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In this paper, modeling, control and state estimation of a manipulating unmanned aerial vehicle (UAV) consisting of a quadcopter equipped
with a two degree-of-freedom robotic manipulator is discussed. In the first step, Euler-Lagrange approach is adopted to model the coupled
dynamics of the quadcopter and its robotic manipulator. Having linearized the obtained model, a linear quadratic regulator is designed to
achieve simultaneous control of the quadcopter and the manipulator. Finally, a UKF-based algorithm is employed to obtain state estimation
of the system. For a case study, simulation results are presented to verify feasibility of the proposed approach.
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1. Introduction

In recent years, a significant growth in Unmanned Aerial
Vehicle (UAV) industry has been realized. To this date, UAVs
have been used in applications such as remote sensing of
agricultural products [1], forest fire monitoring [2], search
and rescue [3], transmission line inspection [4], border
monitoring [5], and hobby activities. An important common
element in the mentioned applications is that the UAV is
employed to sense, monitor and “see” the environment, but
physical interaction with the environment is strictly avoi-
ded. To that end, UAVs tend not to fly in close vicinity of
walls, structures and also the ground. However, in the last
few years, researchers have begun examining applications
in which the UAV is required to perform perching, grasping,
and manipulation [6-9]. This new area of research, usually
known as aerial manipulation, encourages physical inter-
action of the UAV with its surrounding environment and
enables UAVs to carry out a whole new set of missions. The
dynamics of an aerial manipulation system, called Manip-
ulating Unmanned Aerial Vehicle (MUAV) hereafter [10], is
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complex, due to inherent couplings and nonlinearities of the
system. In the current literature, there are two main
methods for dynamic modeling of MUAVs, namely Recur-
sive Newton-Euler (RNE) approach and Euler-Lagrange
approach [10, 11]. While both of the mentioned methods
result in identical equations of motion, the former is more
convenient for actual implementation whereas the latter is
better suited for the study of dynamic properties and ana-
lytical investigation. In this paper, Euler-Lagrange approach
is adopted to obtain coupled nonlinear dynamic model of a
MUAV. Having linearized the obtained dynamic model,
control design of the system is carried out. Regarding the
control of MUAVs, two main categories can be identified in
the present literature [12]. In the first category, known as
decoupled approach, separate controllers for the UAV and
the manipulator are developed [13, 14] whereas in the
second category, known as coupled approach, control of a
unified MUAV system is considered [15, 16]. Various
approaches adopted in each category and their associated
advantages and shortcomings are presented in Table 1.

In this paper, LQR scheme is used to design a coupled
controller that enables simultaneous control of a quadcop-
ter UAV and its 2-Degree-of-Freedom (DoF) manipulator.
LQR is a popular control scheme in quadcopter control due
to its optimal performance for given weight matrices and its
easy implementation [10, 22-24]. As an example, in [22],
the authors employed LQR scheme to enable a quadcopter
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Table 1. Control strategies in MUAV applications.

MUAV control Control algorithms

Advantages Disadvantages

Decoupled UAV control algorithm:

Various simple and gain-scheduling
Proportional-Derivative (PD) and
Proportional-Derivative-Integral
(PID) [13, 17, 18] feedback
linearization [15], backstepping
[19] and adaptive control [16, 17]

Manipulator control algorithm:

Independent joint control (PID, PID +
gravity compensation) [10, 13]

Feedback linearization [20],
impedance control [11], nonlinear
backstepping [21], Linear
Quadratic Regulator (LQR) [16],
and model-predictive control [15]

Coupled

Complex model of MUAV is not required.

A wealth of literature is available for
UAV control (similarly for
manipulator control).

It is computationally less expensive.

UAV and manipulator are actuated
together and therefore less time is
required to accomplish a given
scenario.

More accurate control can be achieved.

It usually requires that UAV
and manipulator are not
actuated simultaneously.

Relatively less accurate control

Complex model of MUAV is
required.
It is computationally expensive.

to follow a given time-varying reference trajectory. Also, in
[24], gain scheduling (switching) was used to improve the
performance of standard LQR in quadcopter trajectory
tracking. Regarding the area of aerial manipulation, in [16],
LQR was used to control a small helicopter carrying a 1-DoF
revolute-joint robotic arm. The findings of that work reveal
that LQR controller can stabilize a small helicopter and its
1-DoF manipulator near the trim point, with acceptable
performance. However, the drawback is that stabilization
region of LQR controller was found to be very limited. Here,
we extend the design of LQR controller to a MUAV con-
sisting of a quadcopter and a manipulator of 2-DoF.

State estimation of MUAVs has been left largely intact
to this date. Regarding the state estimation problem, Un-
scented Kalman Filter (UKF) is a relatively new technique
that effectively avoids the linearization step of Extended
Kalman Filter (EKF). The main idea behind UKF is that
a Gaussian distribution can be approximated relatively
easily whereas approximating an arbitrary nonlinear func-
tion is more difficult [25]. It has been shown that UKF
outperforms EKF in most cases, especially for highly non-
linear process and/or measurement models [25-28]. Con-
trary to EKF, derivation of Jacobian matrices is not
necessary in UKF.

For MUAVSs, this can be beneficial as the derivation of
Jacobian matrices is impractical and therefore possible
implementation difficulties are avoided [26]. Instead of di-
rectly linearizing the nonlinear process and/or measure-
ment models, UKF uses a deterministic sampling method to
generate a minimal number of sigma points that capture
mean and covariance estimates. The sample points are then
propagated through the nonlinear process/measurement
models and the mean and covariance of the estimate are

numerically recovered. It can be theoretically shown that
UKF accuracy is comparable to third-order Taylor series
expansion, for any nonlinearity [25]. As an example, for the
problem of spacecraft localization, performance of EKF was
compared to UKF in [27]. For two sample missions of
Earth-Moon transfer and geostationary orbit rising, it was
demonstrated that UKF offers better performance in terms
of localization accuracy and consistency of the estimates.
Also, in [28], three-axis attitude determination of a UAV was
considered. In that work, the authors found that UKF ro-
bustness to noise is much better than EKF and concluded
that it is a better alternative, compared to conventional EKF.
Here, performance of a UKF-based algorithm for state es-
timation of a MUAV is examined.

The rest of this paper is as follows. In Sec. 2, Euler-
Lagrange formulation is used to obtain the dynamic model
of the MUAV. In Sec. 3, design of LQR control law for si-
multaneous control of the quadcopter and its manipulator
is studied. UKF-based state estimation of the MUAV is dis-
cussed in Sec. 4. Simulation results and conclusions are
presented in Secs. 5 and 6, respectively.

2. Kinematic and Dynamic Modelling of
a Quadcopter-Based MUAV

In this section, kinematic equations of a MUAV are pre-
sented. For that purpose, the MUAV shown in Fig. 1 is
considered.

Here, let F; = {X;,Y;,Z;} with the origin 0; and Fz =
{Xp,Yp,Zg} with the origin Op be the inertial frame and
body frame, respectively. Also, nj is the number of
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Fig. 1. Schematic view of a MUAV.

manipulator degrees of freedom. Let p,=[X Y Z]T
denotes position of the Fy in the inertial frame and quad-
copter attitude is represented by ®, = [ 6 |7, where
©, 6 and 1) are the roll, pitch and yaw angles. Therefore, one
can write:

X = Vy,
Y = Vy, (1)
Z =Vz,
¢ 1 Swt@ Cipte p
o = 0 C’vP _SW ql, (2)
¥ 0 s,/cy cpfco| LT
or more compactly:
éb = T’lwb, (3)

where s(,), ¢, and ¢, denote trigonometric sine, cosine
and tangent functions of the variable «. Also, p, ¢ and r
denote the three components of the angular velocity vector,
i.e. w, = [p,q,r]". The corresponding rotation matrix from
the body frame to the inertia frame is given by:

CwC@ _SVJCW + CwS(;SW

Ry, = | 54Cp  CyCy + S4S9S,
—Sp CyS,

SySy + CySeCy

—CyS, +SySpCy, | (4)
@ CoCy

What is more, Eq. (2) can be written in the body frame as:

wl=Rlw, =RIT®, = 0&,. (5)

In order to obtain the kinematic equations of the end-
effector, it is helpful to consider a frame at the center-of-
mass of each link, where the frame coordinates coincide
with link principal axes of inertia. Denoting the position of
the frame on link i by p;, one can write:

p,=py+ Rbpllil-a (6)

where p? p;, denotes the vector position of the frame on llnk i
with respect to Fp, expressed in the Fp. As a result, pb, is
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given by [29]:

where ]1(01,.) represents contribution of the manipulator
Jacobian to linear velocity up to link i and q=
a1 ... @n,)" denotes the robotic manipulator joint
variables. Also, denoting the angular velocity of the frame
on link i with respect to the body frame by wf, one can
write:

. b 1) 1)
Dy, 211(01)‘11 +--- +]§3i>qi

OF

]01 q +- JF](), a=715"q (8)

Similarly, J 0" represents contribution of the manipulator
Jacobian to angular velocity up to link i. Therefore, one can
write:

. . 1)
D, =D»— S(Rbpgl,-)wb + Rb];—" q, 9)

where S(-) denotes the skew-symmetric matrix operator.
Similarly, the kinematic angular velocity equation is
obtained:

w), = wp + Rb]g'>fI- (10)

Having obtained the kinematic equation, the popular so-
called Euler-Lagrange formulation is adopted to obtain the
dynamic equations of a MUAV [11]. To that end, one needs
to formulate the system Lagrangian £ = K — U where K
and U represent the system kinetic and potential energy,
respectively. Having calculated L, Lagrange equations are
given by:

d 8£ %
where ¢; is the ith element of the generalized vector £ =

I &I q"]7 and upyyay € R4 is the ith system
input. MUAV total kinetic energy is given by:

= UMuAv,i» (11)

K=K+ Y K, (12)
i=1

where K, and K; denote the kinetic energy of the quad-
copter and link i, respectively. Kinetic energy of the quad-
copter, in turn, is given by:
1 LT, 1 . T .
Ky ZimbePb‘*‘E‘l’bQTHbQ‘I’b, (13)
where m;, and H, are the mass and inertia matrix of the
UAV, respectively. Also, kinetic energy of link i is given by:

1 . T. 1 )
=5 MPip, +§w1TRbeHI,R2RZw1,, (14)
where Rf’i is the rotation matrix from the frame on link 7 to

the body frame. Also, m; and H, are the mass and inertia
matrix of link i, respectively. As a result, the total Kkinetic

K,
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energy can be expressed in compact form as:
1. .
K=& BE (15)

where B € R(6+m)x(6+m) is the symmetric and positive
definite inertia matrix whose elements are given by [11]:

ny
By = (mb + Z ml,.>13; (16)
P

ny
By, = Q"H,Q + g (m, T"S(Ryp,) "S(Ryp3;) T
i=1

+QTRIH,R!Q), (17)
ny

W\ Ty U I s
By =Y (mU¥")1Y + () "RIH, RIS, (18)
i=1

Ny
By, =B} = — Z(mli(Rbpgli)T)7 (19)
=1
ny
i
B3 = B3 = Z(mlbell(ﬂ’))’ (20)

i=1
ny

- I
By =Bl = (Q"RIH,R}JY — m T"S(R,p}) "Ry,
i=1
(21)

where I, denotes the (« x «) identity matrix. The potential
energy of the system can be written as:

ny
U=+ U, (22)
i=1

where U, and U, are the potential energy of the quadcopter
and that of link i, respectively. The quadcopter potential
energy is given by:

Uy = —myge;py, (23)
wheree; = [0 0 1]7 if the gravity acts along the opposite
direction of Z;. The potential energy of link i is given by:

U, = —myges(p, + Rbp21,.)~ (24)

Therefore, the total potential energy of the MUAV is given
by:

U= —mygesp, _QZ[mlie§<pb JFRprIi)]‘ (25)

i=1

Having obtained the MUAV total kinetic and potential en-
ergy, one can use Eq. (11) to obtain the MUAV dynamic
equations of motion as:

B(&)€ + C(£,€)€ +g(€) = upyav- (26)

In Eq. (26), C is the centrifugal and Coriolis matrix and g is
the gravitational vector. The input uyy,y € R*) is given
by [11]:

Upmuay = RNF7 (27)

in which: F = [T} 7|7, where T,c R* is the input vector
of forces from quadcopter and = € R is the input vector of
torques from manipulator joints. Also, N = diag(,1,,)
where [, is the identity matrix of proper size and €2 is
given by [11]:

T 0 0 0 01
0 0 0 0
1 1 1 1
L 1| (28)
1 0 I 0
| —d/b d/b —d/b d/b]

where [ is the distance from a motor to quadcopter geo-
metric center and b and d are drag and lift coefficient,
respectively. Finally, in Eq. (27), R = diag(R,, Q, I, ). Next,
LQR scheme is employed to design the input such that
simultaneous control of the UAV and its robotic manipula-
tor is achieved.

3. LQR Control of a Quadcopter-Based MUAV

In order to design a LQR controller, the following cost
function over infinite horizon is considered [30]:

J(u) = /0 (xTQuorx + u" Ryqru)dt, (29)

in which QLQR S R(12+2*HM)X(12+2*nM) and RLQR S
R (*#+mu)x(4+m4) are positive definite weight matrices to
penalize the deviation from the reference trajectory and the
magnitude of the control signal, respectively. The above cost
function can be minimized by state feedback law of the
form:

u=-K(x—x"), (30)

where x* is the desired set point and the optimal gain K is
obtained from:

K =Ry jzB"P, (31)

and P in turn is obtained from the following Algebraic
Riccati Equation (ARE) [30]:

AP+ PA—PBR'B"P + Qg = 0. (32)

The positive definite matrix Qqr can be chosen to be
diagonal. If one increases the entries of @\, the deviation
from the reference trajectory will be heavily penalized and
the states rapidly converge to the desired values, i.e. high
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control gains [30]. The positive definite matrix Ry g can also
be chosen to be diagonal. In that case, if one increases the
entries of Ry, the magnitude of the control signal will be
heavily penalized and the control gains will be small. Thus,
small values in the entries of Rjgg will result in slower
system response and control laws with relatively small
magnitude [30]. Finally, finite (nonzero) steady state error
is an expected shortcoming in the performance of the pro-
posed approach. An immediate solution in this case is to
add integral action to the LQR scheme, known as LQR-I
hereafter, such that steady state error is eliminated [10].

4. UKF-Based State Estimation of a Quadcopter-Based
MUAV

Unscented Kalman Filter (UKF) is a relatively new tech-
nique to avoid the linearization step of EKF. In UKF, a
deterministic sampling technique i.e. unscented transform
is utilized to generate a minimal set of sample points from
the state priori mean and covariance. Then, these sampled
points are propagated through the nonlinear process model
and posterior mean and covariance are numerically recov-
ered [26, 31]. The discretized kinematic and dynamic
equations of a MUAV and the observation model can be
written in compact form as:

X = f(Xpe_1, Uy_q) + Wy, (33)
Vi = Hxy + vy, (34)

where x = [éT ¢7]7, y is the observation vector, and wy
and v, are the state transition and observation noise with
zero mean Gaussian distribution and covariance Qj and
R}, respectively. In our problem, the measurement obser-
vation vector consists of pp,1, and q and therefore H €
R (4+n)x(12+2+ny) i5 3 constant matrix. Time-update equa-
tions of the UKF algorithm described in [26, 32] utilizes 2n
sigma points to propagate the states whereas our algorithm
is similar to [28, 33, 34] in which 2n + 1 weighted sigma
points are generated:

0 _ 3
Xi-1lk-1 = Xk-1lk-1>

X1 = Xi-1jk-1 + (\/ (n+ /\)Pk—l\k—l)iv (35)

X;'j_"uk_l =X qjk—1 — ( (n+ )‘>Pk71\k71)

2
1

wherei = 1,...,n and the last term in the second and third
expressions is the ith column (or row) of matrix square root
of (n+ A)Py_qj—1- In Eq. (35), n is the number of system
states and A will be introduced shortly. Then, each sigma
point is propagated through the process model:

X1 =F 110 U-1)- (36)
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The predicted state estimate and the estimation error
covariance are then given by:

2n
Ko = D WKy, (37)
i=0

2n
-3 W] . Y N
P11 = W7 (X g1 — Xigk—1) K hek—1 — Xie—1) *»
i=0

(38)
where W™ and W are given by:
m A
Wy = n+\’
Wi =2 (- a4 ),
W — w© — ﬁ

where A =a?(n+ k) —n is a scaling parameter in un-
scented transformation, 0 < o < 1 determines the spread
of sigma point and « is another free parameter either set to
or 3 —n [33]. Finally, § is a parameter to incorporate
additional knowledge of distribution of the states (for
Gaussian distribution §=2) [33]. A similar procedure
is adopted to calculate the measurement and its error
covariance:

0 5
Xifk—1 = Xklk—1>

Xifee1 = Xie1 + ( (n+ )‘)Pk\k—l)ia (39)
Xiie1 = Xuk-1 — (\/ (n+ )‘>Pk\k—1)l.7
j’;( = HX;(\k—p (40)
2n
vi=Y Wy, (41)

PL=> WGk -5k 50" + Rl (42)

2n
Py = Z W ®iger = Riper) ke = 70) " (43)
i=0

Once the measurements are available, the update equations
are:

K, =P/ (P})", (44)
Xk = Xpp—1 + KWk — Vi) (45)
Py = Pyy_1 — Ky PIK ). (46)

In the next section, a case study will be developed to
evaluate the performance of our proposed approach.
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Table 2. Characteristics of MUAV case study (partially from [35]).

Parameter Value
UAV mass 4.34kg
UAV moments of inertia diag(0.0820, 0.0845, 0.1377) kg.m?
Distance from a motor to 0.33m
UAV geometric center
Link(s) mass 0.20kg
Link(s) length 0.20m

5. Case Study, Simulation Results and Discussion

In this section, a MUAV consisting of a quadcopter equipped
with a 2-DoF Revolute-Revolute robotic manipulator, con-
fined to Xz — Zp plane of Fj is considered, please see Fig. 1.
Mass properties of the MUAV and its geometric character-
istics are given in Table 2. It is important to note that the
links described above are identical. Also, the process noise
covariance is assumed to be a constant diagonal matrix:

Q*(i,j)=10"° fori=j=9,10,11,
Q*(i,j)=10"% fori=j=12,13,14,15,16,
0 elsewhere,
where Q*(i,j) is the ith row and jth column of Q*. Also, the
measurement noise covariance is given by:
R*(i,j)=10"3 fori=j=1,2,3,4,
R*(i,j)=10"* fori=j=5,6,
0 elsewhere.

The values of translational elements of Q* for our vehicle
are close to those in Ref. 36 and the remaining elements are

0.1 T
E :
>
o H
- 1
0'10 5 10
time (t)
0.1 T
E :
&
-0.1 5 10
time (t
0.2 : ®
B :
N H
) :
% 5 10
time (t
2 :()
) !
[
kA
0'6-
2 5 10
time (t)

adapted accordingly. Regarding the measurement noise
covariance, the values for translational elements are asso-
ciated with accuracy of a few centimeters whereas mea-
surement of the rotational element ¢ complies with a few
degrees accuracy. Similarly, measurement of robotic
manipulator joint variables complies with degree-level
accuracy. Also, initial conditions of the MUAV and the
reference signal were considered as:

[ 0.5m T T Om ]
—0.5m Om
Im 2Zm
3deg O0deg
Xmuav(0) = | Odeg |, Xxyuav(0)= | Odeg
5deg 0deg
Odeg 0deg
55deg 90 deg
L O1xs L 01,5 |

The MATLAB-based simulations were carried out on
Intel® Core™-i5 3.2 GHz processor based computer with
8.00 GB RAM. For the described case study, simulations
were carried out and obtained results are shown in Figs. 2
and 3, respectively. As it can be seen from Figs. 2 and 3, the
proposed scheme has successfully accomplished UKF-based
state estimation along with LQR-I control of a case study
MUAV. In particular, state estimation of the MUAV position
vector, i.e. X,Y,Z, has been achieved with centimeter-level
accuracy. Also, the UKF-based algorithm has resulted in sub-
degree state estimation of MUAV attitude, i.e. ¢, 8,% chan-
nels. Similarly, sub-degree estimation of manipulator joint
variables has been achieved. As it can be seen from Fig. 3,

H

(1] 5 10
time (t)
10 T
> H
[}
B e —
®
¢ 10
0 5 10
time (t)
5 T

5
time (t)

~ 5 T

o :

Q H
R | WA B R e s

o~ :

o :

K 5 10

time (t)

Fig. 2. UKF-based state estimation error of a case study MUAV.
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Fig. 3. UKF-based LQR-I control of a case study MUAV.

the LQR-I scheme can successfully control the MUAV such
that position and three Euler angles of the quadcopter along
with manipulator joint variables simultaneously converge
to their desired reference value. In particular, position
vector of the quadcopter has converged to its desired value
with accuracies better than a few degrees in all three
channels. Also, attitude of the UAV and manipulator joint
variables have converged to their reference values with
accuracy better than 2 degrees and 1 degree, respectively.
Finally, it is important to note that complementing the LQR
scheme with integral action has successfully resulted in
elimination of the steady state error, commonly reported in
LQR control applications [10].

6. Conclusions and Future Directions

In this paper, dynamic modeling, control and state estima-
tion of an MUAV was examined. Regarding the control ap-
proach, it was shown that LQR controller complemented by
integral actin can simultaneously control the UAV and its
manipulator, i.e. the whole MUAV, and bring all the states to
their desired references. The integral action was proved
effective to eliminate the steady-state error observed in
previous works.

Regarding state estimation, it was observed that our
proposed UKF-based scheme can successfully achieve pre-
cise state estimation of an MUAV. However, we consider the
computational complexity of UKF to become a bottleneck in
actual onboard implementation for autonomous MUAV
flight. In order to remedy that difficulty, we intend to
examine two possible solutions. In the first approach, we will
examine substitution of computationally-expensive Singular

Value Decomposition used to obtain the matrix square root
in UKF state estimation with Cholesky decomposition. In that
manner, we expect to relatively relax our computational
requirements, at the expense of a possibly less-stable
solution. In the second approach, we will examine less
computationally-expensive variants of unscented transfor-
mations which can be potentially employed to reduce the
computational requirements of the current scheme, yet
possibly rustling in relatively less-accurate state estimation.
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