
2

� �
E 2
w � k3E

2
q

� Eu
~d
:

u � Ew
~d
:

w � Eq
_dq:

ð30Þ
Similarly, based on Lemma 3 and Assumption 1, the

following inequalities are satisfied:

�Eu ~d
:

u 

1
2
E 2
u þ

1
2
�d 2
1;

�Ew
~d
:

w 
 1
2
E 2
w þ 1

2
�d 2
2;

�Eq
~d
:

q 

1
2
E 2
q þ

1
2
�d 2
3:

ð31Þ

Then we can reformulate (30) as follows:

V
: ðxÞ 
 � �x �

1
2

� �

 21x � �x � �x �

1
2
l 2x �

1
2
� TM

m

� �

 22x

� �z �
1
2

� �

 21z � �z � �z �

1
2
l 2z �

1
2
� TM

m

� �

 22z

þ 2TM

m
e2� þ e�ðeq þ qd � �

:
dÞ þ eqð� þ dq � qd

: Þ

� ðk1 � 1ÞE 2
u � ðk2 � 1ÞE 2

w � k3 �
1
2

� �
E 2
q

þ 1
2
ð �d 2

1 þ �d 2
2 þ �d 2

3Þ: ð32Þ
The desired angular rate and control law are designed as

qd ¼ �k�e� þ �
:
d;

� ¼ �e� þ q
:
d � kqeq � d̂q:

ð33Þ

This completes the controller design.

4. Main Result

The main result can be summarized from the following
theorem.

Theorem 1. Consider the disturbed nonaffine nonlinear
AUHs in (6)–(10) satisfying Assumptions 1, 2, and 3. Then,
under the observer-based controller designed in (19), (25),
and (33), there exists a positive constant "	 such that for all
0 < " 
 "	, the tracking errors and all the other states are
bounded for any finite-time interval.

Proof. For the AUHs in the closed-loop form in (16),
Assumption (A1) is indicated to be satisfied. Meanwhile,
Assumption 3 directly fulfills Assumption (A2). Assumption
(A3) is satisfied by Assumption 2 and Lemma 2 since

sign
@Q
@a

� �
� @Q
@a

> 0: ð34Þ

According to Lemma 1, the errors between state responses
of closed-loop system and RSS can be less than Oð"Þ as long
as " is small enough. Now, the theorem can be proved if all
the signals of RSS in (18) is UUB. By substituting qd and � in
(33), we have

V
: ðxÞ 
 � �x �

1
2

� �

 21x � �x � �x �

1
2
l 2x �

1
2
� TM

m

� �

� 
 22x � �z �
1

2

� �

 21z � �z � �z �

1

2
l 2z �

1

2

�

� TM

m

�

 22z � k� �

2TM

m

� �
e2� � kq �

1
2

� �
e2q

� ðk1 � 1ÞE 2
u � ðk2 � 1ÞE 2

w � ðk3 � 1ÞE 2
q þ

1
2

� ð �d 2
1 þ �d 2

2 þ �d 2
3Þ: ð35Þ

Define


 ¼ 2min �x �
1
2

� �
; �z �

1
2

� �
; k� �

2TM

m

� �
;

�

�x � �x �
1
2
l 2x �

1
2
� TM

m

� �
;

�z � �z �
1
2
l 2z �

1
2
� TM

m

� �
;

kq �
1
2

� �
; ðki � 1Þ

�
; ð36Þ

and �d ¼ 3
2 maxf �dig, i ¼ 1; 2; 3. Then, we have

V
: 
 �
V þ �d: ð37Þ

According to the Comparison Lemma in [21], we have

V 
 Vðt0Þe�
t þ
�d


: ð38Þ

Then, for any 0 < � < 1, the following can be obtained:

V 
 ð1þ �Þ
�d


; ð39Þ

for t � T , where T ¼ maxft0; 1
 lnð
Vðt0Þ
� �d

Þg. According to [21,

Definition 4.6], all the signals of RSS in (18) and observer in
(19) are UUB. By applying Lemma 1, we have

je1j 
 je1sj þ jOð"Þj; ð40Þ
where e1 and e1s are the tracking error vectors of closed-
loop system in (16) and RSS in (18), respectively. This
completes the proof.

Remark 4. As can be seen in (35), the parameters of
the controller should be selected such that ð�x � 1

2Þ, ð�z � 1
2Þ,

ð�x � �x � 1
2 l

2
x � 1

2 � TM
m Þ, ð�z � �z � 1

2 l
2
z � 1

2 � TM
m Þ, ðk� � 2TM

m Þ,
ðkq � 1

2Þ, ðki � 1Þ are positive. This implies that �x and �z
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should be chosen such that lx and lz are sufficiently small.
Furthermore, according to [32, Theorem 1], when the
observer gains ki are adjusted to positive values, the observer
can effectively estimate the disturbances, i¼ 1;2;3. It is also
important to note that, unlike the SPT-based controlmethods
presented in [9, 10], the singular perturbation parameter 0<
"� 1 is independent of the AUH model. Therefore, we
can select " to be small enough to guarantee the effectiveness
of time-scale decomposition and to reduce the tracking error
in (40).

Remark 5. Similar to the work in [4, 12], the flight
conditions of the AUH should be determined by the
parameter tuning requirements outlined in Remark 4, the
satisfaction of Assumption 2, and the mechanical constraints
of the practical helicopter platform.

5. Simulation Results

In this section, two comparative examples are carried out to
illustrate the effectiveness and tracking performance of the
proposed control strategy. The AUH is the same as in
[9, 10], and the values of the corresponding parameters can
be found in Table 1. Substituting (14) into ½@Q=@a�, we have

@Q
@a

¼ Ma þ hM � TM cos aþ lM � TM sin a

¼ TM

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2
M þ l 2M

q
sinðaþ �Þ þMa;

sin� ¼ hMffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2
M þ l 2M

p ; cos� ¼ lMffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2
M þ l 2M

p ; ð41Þ

According to the parameters of AUH there is a large oper-
ating region, in which the Assumption 2 is satisfied.

5.1. Example 1

In this example, to demonstrate the effectiveness of the
proposed method, we will apply the provided control law to
the hovering problem described in Sec. 2.2 with the same

initial conditions. The simulation results will be compared
with the controller from [9] with the second set of para-
meters in Sec. 2.2. The tuning parameters of our controller
are: �x ¼ 3; �z ¼ 8; �x ¼ 3; �z ¼ 5; k� ¼ 20; kq ¼ 40;
k1 ¼ 0; k2 ¼ 0; k3 ¼ 0; 	1 ¼ 0; 	2 ¼ 0. For ease of distinc-
tion, the simulation results under our controller are denoted
by subscript “3”.

The results in Fig. 3 indicate that neglecting the non-
affine structure leads to a significant increase in the
amplitude of flapping angle to achieve desired performance.
This observation aligns with the intuition that there is
a discrepancy between the computational input, which
ignores the nonaffine structure, and the actual control input
required by AUHs. As a comparison, under our control
scheme, the maximum flapping angle remains below 22�,
and the setting time is reduced by about 50% in the vertical
direction. Compared with the simulation results obtained
under the controller from [9, Sec. 2.2], the control method
in this paper achieves superior dynamic performance with a
more feasible flapping angle by preserving the nonaffine
structure of AUHs.

5.2. Example 2

The following reference trajectories are considered in this
example:

xrðtÞ ¼

0 0 
 t 
 2;

5t � 10 2 
 t 
 7;

25 7 
 t 
 12;

�5t þ 85 12 
 t 
 17;

0 17 
 t 
 25;

8>>>>><
>>>>>:

ð42Þ

zrðtÞ ¼
5t 0 
 t 
 2;
10 2 
 t 
 17;

�4t þ 78 17 
 t 
 19;

2 19 
 t 
 25:

8>><
>>: ð43Þ

The external disturbances are set as du ¼ 0:5 cos t þ 1,
dw ¼ cos t, dq ¼ sinð2tÞ þ 0:2 cos t.

In order to verify the tracking performance of the pro-
posed method, we will compare the simulation results with
the prescribed performance controller (PPC) in [22], which
is developed for 3-DOF helicopters with disturbances. The
parameters of controller proposed in this paper are ad-
justed as: �x ¼ 3:5, �z ¼ 8, �x ¼ 3, �z ¼ 5, k� ¼ 14,
kq ¼ 80, k1 ¼ 400, k2 ¼ 400, k3 ¼ 200, 	1 ¼ 10, 	2 ¼ 10.
For PPC, the prescribed performance functions are selected
as

�i ¼ ð�i0 � �i1Þelit þ �i1; i ¼ 1; . . . ; 4; ð44Þ
where �10 ¼ 10, �11 ¼ 0:8, �20 ¼ 10, �21 ¼ 1:5, �30 ¼ 10,
�31 ¼ 0:5, �40 ¼ 15, �41 ¼ 1, l1 ¼ �2, l2 ¼ �1:2, l3 ¼ �2,

Table 1. Parameters of AUH.

Parameter Value

m 4:9 kg
g 9:81m=s2

QT 0:0110N �m
Ma 25:23N �m=rad
Iy 0:271256 kg �m2

hM 0:2943m
lM �0:015m
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l4 ¼ �1:1. The tuning parameters of PPC are chosen as:
k1 ¼ 4, k2 ¼ 200, k3 ¼ 4, k4 ¼ 200, k5 ¼ 2, k6 ¼ 50. For the
convenience of distinguishing, the simulation results under
the controller proposed in this paper and PPC are marked
with subscripts “a” and “b”, respectively.

Figures 4 and 5 illustrate the superior tracking perfor-
mance of the proposed controller compared to PPC. While
both controllers demonstrate acceptable transient tracking
performance, PPC exhibits repetitive tracking errors of 30%
of the initial error every 5 s in the longitudinal direction.
Meanwhile, under PPC, the vertical channel of AUH
experiences a negative overshoot of about 40% of the initial
error at the beginning. It can be observed from Figs. 7
and 8, the occurrences of repetitive errors coincide with the
high-amplitude peaks of pitch angular and control inputs.
This suggests that neglecting the nonaffine structure in the
control design may lead to significant repetitive tracking
errors for the AUH, adversely affecting its safety in practical
applications. In contrast, the proposed controller achieves a
transient time of less than 2 s in both directions, main-
taining tracking errors below 0:01 in the forward direction
and zero error in the vertical direction. Furthermore, the
proposed method effectively eliminates negative vibrations,
enhancing its practical feasibility. The improved perfor-
mance extends to other state variables as well. Figures 6
and 7 show that the proposed controller maintains these

Fig. 3. Curves of positions and flapping angles.
Fig. 4. Curves of forward positions and tracking errors.

Fig. 5. Curves of vertical positions and tracking errors.
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states within a more desirable range compared to the PPC,
which induces several peaks in the pitching angle and pitch
angular rate. As depicted in Fig. 8, the proposed method
keeps the control inputs within a reasonable range
throughout the control process, implying safe and efficient
operation of the AUH.

6. Conclusions

In this paper, we provide a novel control strategy for the
disturbed 3-DOF AUHs with retained nonaffine structure
and non-minimum phase character. The time-scale split is
introduced by the designed flapping angle. Under SPT, the
dynamics of AUHs are successfully decomposed into two
subsystems in multiple time-scales. An observer-based
controller is provided in the slow time-scale. The tracking
performance and boundedness of all state signals are en-
sured by SPT. Comparative simulation results demonstrate
the effectiveness and performance of the proposed method.
Future research would extend this method to more general
helicopter models and apply it to real-world helicopter
platforms.

Fig. 6. Curves of forward and vertical velocities.

Fig. 7. Curves of pitching angles and angular rates.

Fig. 8. Curves of flapping angles and thrusts.
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