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In this paper, we solve a discrete-time bearing-only cooperative localization problem for a team of autonomous vehicles with a special
focus on switching sensing topology. A centralized Extended Kalman Filter (EKF) is used for jointly estimating position and heading of all
the vehicles using local motion and relative bearing measurements. We derive discrete-time conditions for switching relative sensing
topology. Furthermore, we use cooperative synchronization for generating vehicle paths that satisfy the observability conditions. The
conditions are verified through simulation and experimental results.
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1. Introduction

With the advent of miniaturized sensors, single board
computers, and batteries, it is possible to realize mobile
sensor network of autonomous vehicles where geographi-
cally distributed sensors of limited capability work together
to achieve a desired objective. One such important objective
is vehicle localization. In a mobile sensor network, vehicles
can share their local sensor information that consists of
vehicle motion and relative position measurements (as
shown in Fig. 1, to jointly estimate each vehicle’s position
and heading. Cooperative localization has received lots of
attention [1-8] over the last decade because it offers several
advantages over single vehicle localization such as in-
creased localization accuracy, robustness, sensor coverage,
flexibility, and more information. Cooperative localization
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has been used for navigation of unmanned aerial vehicles,
[9-11] underwater vehicles [12], ground vehicles [13], and
a combination of air and ground vehicles [14]. Furthermore,
cooperative localization has been used for cooperatively
tracking a target in GPS-denied environments [15] and co-
operative-timing mission [16].

The cooperative localization problem can be solved
using different estimation approaches such as Extended
Kalman Filter (EKF) [17], Maximum Likelihood Estimator
[18], Maximum a Priori (MAP) [19], and Factor Graphs [20].
For the cooperative localization estimates to be bounded,
irrespective of the type of estimation technique, the system
should be observable [21]. Observability is associated with
the ability to distinguish different states given the sensor
information. A nonlinear observability analysis for bearing-
only cooperative localization for continuous-time case has
been done in [22]. It has been shown for continuous-time
case that the states of all the vehicles are observable if
each vehicle node in the relative position measurement
graph (RPMG) has path to two different known landmarks.
Observability conditions, obtained in [22] are sufficient,
requires constant connected RPMG topology that needs to
be satisfied at all time instants. However, in real-time


http://dx.doi.org/10.1142/S2301385017400039

Un. Sys. 2017.05:141-157. Downloaded from www.worldscientific.com
by NATIONAL UNIVERSITY OF SINGAPORE on 01/15/18. For personal use only.

142 A. Chakraborty et al.

A Robot

* Landmark

—» Measurement

Fig. 1. Relative position measurement graph (RPMG) [17].

scenarios because of limited sensing range and field-of-view
(FOV), the RPMG is not constant and have switching
topology. Switching topology is best modeled as a discrete-
time system and requires a nonlinear discrete-time
observability analysis. So far, to the best of our knowledge,
observability conditions for discrete-time cooperative
localization problem for n > 2 are not derived in the
existing literature.

Observability conditions are very critical for multi-agent
systems’ path planning. Vehicles should coordinate with
each other while path planning to maintain the overall
observability. A continuous-time cooperative path-planner
to maintain observability has been demonstrated in [23]. In
another work [24], a vehicle routing and landmark place-
ment problem was solved such that the continuous-time
observability conditions were satisfied. As mentioned ear-
lier, the conditions derived in the continuous-time case are
much harder to satisfy in real-time scenarios. However, it
will be shown in this paper that discrete-time conditions
are relaxed such that it can handle switching topology. For
coordinated path planning to maintain discrete-time ob-
servability conditions, we use a cooperative synchroniza-
tion algorithm as introduced in [25].

The main contributions of this paper are as follows:

e We derive observability conditions for discrete-time co-
operative localization problem shown in Fig. 2 which are
more relaxed than continuous-time case and are valid for
switching relative-sensing topology.

e We use a cooperative synchronization algorithm to co-
ordinate vehicle paths to periodically establish relative
sensing topology required to keep the system observable.

e We validate the discrete-time observability conditions
and the cooperative synchronization algorithm using
both simulation and experimental results.

Rest of the paper is organized as follows. The discrete-time
cooperative localization is formulated in Sec. 2 followed by

discrete-time observability analysis in Sec. 3. Section 4
introduces the cooperative synchronization problem. Sec-
tion 5 includes the simulation and hardware results fol-
lowed by a discussion of the results. Finally, we present our
conclusions and future work in Sec. 6.

2. Problem Formulation

Consider n vehicles moving in a horizontal plane with
constant velocity in presence of I known landmarks as
shown in Fig. 2. Equation of motion of the ith vehicle is
given as

Xi(k+1) =
) cos 1;(k)
) sin 1/11 (k) | (1)
where X;(k) = [x;(k) | is state vector of ith ve-

hicle with 2D posmon [x,( ), yi(k)] and headmg angle
¥;(k), Ty is sampling time, u;(k) = [v;(k) w;(k)] " is the input
vector of the ith vehicle with velocity v;(k), and turn rate
w;(k).

Each vehicle is equipped with a velocity and a turn rate
sensor. Also, each vehicle has a sensor to measure bearing
angle from the vehicles and landmarks that are in its
sensing range. The bearing angle measured from the ith
vehicle to the jth vehicle or landmark is given as

(k) = hy(X;(k), X;(k))
k) = yi(k)

x;(k) — xi(k)

i=1[1,...,n],

= tan

— (k) (2)

n,on+1,... n+1],
where n is the total number of vehicles and [ is the total
number of landmarks in the system.

The objective of cooperative localization problem is
to jointly estimate the states of all the vehicles X(k) =
[X{ (k),...,X1 (k)]" by using local vehicle motion and
bearing angle information from all the vehicles. The coop-
erative localization problem can be represented by a Bayes
Network as shown in Fig. 3 where the nodes are the current
position of the vehicles at each time instant and the edges
joining the nodes are the control inputs required to move
the ith vehicle from position a to b. We use a Centralized
EKF to estimate the required states because of its simplicity
and the filtering process is sequential and online. The
algorithm is detailed in Algorithm 1. In a centralized filter,
all the vehicles send their local sensor information to a
centralized node where an EKF is used to estimate all the
vehicle states.
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Fig. 2. A cooperative localization scenario.

In order to deploy a team of vehicles performing coop-
erative localization, it is very important that the system is
observable to ensure bounded error in state estimates. If
the system is observable, then the estimated and true states
converge within a small bound and the states can be dis-
tinguished at different time intervals.

3. Nonlinear Discrete-Time Observability

In this section, we define the observability matrix for dis-
crete-time system and then derive the sufficient conditions
under which the discrete-time system is fully observable.
The topology considered in this paper is switching and is
not fixed. So the measurements are not continuous and
hence we define discrete time observability.

For a discrete-time nonlinear system
X(k+1) = f(X(k),u(k)), (3)
Z(k) = h(X(k)). (4)

The observability matrix over a time period can be
written as

_ oh .
G_X(X(k))

R gk + 1))k, k+ 1)

Ok :k+7)=|9X . (5)

oh
| o Xk + )@k +7) |
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Fig. 3. Bayesian network representation of cooperative localization.

where
Bl +1) = 2 (X(K),u(k),
O(kk+7)=0k+7—-1,k+7),...,2(k,k+1)

are transition matrices.
The observability matrix at different time steps are
related as follows:

o(k)
ok + 1)®(k,k + 1)
O(k,k +7) = | : (6)

ok + T)(I;(k, k+1)

where 0(k) = g—)’}(X (k)). The system is completely observ-
able when rank(0(k,k + 7)) =
From Eq. (2), we find
Ohy(Xi(k), X;(k))
Hij(k) = %
= [036_1)7 Hjj(k): 03_1)_3i° H}(k): O3(n_3], (7)
where

R R ’

and

: Ayy(k) —Ax;(k
H (k) = y’fz( ) Xg( )
j RZ RZ

H{}(k) is not used Vj € [n+1,n+1 due to the mea-
surement being of a landmark of known location, so
the landmark portion of the state does not depend on the
state.

The system Jacobian for cooperative localization prob-
lem is given as

Vj e [1,n].

Fi(k) 0 0
Flk) = xR, u(k) = | o |.
0 0 Fyk)
1 0 —ak)
Rl = S 06R0.u) = [0 1 bk |.
00 1
where
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Algorithm 1. Centralized Cooperative Localization
Initialize X = Xo

For each sample time Ty :

for © = 1to N do Prediction Step

If bearing measurement to landmark is received
then bearing update
9: for j =1 to ! (number of landmarks) do

10: Hli]. = w

11: Lli]. :PHZTU (R+H1”PHITIJ)71

12: P = (I — Llinlij )P

13 X = X + Ly, (g, — Z(X,u))

14: end for

15: end if

16: If relative bearing measurement to neighboring
vehicle received then relative bearing update

17: for k = 1 to n (number of vehicles) do

18: if i # k then do

19: Hy = %

20: L = PHEI; (R + HikPHg];)_l

21: P = (I — LikHik)P

22: X = X + Lin(yar — Z(X,u))

23: end if

24: end for relative with vehicle if available

25: end if

The observability matrix for cooperative localization can
be written as

Hy; (k)
Hy(k + 1)F (k)
Ok k+17) = | . (8)

H,-]-(kJrT)F(kJr'Tf 1)---F(k)

The above matrix can be rearranged and written as
Ok :k+7)=[05k:k+7)], Vic[l,n], je[l,n+1].
(9)

From the above equation, we can say that the overall
observability can be constructed by stacking observability
matrix of all the edges 7; over k : k + 7 where each mea-
surement is referred back to time k. Next, we find how
many linearly independent rows an edge contributes to the
overall observability matrix.
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Lemma 3.1. The maximum rank of the observability matrix
0;(k : k + T) between two vehicles is three if at least three
bearing measurements are taken at three different time
instants between k., k + T and if

(1) v; > 0 and v; > 0.
(2) The vehicles do not move along the straight line joining
them.

(3) ¥i(k) — ¢;(k) # 0.

Proof. If the above conditions are satisfied then there
exists an invertible matrix Ej (details in Appendix) such
that

E;0;(k,k+7) = [Iz,3 Oy, (10)
where
~1 0 Ay(k)
Oj=10 -1 —Ax(k)
0 0 -1
This implies that rank(0;(k,k + 7)) = 3. O

Lemma 3.2. The maximum rank of the observability matrix
0;(k : k + 7) between a vehicle and a landmark is two if at
least two bearing measurements are taken at two different
time instants between k., k + T and if

Mv,i>0
(2) The vehicle is not moving along the line joining the
vehicle and the landmark.

Proof. If the above conditions are satisfied, then there
exists an invertible matrix Ej (details in Appendix) such
that

0y
E;Oy(k,k + 1) = ,Vie[l,n], jen+1,n+1),
703 ) [0(1X3)] [Ln], jel ]
(11)
where
(1 0 Ay
0y, = -
0 1 —Ax(k)
This implies that rank(0;(k,k + 7)) = 2. m|

The above two lemmas show that the number of linearly
independent rows in “(10)” and in “(11)” contributed by
two types of edges are same as obtained in continuous-time
case [22]. In fact, they span the same observable space with
same basis. Using this, we can state the following theorem
for the overall observability of discrete-time nonlinear co-
operative localization problem. The proof of the following
theorem can easily drawn from [22].

Theorem 3.3. The overall system given by “(1)” is
completely observable (i.e. rank(O(k,k + 7)) = 3n), if the
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Fig. 5. Conversion of a RPMG to a two-level tree [22].

union of RPMGs at different time instants as shown in Figs. 2
and 4 is connected and graph has at least two known
landmarks and each edge between two vehicle satisfies
conditions in Lemma 3.1 and edge between a vehicle and a
landmark satisfies condition from Lemma 3.2.

Proof. Let us consider a union of RPMGs with n vehicle
nodes and m landmark nodes. In this graph, we only
consider edges that satisfy Lemma 3.1 and Lemma 3.2. If
this graph is connected, then similar to [22] it can be
converted to a two-level tree as shown in Fig. 5. There are
n — 1 vehicle to vehicle edges contributing 3(n — 1) linearly
independent rows to the observability matrix. Also there
are m vehicle to landmark edges which contributes
additional three linearly independent rows for m > 2
resulting in rank(0) = 3n. O

4. Automated Synchronization with Cooperative
Localization

In this section, an autonomous synchronization problem
(Fig. 6) is formulated to maintain observability conditions
as stated in Theorem 3.3. Consider n vehicles moving on

Fig. 6. Synchronization of two robots for maintenance of cyclic
observability. [25]

circular path of same or different radii. The center of orbits
are chosen such that the minimum distance between two
vehicles is less than the sensing range. The problem is to
cooperatively compute initial position and heading of
vehicles such that RPMG connectivity is maintained peri-
odically. The vehicles may move in either clockwise (CW) or
anti-clockwise (ACW) direction, or the trajectories of the
vehicles may be a combination of both with increased
complexity of the system. However, the alternating combi-
nation of CW and ACW is more robust for our case as it
allows more number of links between neighboring pairs to
form simultaneously which reduces the time interval be-
tween communications. Conditions for maintaining periodic
connectivity are adapted from [25] and are extended for
nonbipartite connections. The two possible cases are dis-
cussed below.

4.1. Same direction

In this case, all vehicles move in the same direction, clock-
wise (CW) or anti-clockwise (ACW). In this paper, we con-
sider that all the vehicles move in ACW direction without
loss of generality. When the initial heading (with respect to
the x-axis) of the first vehicle is known, the algorithm
generates the initial heading of all other vehicles in a
sequential manner.

The relationship between the initial heading of the ith and
(i + 1)th vehicle are computed in the following theorem.

Theorem 4.1. Consider a RPMG G(r) = (V,E(r)) where the
vehicles are traveling in the same direction in circular
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trajectories having the same angular velocity w and
communication distance r. Then the system is synchronized
if and only if the graph is connected over a time period and
the condition v; = 7+ 1); for every (i,j) € E(r) is satisfied.

Proof. If an intermediate node cannot establish commu-
nication with its two adjacent neighbors, then there will be
a situation where the nodes are clustered into several sub-
graphs rather than one single connected graph. In such a
scenario, the node n; belonging to one sub-graph will fail to
communicate (directly or indirectly) with node n; belonging
to another sub-graph and hence synchronization cannot be
achieved.

If a graph G(r) is connected end-to-end over a time
period, then it can be divided into two categories or subsets.
Each alternate node will fall in the same subset and a pair of
such subsets (S1 and S2) are established. An arbitrary po-
sition ¢ is assigned to all S1 vehicles. Any vehicle pair will
be closest if the vehicles in S2 are assigned 7 + 1 position.
Let, V; and V; be a pair of neighboring nodes in the graph
G(r) connected by edge E(r;). Then, as per the above as-
sumption, one belongs to S2 and the other belongs to S1
subset. Then, V; and V; are antipodal since angle of 1; (¢;)
and angle of a; (¢;) at any time instant are always sepa-
rated by m So, if same direction and angular velocity is
maintained, the pair of neighboring nodes will always
maintain antipodal positions and will repeatedly reach the
sensing range after the same time interval provided there
are no external disturbances. O

4.2. Alternate direction

For every (i,j) € E(r) except for the nth and 1st vehicles, 3;
is the angle between the supporting line of the edge (i,j) in
the connected graph G and the positive horizontal axis
measured in counter-clockwise direction as shown in Fig. 7.
In this case, the algorithm is modified to include informa-
tion regarding the angle each subsequent neighboring tra-
jectory is making with the previous one.

Theorem 4.2. A RPMG be defined as G(r) = (V,E(r)) which
consists of n vehicles. Every pair is scheduled to travel in
alternate directions in circular trajectories of same or
different radii with same angular velocity (w) having
communication distance r. Then the system is synchronized
if and only if the graph is connected (any intermediate node
has at least two connections with adjacent neighbors) and
the condition ); = 2(3;; £ m —); for every (i,j) € E(r) is
satisfied.

Proof. The necessary condition for Theorem 4.2 is the
same as that of Theorem 4.1 as without inter-nodal
connectivity, the trajectories of each vehicles will form
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Fig. 7. Synchronization geometry for vehicles traveling in
alternate direction.

disconnected sub-graphs. So, total synchronization will fail
over the desired time period. The correct starting angle
ensures that such scenario does not take place provided
that there is no environmental or external noise.

If a graph G(r) is connected end to end over a time period,
then in this case, the starting position of the jth node will
depend on the starting position of its previous node and the
angle made by them with respect to the horizon. This is so
because any two neighboring nodes should be at their
closest position after 27 interval. As any given pair is trav-
eling in alternate directions, node j should be the mirror
image of node i (its previous node) with respect to the
perpendicular bisector of the line joining the centers of their
circular trajectories. If «; is the angle of the previous node
with respect to the horizon, 3 is the angle made by the two
nodes with respect to the horizon, then for the graph to
establish end to end connectivity over a time period, the
starting angle of the jth node v; = B +m — (¢; — ;) to
establish and maintain periodic connectivity. O

The various synchronization cases may be summarized
in Algorithm 2 where Xx;, y; are the center of the trajectories
of the ith vehicle, R is the radius of the circle, 1; is the
heading of the ith vehicle.

The main focus of the paper is application of the syn-
chronization algorithm in cooperative localization which
ensures that over a period of time, the RPMG is connected
instead of a fully connected graph at each time instant.
Figure 4 provides an example of cooperative localization
with automated synchronization where each edge is
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established after a fixed time interval which is the total time
period over which the RPMG shown in Fig. 1 is connected.

5. Results

5.1. Simulation results

The simulation results are based on the formation shown in
Fig. 8 where the numbers inside the circle specify the
sequence of the vehicles in the graph. Algorithm 2 is used to
generate the initial heading for the vehicles in the group
based on the heading of Vehicle 1. The sensor range, radius
of the trajectory and vehicle velocity are user inputs and the
angular velocity is calculated based on these inputs. The
heading and trajectory information is fed to algorithm 1 to
generate the estimated trajectories.

The simulation parameters used to test the validity of
Theorem 3.3 are listed below:

o Initial pose uncertainty = {5m, 5m, 0.01 rad}.
Bearing measurement noise = 0.001 rad.
Velocity = 4 m/s.

Radius of trajectory = 20 m.

Sensor range = 50 m

Angular velocity = 0.2 rad/s.

e Graph connectivity time = Os.

Figure 9 proves the switching observability condition. No
noise has been added to the position and velocity

Landmark [-25 -40 25 40]

Algorithm 2. Automated synchronization for periodic
information exchange

1: Initialize x;, y; sensor range and R.

2 : Input v for the 15tvehicle.

3: for ¢ = 1toN do synchronous phase calculation

4 : If all agents revolve in the same direction then
assign phase

S:¢it1 =7+

6: end if

7 : If all agents revolve in alternate direction then
assign phase
8: ¢ip1 =28 —
9: end if

10: Determine initial positions
11: X; = Rcos(v;) + x;.
12:Y; = Rsin(¥;) + yi-

o F

measurements, but a very small constant noise has been
added to the bearing measurement. Initial uncertainty is
associated with all the three states. Figure 9 shows the error
and 30 bounds of Vehicle 1. It is seen that the errors con-
verge to zero, which proves Theorem 3.3 that the system
may not remain observable at a time instant but over a time
interval, if it satisfies the conditions, then the group will
remain observable. Vehicle 1 did not have any direct path to
either of the landmarks.
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Fig. 8. Vehicle formation for cooperative localization with periodic synchronization.
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Fig. 9. Simulation-error plots for Vehicle 1 for w = 0.2 without noise.

The parameters in the list below remains constant for all
the following simulation cases:

Initial pose uncertainty = {5m, 5m, 0.1 rad}.
Noise in velocity = 0.1 m/s

Noise in gyro measurement = 0.01 rad/s.
Bearing measurement noise = 0.1 rad.
Radius of trajectory = 20 m.

Sensor range = 50 m

5.1.1. For w=0.2rad/s

In this case, the velocity of the vehicles are 4m/s. The
connectivity period of the graph T is 31.4's, which means

that after every 31.4s, the union of the RPMGs will yield a
connected graph satisfying all conditions of Theorem 3.3.
Figure 10 refers to the error and 30 bound of Vehicle 1.
Although the time period is large, the errors converge to
zero over time.

5.1.2. For w=1.0rad/s

In this case, the velocity of the vehicles are 20 m/s. The
connectivity period of the graph T, is 6.28s. Figure 11
refers to the error and 3o bound of Vehicle 1. As seen from
Table 1, this is the best case and it will be explained in detail
further down this section.
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Simulation-error plots for Vehicle 1 for w = 0.2 with noise.
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Fig. 11. Simulation-error plots for Vehicle 1 for w = 1.0 with noise.

Table 1. Simulation Results — RMS position errors (in meters) for all vehicles with various w values.

Veh 1 Veh 2 Veh 3 Veh 4 Veh 5 Veh 6
Values of w P Pe Pn Pe Pn Pe Pn Pe Pn Pe P De
w=02 511 458 469 181 285 526 7.62 538 364 158 217 272
w=04 278 565 233 146 163 165 141 358 319 166 194 265
w=06 201 167 155 083 147 194 364 259 229 130 138 173
w=08 296 500 229 173 142 212 311 311 3.16 198 159 3.31
w=1.0 219 244 215 157 150 189 133 328 150 131 138 1.48
w =02 (connected 049 136 095 053 069 067 120 070 239 159 137 127

at each instant)

5.2. Hardware results

The automated synchronization of the robots with switch-
ing observability has been implemented on Utah State
University’s Robust Intelligent Sensing Control Multi-Agent
Analysis Platform (RISC MAAP). The hardware experiment
comprises of four 3pi Polulu [26] ground robots (as seen in
Fig. 13) following circular trajectories based on trajectory
shaping algorithm. The indoor motion capture system
(Cortex software by Motion Analysis — MoCap) comprises
of 16 infrared cameras which are capable of detecting
custom marker templates to triangulate the position and
the heading of the robot with respect to the origin of the
room and provides results in the accurate to 10 mm. The
experiment is setup (see Fig. 12) based on the Robot Op-
erating System (ROS) [27] which is an open source software
that contains packages to map communication between the
arduino on the robot and the ground computer via Xbee
modules [28] in a master-slave mode to prevent overlap of

Table 2. Simulation Results — Average
error for different values of w.

Values of w Pn(m) pe(m)
w=20.2 4.38 3.55
w=0.4 2.21 2.78
w=0.6 2.06 1.68
w=0.8 2.12 2.87
w=1.0 1.68 1.99

Table 3. Hardware Results — RMS

errors for the 3pi robots w = 0.8 rad/s.

Vehicle no. pn(m) p.(m)

Vehicle 1 0.6216 0.6172
Vehicle 2 0.1896 0.2565
Vehicle 3 0.2336 0.1160
Vehicle 4 0.2046 0.1891
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Fig. 12. The experimental setup in the RISC Lab with four 3pi
robots-https://www.youtube.com/watch?v=Uf3_sCSkmfw.

Fig. 13. A close up view of the 3pi robots.
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commands sent. Based on the calibration of the cameras,
the parameters setup for the hardware experiment is as
follows:

Initial pose uncertainty = {0.2m, 0.2 m, 0.01 rad}.
Bearing measurement noise = 0.05 rad.

Velocity = 0.4 m/s.

Radius of trajectory = 0.5 m.

Sensor range = 45 cm

Angular velocity = 0.8 rad/s.

Graph connectivity time = 7.85 s (This is an approximate
value and due to external noise in the hardware system
this may vary between 7 to 95s).

Remark 5.1. The relative measurements in this case has
been obtained by adding noise to the data received from the
MoCap system. The uncertainty in initial pose as well as the
noise added to the bearing measurement and velocity is
based on the tuning of the system.

Note: The last row in Table 1 gives the result for
instantaneous observability when the connectivity time T;
goes to zero.

Table 1 reflects the variation of Root Mean Square (RMS)
error in position with change in the angular velocity w. For the
case w = 0.2 rad/s, the table shows very high position errors
but the errors are bounded by the 3¢ limits as seen from
Fig. 10. The connected graph is obtained after every 31.4s
which means that for some period of time in that cycle there
is no connection between any vehicles. But as seen from
Figs. 10 and 11, the errors converge to zero which means that
the system is observable after every 31.4s.

For increasing value of w, the connectivity time decrea-
ses and hence the errors decrease. For w = 1rad/s, the
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Fig. 14. Hardware — The true vs estimated trajectory for four robots.
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errors are lowest as the connectivity time is the lowest at
6.28s. As the connected RPMG can be formed at a lesser
time interval, the determinant of the observability matrix
increases leading to low errors.

The last row in Table 1 shows the RMS errors in position
if the graph was connected at all time instants. Even with
w = 0.2 rad/s, the errors are very low. This is because the
system is observable at all times, but in practical mission
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Position error in

Position error in

scenarios, this will be a very rigid condition to maintain.
Hence, as long as the errors are within acceptable range, the
system will remain observable over the time period.

The average error for the whole group is summarized in

Table 2.

X direction (m)

y direction (m)

Error in ¢ (rad/s)

Position error in
X direction (m)

Position error in
y direction {m)

Error in ¢ (rad/s)

Observability Conditions for Switching Sensing Topology 153

Bt T T ==, T T ~ e T ] el
0.4} \"\,.J \""-_.-—fl e -—/ H‘\"J s -,M_—,r’“ "‘w"ﬂ-‘ e Error
x
0z — ——+3s,
ol ff ! —
0.2 = —
0.4 R — e e — -~ e s
06 n~----,~/'/‘.."- T e "T\k ------- o T\wm./‘ L e |_‘\‘w it Rl
el 5 10 15 20 25 30 35 40 4=
time (s)
¥ T T T T T T T T
—— o P e - s e, et o _,wm-\,\ Error
054 s S Wi e TR o x‘-m‘/"’ﬁ H‘*-u._/’ﬂ \w_u// i RS !
¥
o WWMW WPW —-—=-3,
05— i - — - i - —— 3 |
., e e ", M,
e q...../"a’ e ol ﬂ\‘* rrmagp \“M..-,...‘")/ R e ke _.,‘,\.-"'I e, a8 \"‘---“ ..uf
1 | | | 1 | | | 1
a 5 10 15 20 25 30 35 40 a=
time (s)
01 T T
i S Err{:rl
R e [~ o sl = "‘"\'__ He i el = | w243,
b e, o o R
: ; ; 3
- e - ~
P o . .
et | | 1 1 ! | L 1
5 10 15 20 25 EL] 35 40 4=
time (s)

Fig. 17. Hardware — Position errors for Vehicle 3.

This table supports the findings from Table 1 and shows
that with the increase in values of w, the localization errors
improve with the lowest error obtained at w = 1rad/s.

The RMS errors for the results from hardware setup is
given in Table 3.
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The graphs obtained from the hardware setup (Figs. 14—
18) shows that the localization errors are bounded within
the 30 range. Uneven surface and occasional interference in
the IR cameras contributes to some errors in the path of the
vehicles. So, the outcome of the hardware experiment cor-
roborates the simulation results.

6. Conclusions and Future Work

The results from the combination of cooperative localiza-
tion with automated synchronization shows that for suffi-
ciently long periods of time, if the union of RPMGs satisfies
all the conditions in Theorem 3.3, then the system will re-
main observable even if the group does not maintain ob-
servability at every time instant. Synchronization amongst
the vehicles ensures periodic communication which aids in
creating a connected graph after a certain defined time in-
terval. Landmark placement also plays an important factor
in maintaining observability.

Algorithms 1 and 2 are applicable to any type of un-
manned vehicle. The synchronization algorithm can be ex-
tended to account for different velocities or varying radii for
circular trajectories. Additionally, the algorithm can be
modified to be applicable for any nonuniform paths. A
closed loop controller can be added to the synchronization
algorithm to deal with external disturbances that might
have been caused due to various factors such as wind gusts,
sensor failure and vehicle failure.
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Appendix A

The detailed proof for Lemmas 3.1 and 3.2 are given in this
section.

A.1. Proof of Lemma 3.1
The general form of the observability matrix between two

vehicles is given by Eq. (9). The expanded form of the
observability matrix is given as

Ok, k + 1) = [0j(k.k +7): OF(k, k + 7)), (A1)

where
[—Ay(t) Ax(ty) _q 1
R(t1)* R(t1)?
1 _ | —Ay(t) Ax(tz) aiAy(t,) | biAx(ty)
Ok = e Re)? R T RG? |
—Ay(t3) Ax(t3) 2a;Ay(t3) | 2b;Ax(t3) 1
L R(t3)? R(t3)* R(t3)? R(t3)? i
and
[—Ay(t1) Ax(ty) 1 ]
R(t1)? R(t;)?
2 | —Ay(t) Ax(ty) aAy(ty) | bjAx(t,)
OMlek+7) = | Riez R@)? Re)? T RG)?
—Ay(ts) Ax(t3) 2a;Ay(t3) | 2b;Ax(t5)
L R(t3)? R(t3)* R(t3)? R(t3)? i

If ;(k 4+ 1) = ¢;(k), then ¢; is constant over t e[k, k + 7].
The vehicles also have equal and constant velocity i.e.
vi=v;=V.

The straight line joining the two robots can be written as
st;(k) = [Ax;(k), Ay;(k)]". The heading vector for the ith
vehicle is defined as 1! = [cos(1);),sin(v;)]T. The vector
perpendicular to the heading vector of the ith vehicle is
given by ! = [—sin(1;), cos(¢;)]". The vector along the
line perpendicular to the straight line joining the two
vehicles is given by ¢! — w]‘-".

Ji = sty(R)(@ —)") = Ayy(k).A~Cy — Axy(k).A™S),
(A.2)

D, = cos(¢; — ;) — 1. (A.3)

If the vehicles do not move along the straight line joining
them, then J; # 0. Since the velocity of the vehicles are the
same, so if ¢; # 1);, then D,, # 0.

The elementary operation matrix Ej; which transforms
the observability matrix O;; can be written as

E(1,1) E(1,2) E(1,3)
Ey;= | E(2,1) E(2,2) E(2,3)], (A4)
E(3,1) E(3,2) E(3,3)
where
—R}(AX,, — 3Ax(k)D; — V?)
X (Czw- - CZE)-)
E;(1,1) = ! =
1]( ) ) ZVz]Uwa
Ri(~Ty 4+ AY: —3VZA-Cy)
2V2J; Dy ’
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—(2VDy + R(k)? + 2(a;Ax(k) + b;jAy(k)))

(AXy, + A-Y +2Ax(k)Dy, — Ty))
X )
J;iDy
(—8VDy, + R(k)2 + 4V] ;)
E;(1,3) = R 7
(AXey + A7V + Ax(k)Dy + Tyy)
X )
J; Dy
E;(2,1) = —R(k)2(V2(Syy, — Spy, — A=S,))
g\%» ZVZIJDw
— R(k)2(=3VAy(k) — Tcw)
2V2]l]_D'L) )
—2V Dy + R(k)2 + 2V]I.+.
e szlfD, -
ij Zy
E;(2,3) = 0
(AYyy, + A~X.+ Ay(k)D, — Tcy)
X b
Ji Dy
R(k)2
E..(3’ 1) - 0
' 2VZD,
2vD, — R(k)? ~ V]
Y
B2 = vip
Y
—8VD,, + R(k)2+4V]+
EU(Sa 3) == Y ( ) ]1]

2V2.D, ’

where Ty, = Ax(k)Ay(k)(sin(¢);) — 2 sin(qu)), Tep = Ax(k)
Ay(k)(cos(v);) — 2 cos(1;)), U* = (Ax(k)A=Cy+ Ay(k)A~
Sy), A~Cy=cos(t;) —cos(vy), A~S, = sin(y;) — sin(vy),
A~Y,. = Ay(k)?A~Cy, A~ X;= Ax(k)?A~S,, AYsy, = Ay
(k)?sin(yy) and AX., = Ax(k)? cos(¢).

We already know that Egs. (A.2) and (A.3) cannot be
zero if the conditions stated in Lemma 3.1 is maintained. So,
this shows that the matrix E is invertible.

The elementary transformation matrix that is obtained
transforms the observability matrix Oy (k, k + 7) as shown
in Eq. (10) which verifies that the three rows of the matrix
U are linearly independent and the maximum rank of the
observability matrix is rank 3.
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A.2. Proof of Lemma 3.2

The expanded observability matrix for an edge between a
vehicle and landmark is given below

[—Ay(t1) Ax(t;) 1 1
R(t1)? R(t;)?
| —Ay(t) Ax(ty) a;Ay(t;) | biAx(t;)
Ok =1 Re)? Re)? Rz T Rz |
—Ay(t3) Ax(t3) 2a;Ay(t3) | 2b;Ax(t3) 1
L R(t3)* R(t3)* R(t3)? R(t3)? J

Vie[l,n],jen+1,n+]

In the matrix above, the third row is already dependent
on the second row and the next rows will all be dependent
on the previous rows.

We assume v(k + 1) = v(k) = V and ¢;(k + 1) = ¢;(k) = ;
over t e[k, k + 7].

Jii = sty(k)! = Ay(K)cos(y) — Ax(R)sin(),  (A5)

where st; = [Ax(k)Ay(k)]" is the vector along the line
joining the vehicle and landmark Vie [l,n], j€[n+1,
n+ ). If the vehicle is not moving along the straight line
joining itself to the landmark then J; # 0.

From the fact E;0;(k,k+7) = U, we can find Ej as
given in Eq. (A.6).

E(1,1) E(1,2) E(1,3
E;= | E(2,1) E(2,2) E(2,3)], 46)
E(3,1) E(3,2) E(3,3)
where

E(1,1) = R(k)Z(Ax(l];)jj Veos(1;)) |

5(1,2) = AXO7 +Vf?](f)2 -2V

E(1,3) = 0,

E(2,1) = R(k)Z(A.V(‘l;)]i- Vsin(v)

B2,2) = 2V +V1?](f)2 +2V)i)

E(2,3) = E(3,1) = E(3,2) = E(3,3) = 0.

If the conditions stated in Lemma 3.2 are satisfied,
then E; is invertible. The transformation E; O (k,k + 7)
gives us Uj;.
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1 0 A.ViL
UiL = 01 — AXiL
0 0 0

So from Eq. (11) it can be verified that the maximum
rank of the matrix is 2.
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