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This paper proposes a prede ined-time null-space behavioral control algorithm based on a time-base generator (PTNSBC-TBG) for multi-
quadrotor unmanned aerial vehicle (UAV) systems, enabling rigid formation control with collision and obstacle avoidance within a prede-
ined time. First, the UAV kinematic model is incorporated into the task design of null-space behavioral control (NSBC) to ensure that task
instructions adhere strictly to the UAV’s motion constraints, overcoming the limitations of the classical NSBC method, which relies on a
single integrator model. Second, a prede ined-time null-space behavioral control algorithm is designed to drive UAVs to form a rigid forma-
tion within a speci ied time in advance. The issue of excessive initial control input is addressed by utilizing a time-base generator (TBG).
Additionally, a nonlinear adaptive sliding mode control law based on the TBG is designed to ensure the prede ined-time convergence of the
UAVs’ velocity command tracking error. Finally Numerical simulations and experiment indicate that the proposed PTNSBC-TBG can form a
rigid formation within a prede ined time. Compared to the algorithm without TBG, the initial control input is signi icantly reduced, by at
least 60%.
Keywords: Prede ined time; multi-UAVs; null-space behavior control; time-base generator.

1. Introduction

In the past few years, development of unmanned systems
has underlined the important role of UAVs as an ef icient,
convenient, and safe type of aircraft [1, 2]. UAV cluster
systems are characterized by redundancy, robustness, and
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scalability, as well as more excellent synergy, intelligence,
and autonomy. Because of the fact that multi-UAVs can com-
plete tasks that are dif icult for a single UAV to accomplish,
they have been widely applied in various ields. Therefore,
the study of multi-UAV system has recently become one of
the focus points in the ield of unmanned systems.

Formation technology is essential to multi-UAV systems
and is widely used in the ields of cargo handling, collabo-
rative surveying, etc. When performing certain special tasks
in a formation, such as handling of large objects [3]; multi-
UAVs signal coverage [4, 5]; multi-spacecraft stabilized for-
mation [6,7], all UAVs need to formandmaintain a strict rigid
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formation. And the execution of these tasks firstly requires

each UAV to reach the desired task execution location or

form the desired stable formation within a time. Currently,

researchers have studied the construction of rigid formation

and stabilization control of the formation [3, 8], however,

they have not considered the obstacle avoidance and colli-

sion avoidance requirements of UAVs in the process ofmove-

ment, which means their methods are difficult to apply in

actual systems.

Because the task execution environment is variable, it

is an important problem to avoid obstacles and eliminate

task conflicts in formation process. Flores-Resendiz et al. [9]

proposed a control strategy consisting of bounded attrac-

tion and complementary repulsion components to solve the

collision-free formation control problem in multi-UAV sys-

tems; Lin et al. [10] proposed a distributed formation con-

trol scheme based on Lie algebra and designed internal and

external loop control strategies for multi-UAVs to eliminate

control deviation caused by interference; Guo et al. [11] pro-

posed a distributed controller with obstacle avoidance and

formation reconstruction capabilities based on consistency

theory and local neighborhood information. In the research

of agent multi-task planning in dynamic environments, Bai

et al. [12, 13] made a series of progress in addressing

multi-objective access problemsunderdrift field constraints.

In detail, the paper [12] innovatively integrates navigation

strategies and allocation algorithms to establish a time opti-

mal allocationmodel for heterogeneous tasks in a planar lat-

eral drift field. For complex sceneswith obstacles, paper [13]

further proposes a dynamic cost evaluation framework

driven by path planning, which utilizes a real-time updated

obstacle avoidance cost matrix to achieve multi-objective

spatiotemporal collaborative optimization. The environment

adaptive task allocation methodology formed by these two

works provides key technical support for intelligent agent

collaboration under specific physical constraints. In addi-

tion, in themore specialized field of vehiclemulti-task collab-

oration, Xu et al. [14] and Chen et al. [15] proposed indepen-

dent technical paths: the former effectively alleviates multi

vehicle path conflicts through layered architecture design,

while the latter develops a behavioral heuristic mechanism

for congestion perception. Together, they have promoted the

application anddevelopment ofmulti-objective optimization

methods in vehicle scenarios.

Currently, many obstacle avoidance algorithms have

been widely used in multi-UAVs formation problems, but

these methods all suffer from task conflicts when execut-

ing moving tasks at the same time. The multi task alloca-

tion method is more complex and mostly an offline planning

method in theprocess ofmulti-UAVs formation control,while

the NSBCmethod is an online control framework that solves

task conflicts throughnull space projection. It ensures higher

flexibility and versatility for the UAVS in performing primary

tasks. For example, Zheng et al. [16] used an NSBC architec-

ture to realize time-varying formation control of UAVs while

avoiding collision with obstacles; Golluccio et al. [17] pro-

posed an improved learning algorithm to extend the NSBC

method, which enables the agents to dynamically select

appropriate low-priority tasks for execution;Wang et al. [18]

proposed a hierarchical subtask fusion strategy based on the

NSBC approach for conflict-free fusion scheduling of multi-

ple subtasks; Zhang et al. [19] proposed an adaptive dynamic

planning approach based on the NSBC framework to coordi-

nate control of unmanned ground vehicle-robotic arms. Cur-

rently, algorithms based on NSBC frameworks are still facing

limitations of single integrator models. This paper aims to

extend the applicability of currentmethods tomore complex

scenarios.

Additionally, the rigid formation algorithm based on the

NSBC framework is also constrained by global information

limitations. In past research, Zhou et al. [20] designed control

laws for rigid formations using global relative position infor-

mation and based on the Null-Space-based Behavioral Con-

trol (NSBC) approach. However, in logistic application sce-

narios, such as robots and UAVs indoor formation control, it

is difficult to obtain global relative position information of all

UAVs. Therefore, Liu et al. [21] consideredweakening the rel-

ative position information and propose a multi-UAVs forma-

tion control algorithm based on partial orientation rigidity,

which satisfies the desired relative orientation constraints

among the agents in the rigid formation; Xiao et al. [22]

proposed a rigid formation algorithm based on orientation

information, which enables the system to achieve infinitesi-

mal orientation rigidity; Chen et al. [23] utilized the relative

position information of the initial three agents and based on

the relative angle information to ensure that the formation

of the remaining agents adheres to the rigidity requirements.

However, even though the aforementioned methods reduce

the need for relative position information, it is difficult to cal-

culate their convergence time, making them challenging to

apply in actual UAV systems.

In formation task and tracking task, the convergence

speed of the system is the priority requirement for task

objectives, as it is a crucial performance indicator determin-

ing the efficiency of formation and tracking tasks. By improv-

ing the convergence speedof the formation, theUAVsare able

to rapidly form the desired formation within a predefined

time, and follow the desired trajectory to move stably, thus

improving the completion efficiency of the task. In order to

accelerate formation convergence, Niu et al. [24] proposed a

finite-time formation control strategy to achieve the desired

formation within a finite time. However, the convergence

time of finite-time formation control strategies is dependent

on the initial state of each UAVmostly. To overcome this lim-

itation, Polyakov et al. [25] introduced a fixed-time control

strategy, ensuring that the convergence strategy is bounded
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for all initial system values. Although the fixed-time control

strategy offers certain advantages over finite-time control,

the actual convergence time is difficult to calculate. Hence,

Sónchez-Torres et al. [26] proposed a predefined-time con-

trol strategy, which allows the upper bound of the system’s

stabilization time to be predefined offline, independent of

the system’s initial state or other control gains. Li et al. [27]

designed a distributed formation controller that uses slid-

ing mode control, which enables all UAVs to quickly achieve

the desired relative position to the leader within a prede-

fined time; Chen et al. [28] proposed a formation control

algorithm based on a predefined-time observer using a new

non-singular sliding surface to ensure the formation can be

formed within a predefined time; Wu et al. [29] constructed

an adaptive tracking controller triggered by predefined-time

events, the output tracking error can converge close to the

origin in the desired time. Nevertheless, because predefined-

time control relies on fractional powers, the control inputs

are too large to be applied in actual systems. To address

this issue, Ning et al. [30] developed a new integrator based

multi-agent scheduled time consistency control framework

using the time-base generator (TBG), which alleviates the

problem of excessive control input.

At present, many scholars have studied the pre-defined

time convergence of multi-agent systems, but most of them

only consider the single task such as formation control, and

do not restrict the initial input. Hence it is difficult to com-

bine with the actual system. Ensuring the predefined time

convergence of smaller control inputs in multi-task scenar-

ios is an important problem and challenge that needs to be

solved urgently.

This paper investigates the conflict resolution prob-

lem for rigid formation and obstacle avoidance tasks in a

multi-UAV system within a predefined time. Based in [30]

and [31] this paper proposes the PNSBC-TBG algorithm

for multi-UAV system by combining TBG with the NSBC

framework. Compared to predefined-time control methods

with fractional powers [27], the algorithm this paper pro-

poses requires smaller initial inputs and possesses con-

flict resolution capabilities due to the NSBC framework.

The primary contributions of this paper are outlined as

follows:

(1) A new framework is proposed that integrates the UAV

model into the NSBC method, breaking through the lim-

itation that the NSBC framework is only applicable to a

single integrator model by incorporating kinematic con-

straints into the task.

(2) A new predefined-time NSBC framework is constructed

via TBG. Predefined-time convergence of two tasks is

achieved under the NSBC framework. The proposed

algorithm extends the application of predefined-time to

multi-task scenarios.

(3) The specified time formation control law is designed to

address the issueof excessive initial control input in frac-

tional power predefined-time control, reducing the ini-

tial input by at least 60%.

The structure of this paper is as follows. In Sec. 2, the UAV

model and basic concepts used in this paper are defined.

Section 3 describes the proposed predefined-time behavior-

based rigid formation scheme. In Sec. 4, the predefined-

time controllers based on TBG designed in this paper are

described. In Sec. 5, the effectiveness of the PTNSBC-TBG

algorithm for UAVs designed in this paper is verified through

simulation under unknown interference conditions. Sec-

tion 6 gives method verification in experiment. The conclu-

sions can be found in Sec. 7.

2. Preliminaries

2.1. Mathematical model

Consider a set of 𝑁(𝑁 > 2) multi-UAVs whose kinematic

model is considered to be controlled by the position loop

as well as the attitude loop, respectively, where the position

loop kinematic model is described in the ground coordinate

system as [32]:

𝑝̇𝑖 = 𝑅𝑣𝑖, (1)

where 𝑝𝑖 ∈ ℝ3 and 𝑣𝑖 ∈ ℝ3 denotes the position and the

velocity of each UAV. 𝑅 is the rotation matrix from the air-

frame coordinate system to the ground coordinate system.

𝑅 = �

𝑅11 𝑅12 𝑅13

𝑅21 𝑅22 𝑅23

𝑅31 𝑅32 𝑅33

� , (2)

where

𝑅11 = cos𝜃𝑖 cos𝜑𝑖,

𝑅12 = cos𝜑𝑖 sin𝜃𝑖 sin𝜙𝑖 − sin𝜑𝑖 cos𝜙𝑖,

𝑅13 = cos𝜑𝑖 sin𝜃𝑖 cos𝜙𝑖 + sin𝜑𝑖 sin𝜙𝑖,

𝑅21 = cos𝜃𝑖 sin𝜑𝑖,

𝑅22 = sin𝜑𝑖 sin𝜃𝑖 sin𝜙𝑖 + cos𝜑𝑖 cos𝜙𝑖,

𝑅23 = sin𝜑𝑖 sin𝜃𝑖 cos𝜙𝑖 + cos𝜑𝑖 sin𝜙𝑖,

𝑅31 = − sin𝜃𝑖,

𝑅32 = sin𝜙𝑖 cos𝜃𝑖,

𝑅33 = cos𝜙𝑖 cos𝜃𝑖.

The kinematic model of the attitude loop based on the trans-

formation of the rate of change of the attitude Euler angle
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𝛽𝑖 = [𝜙𝑖, 𝜃𝑖, 𝜑𝑖]
𝑇 in the ground coordinate system to the atti-

tude angle which denotes the pitch angle, roll angle and the

yaw angle. 𝜔𝑖 in the airframe coordinate system is given by

𝛽̇𝑖 = 𝑊𝜔𝑖, (3)

where𝑊 is

𝑊 = �

1 sin𝜙𝑖 tan𝜃𝑖 cos𝜙𝑖 tan𝜃𝑖

0 cos𝜙𝑖 − sin𝜙𝑖

0 sin𝜙𝑖/ cos𝜃𝑖 cos𝜙𝑖/ cos𝜃𝑖

� . (4)

Define the position and attitude angles of the 𝑖th UAV as

𝑝𝑖 = [𝑥𝑖, 𝑦𝑖, 𝑧𝑖]
𝑇 ∈ ℝ3 and𝛽𝑖 = [𝜙𝑖, 𝜃𝑖, 𝜑𝑖]

𝑇 ∈ ℝ3, respectively.

Therefore, the kinematics of the 𝑖th UAV can be modeled as

the following equation [33]:

Ẋ𝑖 = �
𝑝̇𝑖

𝛽̇𝑖
� = Θ𝑖V𝑖, (5)

where X𝑖 = [𝑝𝑖, 𝛽𝑖]
𝑇,V𝑖 = [𝑣𝑖, 𝜔𝑖]

𝑇 denote the generalized

position and velocity of the 𝑖th UAV, respectively, Θ𝑖 denotes

the kinematic constraintmatrix,which has the specificmath-

ematical form of

Θ𝑖 = �
𝑅 0

0 𝑊
� . (6)

2.2. NSBC framework

In this paper, an improved null-space based behavioral con-

trol method is adopted by designing different behaviors

of multi-UAVs as different task functions and prioritizing

the tasks based on practical experience. The classical null-

space behavioral control algorithm projects the low-priority

tasks onto the null-space vector of the high-priority tasks.

Consequently, complete execution of high-priority tasks is

achieved,while still executing thenon-conflictingparts of the

low-priority tasks. Through this, conflicts between tasks are

resolved and stability of the formation is ensured [34, 35].

Basedonpractical experience, this paper sets collision avoid-

ance and obstacle avoidance as the highest priority tasks for

multi-UAVs, and all other tasks such as formation forming

and formation switching are treated as sub-priority tasks.

Based on the above task prioritization design, the basic

tasks of the multi-UAVs are further designed [36]. Assume

that the generic task function is 𝝈 ∈ ℝ𝑚 where 𝑚 denotes

the dimension of the generic task, then the task function is

𝝈 = 𝑓(𝑝), (7)

where 𝑝 = [𝑝1, 𝑝2, … , 𝑝𝑛]
𝑇 represents a collection of multi-

UAVs positions, 𝑛 denotes the number of multi-UAVs and

𝑓(⋅) denotes themapping of multi-UAVs positions to the task

function. The partial derivationwith respect to position 𝑝 for

Eq. (7) can be obtained:

𝝈̇ =
𝜕𝑓(𝑝)

𝜕𝑝
𝑝̇ = 𝒥(𝑝)𝑝̇, (8)

where𝒥(𝑝) ∈ ℝ𝑚×𝑛 is a Jacobimatrix representing themap-

ping of the task function to the multi-UAVs position 𝑝.

During the execution of the task, there exists a corre-

sponding desired position 𝑝𝑑(𝑡) for the desired task function

𝝈𝑑(𝑡). The desired trajectory can be obtained from the time

integral of the desired velocity, and the least squares solution

for the velocity output of the task function is obtained by per-

forming a pseudo-inverse operation on the Jacobi matrix as

follows:

𝑣 = 𝒥†𝜎̇ = 𝒥𝑇 �𝒥𝒥𝑇�
−1

𝜎̇, (9)

where 𝑣 is the velocity vector output for the task, 𝒥† =

𝒥𝑇(𝒥𝒥𝑇)−1 is the pseudo-inverse of the Jacobian matrix.

In addition to get the reference velocity, a reference tra-

jectory is also needed. From the above part, it can be seen

that the time integration of the reference velocity gives the

reference trajectory, but the discrete time integration pro-

cess of the velocity produces a reference trajectory deviation.

It can be offset by a closed-loop inverse kinematics method

of bias, then the output of the reference velocity for the 𝑙th

task is

𝑣𝑙 = 𝒥
†

𝑙
(𝜎̇𝑑.𝑙 + Λ𝑙𝜎̃𝑙), (10)

where𝑣𝑙 is the speed output for the 𝑙th task,𝒥
†

𝑙
is the pseudo-

inverse of the Jacobi matrix 𝒥𝑙, 𝜎𝑑.𝑙 is the desired task func-

tion, 𝜎̇𝑑.𝑙 is the derivative of the desired task function, Λ𝑙 is

a positive definite gain matrix and 𝜎̃𝑙 = 𝜎̇𝑑.𝑙 − 𝜎𝑙 is the task

error.

Assuming that the global task consists of multiple basic

tasks, the low-priority tasks are projected onto the null-

space of the high-priority tasks, thus eliminating the conflict-

ing parts between the task speed output instructions, and

finally obtaining the speed output of the global task as

𝑣𝐺 = 𝑣𝑙 +

𝑀

�

𝑙=2

((𝐼 − 𝒥
†

𝑙
𝒥𝑙)𝑣𝑙+1), (11)

where 𝑣𝐺 is the speed output for the global task, 𝐼 − 𝒥
†

𝑙
𝒥𝑙 is

the null-space matrix of the 𝑙th task,𝑀 is the max task level.

2.3. Predefined-time control based on time-base

generator

Consider the following nonlinear system:

𝒙̇(𝑡) = 𝑞(𝑡, 𝒙; 𝛿), 𝑡 ∈ [𝑡0, +∞), (12)

where 𝒙 ∈ ℝ𝑛 denotes the state of the system, 𝛿 ∈ ℝ𝑚

denotes the parameters of the system, which is satisfies that
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𝛿̇ = 0. When 𝒙 = 0, the system satisfies that 𝑞(𝑡, 0; 𝛿) = 0.

𝑡0 represents the initial time and 𝒙(𝑡0) is the initial state of

the system.

Definition 1 (26). Suppose that 𝑡𝑓𝑖 is a positive constant

and can be arbitrarily preset. The origin 𝑥(𝑡) = 0 of the non-

linear dynamic system (12) is said to be globally predefined-

time-stable if and only if

�

lim
𝑡→𝑡𝑓𝑖−

𝒙(𝑡, 𝒙0) = 0, 𝑡 ∈ [𝑡0, 𝑡0 + 𝑡𝑓𝑖),

𝒙(𝑡, 𝒙0) ≡ 0, 𝑡 ∈ [𝑡0 + 𝑡𝑓𝑖, +∞).

(13)

If it is holds for any initial state 𝒙0 of the system (12),

then 𝑡𝑓𝑖 is called the predefined-time.

Consider the 𝑞(⋅) ∈ R is the function based on time-base

generator and it satisfied the following:

𝑞(𝑡, 𝒙; 𝛿) = −Ξ𝑖(𝑡)𝑥(𝑡), (14)

Ξ𝑖(𝑡) =
ℎ̇𝑖(𝑡)

1 − ℎ𝑖(𝑡) + 𝜚𝑖
, (15)

where Ξ𝑖(𝑡) is the time-base generator gain function

(TBGGF), 0 ≤ 𝜚𝑖 ≤ 1, ℎ𝑖(𝑡) is the time-base generator func-

tion (TBGF) and it has the following equalities:

(1) ℎ𝑖(𝑡) is a function which is second-order differentiable

in 𝑡 ∈ (0, +∞).

(2) TBGF ℎ𝑖(𝑡) is a continuously increasing function from

𝑡 = 0 to predefined time constant 𝑡 = 𝑡𝑓𝑖, and ℎ𝑖(0) =

0, ℎ𝑖(𝑡𝑓𝑖) = 1.

(3) The right derivative of ℎ𝑖(𝑡) at 𝑡 = 0 is ℎ̇𝑖(0) = 0 and

ℎ̇𝑖(𝑡𝑓𝑖) = 0 too.

(4) ℎ(𝑡) = 1, ℎ̇𝑖(𝑡) = 0when 𝑡 > 𝑡𝑓𝑖.

Lemma 1 (37). Consider Eq. (14) and the TBGGF Ξ𝑖(𝑡) is

defined following Eq. (15), then system (14) will converge to
𝜚𝑖

1+𝜚𝑖
𝑥(0).

Definition 2 (30). Consider a network system consisting of

𝑁 agent, the 𝑖th model is shown as

𝑥̇𝑖(𝑡) = 𝑢𝑖(𝑡), (16)

where 𝑥𝑖(𝑡) represents the states and 𝑢𝑖(𝑡) represents the

input control. if the system satisfied the following equation

in any initial state𝑥𝑖(𝑡0):

⎧

⎨
⎩

lim
𝑡→𝑇0

|𝑥𝑖(𝑡) − 𝑥𝑗(𝑡)| ≤ 𝑐,

|𝑥𝑖(𝑡) − 𝑥𝑗(𝑡)| ≤ 𝑐, ∀ 𝑡 > 𝑇0,

lim
𝑡→+∞

|𝑥𝑖(𝑡) − 𝑥𝑗(𝑡)| = 0.

(17)

Then the system can achieve predefined-time consis-

tency, where 𝑇0 is the predefined time, 𝑐 is a positive con-

stant.

Fig. 1. Topological schematic of 𝑖UAV.

2.4. Problem statements

Task goal: The UAVs formation system can track the naviga-

tor to form a rigid formation according to the desired dis-

tance and relative angle, and can maintain a high formation

rigidity in the process of moving the formation as a whole to

the target point, with the ability to avoid collision with the

intelligent bodies inside the system and the pre-unknown

obstacles outside the system, provided that the system satis-

fies the constraints of its own state and inputs. The following

assumptions are made to satisfy the planning objectives:

Assumption 1. The UAVs’ communication topology satis-

fies the topology shown in Fig. 1, and there are pathways

between any intelligence and its parent and navigator nodes.

Assumption2.TheUAVs can obtain real-time position infor-

mation of obstacles that enter its detection range, and can

receive information sent by leaderUAVandotherUAVswhich

within its communication range in real time.

Assumption 3. Only the effect of unknown external distur-

bances on the dynamics of the UAVs is considered.

Considering the limited computational resources of the

intelligent body and the fact that not all obstacles pose a

threat to the intelligent body, and that there is a risk of col-

lision only when the distance between the obstacle and the

intelligent body is close, two control tasks, tracking and colli-

sion avoidance, are designed based on the ability of the intel-

ligent body to detect obstacles in real time, and according to

the risk of collision or not.

3. NSBC Rigid Formation Planning Designed with

Kinematic Constraints

In this section, a rigid formation planning scheme with kine-

matic constraints based on an improved null-space behav-

ioral control algorithm is proposed. The algorithm employs

a leader-follower strategy and divides the planning scheme

design into a formation session and an obstacle avoidance

session, thus accomplishing the task of rigid formation of

multi-UAVs. The algorithm flowchart of this paper is shown

as Fig. 2.
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Fig. 2. PTNSBC-TBG algorithm flowchart.

3.1. Basic task design

It is assumed that eachUAVhas𝑀 basic behaviors, where the

𝑙th basic behavior of the 𝑖th UAV can bemathematicallymod-

eled using a task variable 𝜎𝑖,𝑙 ∈ ℝ𝑚𝑖 , 𝑙 = 1,… ,𝑀,𝑚𝑙≤3 as

𝜎𝑖,𝑙 = 𝑔𝑖,𝑙(X𝑖), (18)

where 𝑔𝑖,𝑙(X𝑖) is a mathematical functional expression for

performing the task.

Since 𝑔𝑖,𝑙(X𝑖) is limited by the model kinematic con-

straint Θ𝑖, the differential form of its task variable 𝜎𝑖,𝑙 is

shown by Eq. (19):

𝜎̇𝑖,𝑙 =
𝜕𝑔𝑖,𝑙(X𝑖)

𝜕X𝑖
Ẋ𝑖. (19)

This canbeobtainedbyassociatingEq. (6)withEq. (19):

𝜎̇𝑖,𝑙 = 𝒥𝑖,𝑙Ẋ𝑖 = 𝒥𝑖,𝑙 �
𝑝̇𝑖

𝛽̇𝑖
� = 𝒥𝑖,𝑙Θ𝑖V𝑖, (20)

where 𝒥𝑖,𝑙 denotes the Jacobi matrix of the task.

Then, the least squares solution for the speed output of

the task function is obtained as follows:

𝑣𝑖,𝑙 = Θ−1
𝑖
𝒥
†

𝑖,𝑙
𝜎̇𝑖,𝑙 = Θ−1

𝑖
𝒥𝑇
𝑖,𝑙
(𝒥𝑖,𝑙𝒥

𝑇
𝑖,𝑙
)−1𝜎̇𝑖,𝑙, (21)

where 𝑣𝑖,𝑙 is the velocity vector output command for task

𝜎𝑖,𝑙, 𝒥
†

𝑖,𝑙
= 𝒥𝑇

𝑖,𝑙
(𝒥𝑖,𝑙𝒥

𝑇
𝑖,𝑙
)−1 is the pseudo-inverse of the Jacobi

matrix, Θ−1
𝑖

is the inverse of the kinematic constraint matrix

of the UAV model.

After using the closed-loop inverse kinematics method

for deviation cancellation, the reference speed output for the

𝑙th task is

𝑣𝑖,𝑙 = Θ−1
𝑖
𝒥
†

𝑖,𝑙
(𝜎̇𝑑,𝑖,𝑙 + Λ𝑖,𝑙𝜎̃𝑖,𝑙), (22)

where 𝑣𝑖,𝑙 is the velocity vector output command for task

𝜎𝑖,𝑙, 𝒥
†

𝑖,𝑙
is the pseudo-inverse of the Jacobi matrix, 𝜎̇𝑑,𝑖,𝑙 is the

derivative of the expected task function, Λ𝑖,𝑙 is a positive def-

inite gainmatrix, 𝜎̃𝑖,𝑙 = 𝜎𝑑,𝑖,𝑙−𝜎𝑖,𝑙 is the task error, 𝜎𝑑,𝑖,𝑙 is the

expected task function.

3.2. Design of rigid formation task

The multi-UAVs rigid formation task requires multi-UAVs to

move to a desired position without changing the overall for-

mation, while maintaining the relative rigidity of the over-

all formation. Assuming the position information of each

agent is 𝑝 = {𝑝1, 𝑝2, … , 𝑝𝑛}, the rigid formation task function

defined in this section is

𝜎𝑖,𝐹 = [𝑑𝑖𝑗, 𝜃∡𝑗𝑖𝑘, 𝜑∡𝑗𝑖𝑘]
𝑇, 𝑖 ∈ 1, 2, … , 𝑛, (23)

where 𝑑𝑖𝑗 = ‖𝑝𝑖 − 𝑝𝑗‖2 represents the distance between

𝑝𝑖 and 𝑝𝑗, 𝜃∡𝑗𝑖𝑘 represents the angle between 𝑝𝑗 − 𝑝𝑖 and

𝑝𝑘−𝑝𝑖 projected in the XOY plane,𝜑∡𝑗𝑖𝑘 represents the angle

between 𝑝𝑗 − 𝑝𝑖 and 𝑝𝑘 − 𝑝𝑖 projected in the XOZ plane, the

detail of 𝑑𝑖𝑗, 𝜃∡𝑗𝑖𝑘, 𝜑∡𝑗𝑖𝑘 is shown in Fig. 3:

If given the non-overlapping position vectors 𝑞𝑖, 𝑞𝑗 and

𝑞𝑘 denote the projections of 𝑝𝑖, 𝑝𝑗 and 𝑝𝑘 in the XOY plane,

then the relative angle𝜃∡𝑗𝑖𝑘 canbe calculateduniquely by the

following equation:

𝜃∡𝑗𝑖𝑘 = �
arccos(𝑧T

𝑖𝑗
𝑧𝑖𝑘) 𝑧

𝑖𝑗
⋅ 𝑧𝑖𝑘 ≥ 0,

2𝜋 − arccos(𝑧T
𝑖𝑗
𝑧𝑖𝑘) otherwise,

(24)

where the 𝑧𝑖𝑗 =
𝑞𝑗−𝑞𝑖

‖𝑞𝑗−𝑞𝑖‖
, 𝑧𝑖𝑘 =

𝑞𝑘−𝑞𝑖
‖𝑞𝑘−𝑞𝑖‖

and 𝑧
𝑖𝑗

= 𝑄0𝑧𝑖𝑗 =

�
0 −1
1 0 � 𝑧𝑖𝑗 is the vector obtained by rotating the vector 𝑧𝑖𝑗 by
𝜋

2
counterclockwise.

Define the task error as �𝜎𝑖,𝐹 = |𝜎𝑖,𝐹 − 𝜎𝑑,𝑖,𝐹|3×1, where

𝜎𝑑,𝑖,𝐹 denotes the desired position of the UAVs, i.e., the

desired distance versus the desired relative angle.
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Fig. 3. Relationship Schematic of 𝑑𝑖𝑗, 𝜃∡𝑗𝑖𝑘, 𝜑∡𝑗𝑖𝑘.

Then the behavior-related Jacobianmatrix is as follows:

𝒥𝑔𝐺(𝑝) = [𝐴, ±𝐵, ±𝐶], (25)

where the specific form of each term in the Jacobi matrix

𝒥𝑔𝐺(𝑝) equation is shown as

𝐴𝑖𝑗 = −
sgn(𝑞𝑖 − 𝑞𝑗)‖𝑞𝑖 − 𝑞𝑗‖2

�‖(𝑞𝑖 − 𝑞𝑗)
2‖2

, (26)

𝐵𝑗𝑖𝑘 =
1

𝐷𝑗𝑖𝑘
�

𝑥𝑗 − 2𝑥𝑖 + 𝑥𝑘

(‖𝑞𝑗 − 𝑞𝑖‖2)(‖𝑞𝑘 − 𝑞𝑖‖2)

+𝐸𝑗𝑖𝑘 �
|𝑥𝑖 − 𝑥𝑗|sign(𝑥𝑖 − 𝑥𝑗)

(‖𝑞𝑗 − 𝑞𝑖‖2)
3(‖𝑞𝑘 − 𝑞𝑖‖2)

+
|𝑥𝑖 − 𝑥𝑘|sign(𝑥𝑖 − 𝑥𝑘)

(‖𝑞𝑗 − 𝑞𝑖‖2)(‖𝑞𝑘 − 𝑞𝑖‖2)
3
�� , (27)

where

𝐷𝑗𝑖𝑘 = �1 −
((𝑥𝑖 − 𝑥𝑗)(𝑥𝑖 − 𝑥𝑘) + (𝑦𝑖 − 𝑦𝑗)(𝑦𝑖 − 𝑦𝑘))

2

(‖𝑞𝑗 − 𝑞𝑖‖2)
2(‖𝑞𝑘 − 𝑞𝑖‖2)

2
,

(28)

𝐸𝑗𝑖𝑘 = ((𝑥𝑖 − 𝑥𝑗)(𝑥𝑖 − 𝑥𝑘) + (𝑦𝑖 − 𝑦𝑗)(𝑦𝑖 − 𝑦𝑘)). (29)

𝐶𝑗𝑖𝑘 is similar to 𝐵𝑗𝑖𝑘. This Jacobi matrix implements the

rigidity requirement of distributed formation by restricting

the distance and relative angle between two intelligences,

thus constraining the relative position of each intelligence to

its neighbors.

After obtaining the Jacobi matrix of the formation, the

output speed of the formation task function can finally be

obtained as shown in Eq. (30):

𝑣𝑖,𝐹 = Θ−1
𝑖
𝒥
†

𝑖,𝐹
Λ𝑖,𝐹(Ξ1(𝑡) + 1)𝜎̃𝑖,𝐹 −

̇𝑋̂𝑖, (30)

where the Ξ1(𝑡) is the TBG function and shown as the follow-

ing equation:

Ξ1(𝑡) =
ℎ̇1(𝑡)

2𝜆min(𝐻)(1 − ℎ1(𝑡) + 𝜚1)
, (31)

where the ℎ1(𝑡) is as follows:

ℎ1(𝑡) = �

20

𝑡𝑓7
𝑡7 −

70

𝑡𝑓6
𝑡6 +

84

𝑡𝑓5
𝑡5 −

35

𝑡𝑓4
𝑡4, 0 ≤ 𝑡 ≤ 𝑡𝑓,

1, 𝑡 ≥ 𝑡𝑓,

(32)

after adding the TBG function, the UAVs’ mission error can

converge within a predefined time.

3.3. Design of obstacle avoidance task

Assuming that obstacle 𝑝𝑜(𝑖) is a spherical obstacle, the set of

obstacles 𝑂𝑟 is defined as follows:

𝑂𝑟 = (𝑝𝑖 ∈ ℝ3, 𝑝𝑜(𝑖) ∈ ℝ3 ∶ ‖𝑝𝑖 − 𝑝𝑜(𝑖)‖ ≤ 𝑑𝑑), (33)

where 𝑑𝑑 is safe distance.

The obstacle avoidance task function defined in this sec-

tion is

𝜎𝑖,𝑂 = (max{‖𝑝𝑖 − 𝑝𝑜(𝑖)‖, 𝑑𝑑}). (34)

Then the Jacobimatrix for the obstacle avoidance task is

𝒥𝑖,𝑂 =
(𝑝𝑖 − 𝑝𝑜(𝑖))

‖𝑝𝑖 − 𝑝𝑜(𝑖)‖
. (35)

The final output obtained is anobstacle avoidance speed

which is

𝑣𝑖,𝑂 = Θ−1
𝑖
𝒥
†

𝑖,𝑂
𝜆𝑖,𝑂(Ξ1(𝑡) + 1)𝜎̃𝑖,𝑂, (36)

where 𝜎̃𝑖,𝑂 = (𝑑𝑑 − ‖𝑝𝑖 − 𝑝𝑜(𝑖)‖) is the obstacle avoidance

task error, 𝜆𝑖,𝑂 is the set positive definite gain matrix, 𝒥
†

𝑖,𝑂
is

the pseudo-inverse of the obstacle avoidance Jacobi matrix.

3.4. Multi-UAVs composite task design

A composite behavior is a combination of multiple basic

behaviors projected in null space in a certain priority order,

defined ̂𝑙 ∈ 𝑁 to denote the behavioral priority order, 𝑁 =

{1,… , 𝑛}. The basic behaviors satisfy the following rules:

(1) Basic behaviors with ̂𝑙1 priority cannot interfere with

basic behaviors with ̂𝑙2 priority, which
̂𝑙1 >

̂𝑙2,
̂𝑙1,

̂𝑙2 ∈ 𝑁.

(2) The mapping relationship from system speed to task

speed is represented by the task Jacobi matrix 𝒥𝑖,𝑙.
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(3) The dimension𝑚𝑀 of the basic behavior with the lowest

priority is likely to be greater than𝑚total − ∑𝑀−1
𝑙=1

𝑚𝑙, so

the expected dimension 𝑚total is greater than the total

dimension of all basic behaviors.

Based on the designed formation and obstacle avoid-

ance task, the final combined velocity solution is 𝑣𝑖,𝐺, the

combined velocity is when the multi-UAVs is not approach-

ing an obstacle and is not at a safe distance which is

𝑣𝑖,𝐺 = Θ−1
𝑖
(𝑣𝑖,𝐹 + (𝐼 − 𝒥

†

𝑖,𝐹
𝒥𝑖,𝐹)𝑣𝑖,𝑂). (37)

The combined velocity is when the multi-UAVs is

approaching an obstacle and is at a safe distance:

𝑣𝑖,𝐺 = Θ−1
𝑖
(𝑣𝑖,𝑂 + (𝐼 − 𝒥

†

𝑖,𝑂
𝒥𝑖,𝑂)𝑣𝑖,𝐹). (38)

4. Predefined-Time Formation Controller

In this section, a predefined-time-convergent sliding mode

controller is designed to track the desired velocity obtained

fromEqs. (37) and (38). Since the quad-rotor UAV is a typical

nonlinear system, in order to achieve a better control effect,

the double closed-loop control of the quad-rotor system is

established. The system position control loop is set to con-

trol the position information𝑝𝑖 of the quad-rotorUAV to real-

ize effective tracking of the desired position trajectory of the

quad-rotor UAV, and the system attitude control loop is set

to control the attitude information 𝛽𝑖 of the quad-rotor UAV

to realize stable tracking of the desired attitude trajectory of

the quad-rotor UAV.

Consider the position loop system.

�
Ẋ𝑖,1 = Θ𝑖X𝑖,2,

Ẋ𝑖,2 = −𝜴−1𝑪Ẋ𝑖,1 +𝜴−1𝝉𝑖 + 𝝉𝑑,
(39)

where X𝑖,1 = �
𝑝𝑖
𝛽𝑖
� ∈ ℝ6 denotes the position and the velocity

of the agent𝑖, 𝝉𝑖 ∈ ℝ6 denotes the control input and 𝝉𝑑 is

the bounded disturbances,the matrix 𝑪 is the Coriolis term.

Matrix 𝜴 ∈ ℝ6×6 is the parameter matrix which is given by

𝜴 =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0 Ω21 Ω31 0 0 0

Ω11 0 Ω11 0 0 0

Ω11 Ω11 0 0 0 0

0 0 0 Ω44 Ω45 Ω46

0 0 0 Ω54 Ω55 Ω56

0 0 0 Ω64 Ω65 Ω66

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

= �
𝑆(𝑤) 𝑂3×3

𝑂3×3 −𝑄−1𝑆(𝑤)𝑄
� , (40)

where

𝑆(𝑤) = �

0 −𝜔3 𝜔2

𝜔3 0 −𝜔1

−𝜔2 𝜔1 0

� , (41)

𝑄 = �

𝐼𝑥𝑥 0 0

0 𝐼𝑦𝑦 0

0 0 𝐼𝑧𝑧

� , (42)

where 𝜔𝑖 denotes the euler angle change rate, 𝐼𝑥𝑥, 𝐼𝑦𝑦, 𝐼𝑧𝑧

represent the moments of inertia along the three coordinate

axes, respectively.

In order to obtain the position of the navigator under

disturbance, a predetermined time estimator was designed

to estimate the position of the navigator. First, the variables

𝑋̃𝑖 and 𝑋̂𝑖 are defined as

𝑋̃𝑖 = 𝑋̂𝑖 − 𝑋1 = [𝑝̂𝑖, 𝛽̂𝑖]
𝑇 − [𝑝1, 𝛽1]

𝑇,

𝑋̃1 = 0, 𝑖 = 2, 3, … , 𝑁, (43)

where 𝑋1 denotes the state of the leader, the predetermined

time estimator for the 𝑖th UAV is designed as follows:

̇𝑋̂𝑖(𝑡) = −Ξ2(𝑡)𝑔𝑖(𝑡) − 𝑘1𝑔𝑖(𝑡) − 𝑘2𝑆𝐺𝑁(𝑔𝑖(𝑡)), (44)

where the time-base generator gain function Ξ2(𝑡) and 𝑔𝑖 is

shown as the following equations:

Ξ2(𝑡) =
ℎ̇2(𝑡)

2𝜆min(𝐻)(1 − ℎ2(𝑡) + 𝜚2)
, (45)

𝑔𝑖(𝑡) =

𝑁

�

𝑗=1

𝑎𝑖𝑗(𝑋̃𝑖(𝑡) − 𝑋̃𝑗(𝑡)), (46)

where 𝜆min(𝐻) denotes the minimum eigenvalue of topolo-

gist matrix 𝐻, ̇𝑋̂𝑖, 0 ≤ 𝜚2 ≤ 1 represents the designed con-

stant, ℎ2(𝑡) represents the TBG function which satisfied that

ℎ2(𝑡𝑓2) = 1 and ℎ2(𝑡) = 1 when 𝑡 > 𝑡𝑓2, 𝑘1, 𝑘2 > 0 and 𝑘2
satisfied that 𝑘2 ≥ sup𝑡≥0 ‖𝑋̇1(𝑡)‖∞, the SGN(⋅) denotes the

saturation sign function which is as follows:

SGN(𝑥) =
(|𝑥 + 𝜍| − |𝑥 − 𝜍|)

2𝜍
. (47)

Lemma 2 (37). Based on Lemma 1, the estimator (44) can

estimate the leader’s actual states for the UAVs in the prede-

fined time 𝑡𝑓2, and it is satisfied by Eq. (48)∶

⎧
⎪
⎪

⎨
⎪
⎪
⎩

lim
𝑡→𝑡𝑓2

|𝑋̂𝑖 − 𝑋1| ≤ 𝑁�
2𝜚2

1 + 𝜚2
𝑉𝑋(0),

|𝑋̂𝑖 − 𝑋1| ≤ 𝑁�
2𝜚2

1 + 𝜚2
𝑉𝑋(0), ∀ 𝑡 > 𝑡𝑓2 ,

lim
𝑡→𝑡∞

|𝑋̂𝑖 − 𝑋1| = 0,

(48)

where 𝑡𝑓2 is the predefined time constant.
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Then the predefined-time controller of 𝑖th UAV is

designed to make sure the velocity of each UAV can track the

expected velocity within a predefined time. The controller is

designed as follows:

𝜏𝑖 = 𝜴(−(Ξ3 + 1)Ṽ𝑖 + Y𝑖(X𝑖, Ẋ𝑖,V𝑟,𝑖, V̇𝑟,𝑖)Ψ̂𝑖

− 𝛿̂𝑖𝑆𝐺𝑁(Ṽ𝑖)), (49)

̇Ψ̂𝑖 = −Γ−1
𝑖

Y𝑖(X𝑖, Ẋ𝑖,V𝑟,𝑖, ̇V𝑟,𝑖)Ṽ𝑖, (50)

̇𝛿̂𝑖 = Υ−1
𝑖
‖Ṽ𝑖‖1, (51)

Ξ3(𝑡) =
ℎ̇3(𝑡)

2𝜆min(𝐻)(1 − ℎ3(𝑡) + 𝜚3)
, (52)

where, Ξ𝑖 denotes the TBG gain function similar to Eq. (45),

and ℎ3 has the same equalitywith ℎ2 but the predefined time

is 𝑡𝑓3. Γ𝑖 is a positive constant, Ṽ𝑖 = V𝑖 − V𝑟,𝑖 represents the

tracking error, Υ̃𝑖 and 𝛿̃𝑖 represent the estimate error of Υ𝑖
and 𝛿𝑖.

5. Simulation

5.1. Simulation 1

To illustrate the advantages of the proposed predefined-time

controller based on Null space, this paper compares the pro-

posed algorithm with the existing predefined-time cooper-

ative formation control algorithm [27]. Figure 4 shows the

communication graph of UAVs. The communication topology

can be represented by the adjacency matrix:

𝑀 =

⎡
⎢
⎢
⎢
⎢
⎢
⎣

0 1 0 0 0

0 0 1 0 0

0 0 0 1 0

0 0 0 0 1

0 0 0 0 0

⎤
⎥
⎥
⎥
⎥
⎥
⎦

; 𝑁 =

⎡
⎢
⎢
⎢
⎢
⎢
⎣

0

1

1

1

1

⎤
⎥
⎥
⎥
⎥
⎥
⎦

, (53)

where the𝑀matrix represents the communication topology

between each follower, while the 𝑁 matrix represents the

communication topology between the leader and each fol-

lower.

Fig. 4. Communication topology of 5 UAV.

Table 1. The related parameter values.

Parameter UAV 1 UAV 2 UAV 3 UAV 4 UAV 5

𝑚𝑖(𝑘𝑔) 1.2 1.2 1.2 1.2 1.2

𝑔(−𝑘𝑔/𝑠2) 9.81 9.81 9.81 9.81 9.81

𝐼𝑖𝑥𝑥(𝑘𝑔 ⋅ 𝑚2) 0.019 0.019 0.019 0.019 0.019

𝐼𝑖𝑦𝑦(𝑘𝑔 ⋅ 𝑚2) 0.019 0.019 0.019 0.019 0.019

𝐼𝑖𝑧𝑧(𝑘𝑔 ⋅ 𝑚2) 0.021 0.021 0.021 0.021 0.021

Γ𝑖 2.5𝐼6 2.5𝐼6 2.5𝐼6 2.5𝐼6 2.5𝐼6
Υ𝑖 0.4 0.4 0.4 0.4 0.4

Table 2. The initial states of each UAV.

State UAV 1 UAV 2 UAV 3 UAV 4 UAV 5

𝑝𝑖(𝑚) �

0

1

1

� �

−1

−1

1

� �

−1

0

1

� �

1

0

1

� �

2
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1

�

𝛽𝑖(𝑟𝑎𝑑) �

1

1

1

� �

1

1

1

� �

1

1

1

� �

1

1

1

� �

1

1

1

�

𝝉𝑝𝑖(𝑚) �

0.2𝑐(𝑡)
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� �
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� �
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� �
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� �
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0.3𝑠(𝑡)
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�
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Fig. 5. Trajectories of UAVs with the PTNSBC-TBG algorithm in 3D.

The obstacles are located at 𝑂1 = [5.5, −4.5, 9]𝑇𝑚, 𝑂2 =

[−3,−3.5, 7]𝑇𝑚. The desired trajectory of the leader (UAV1)

is 𝑋𝑟, 1(𝑡) = [5𝑠(0.1𝑡); 5𝑐(0.1𝑡); 8; 0; 0; 0], where the 𝑠(⋅) =

sin(⋅) and 𝑐(⋅) = cos(⋅). The safety distance 𝑑𝑑 = 1.5m. The

related parameters of each UAV are shown in Table 1.

The initial states of each UAV are shown in Table 2.

Figures (5) and (6) show the trajectories of the UAVs

with the PTNSBC-TBG algorithm. Five UAVs have formed a

fixed formation and are moving stably along the desired tra-

jectory, successfully avoiding obstacles near the path and

reaching the predetermined target location.
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Fig. 6. Trajectories of UAVs with the PTNSBC-TBG algorithm in X-Y plane.

Fig. 7. Trajectories of UAVs with the PTNSBC-TBG algorithm but without

obstacle in 3D.

Figures (7) and (8) show the trajectories of the UAVs

with the PTNSBC-TBG algorithm but without obstacle. Five

UAVs form a fixed formation and aremoving stably along the

desired trajectory, it is capable of reaching the target location

stably and accurately.

It is evident that UAVs can achieve formation within the

predefined-time, regardless of the presence of obstacles. Fig-

ures (9) and (10) show the distance of each UAV, Figs. (11)

and (12) show the angle of eachUAV, Figs. (13) and (14) show

the yaw angle of the lead, Figs. (15)–(18) show the control

input of each UAV.

From the above simulation results, it is shown that all

UAVs can achieve the desired shape and each one can reach

the desired position which can follow from the UAVmodel in

predefined time 5 s.

In addition, we compared the proposed algorithm with

predefined-time algorithm [27]. From the input amplitude,

it can be seen that the proposed algorithm has significantly

Fig. 8. Trajectories of UAVs with the PTNSBC-TBG algorithm but without

obstacle in X-Y plane.

Fig. 9. Distance of each UAV with the PTNSBC-TBG algorithm.

Fig. 10. Distance of each UAV with the PTNSBC-TBG algorithm without

obstacles.



June 10, 2026 10:43 WSPC/284-US 2650053 ISSN: 2301-3850

Multi-UAVs Rigid Formation Control 983

Fig. 11. Angle of each UAV with the PTNSBC-TBG algorithm.

Fig. 12. Angle of each UAVwith the PTNSBC-TBG algorithmwithout obsta-

cles.

Fig. 13. Yaw angle of leader UAV with the PTNSBC-TBG algorithm.

smaller limitations on control inputs, which is more in line

with the needs of actual systems.

Furthermore, we compared the proposed algo-

rithm with predefined-time algorithm [38]. From the input

Fig. 14. Yaw angle of leader UAV with the PTNSBC-TBG algorithm without

obstacles.

Fig. 15. Input of UAVs with the PTNSBC-TBG algorithm.

Fig. 16. Input of UAVs with the PTNSBC-TBG algorithm without obstacles.

amplitude, it can be seen that the proposed algorithm also

has significantly smaller limitations on control inputs.

The initial control input in this paper is approximately

300 N, which is more consistent with the torque constraints
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Fig. 17. Input of each UAV with the PTNSBC-TBG algorithm.
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Fig. 18. Input of each UAV with the PTNSBC-TBG algorithm without obstacles.

of practical motors, in contrast to the 4000 N presented

in [27] and 1500 N in [38].

Remark 1. In addition to the control time requirement for

controlling UAVs, energy consumption is another important

indicator [39], because even if a UAV is theoretically control-

lable, itmay be uncontrollable in reality if it consumes a large

amount of energy. For UAV controllers, the required energy

cost is [40]:

C = �
𝑡𝑓

0

ℵ

�

𝑖=1

‖u𝑖(𝑡)‖
2𝑑𝑡. (54)

The solid curves represent the numerical evaluation of each

UAV’s energy consumption and are shown in Fig. (23).

5.2. Simulation 2

To illustrate the Scalability of the proposed predefined-time

controller basedonNull space, this paper increased thenum-

ber of UAVs for the proposed algorithm and conducted simu-

lation verification, increasing the number of UAVs to 20. The

specific simulation results are as follows:

Figures 24 and25 show the trajectories of theUAVswith

the PTNSBC-TBG algorithm. Figure 26 shows the distance
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Fig. 19. Input of UAVs with the PTNSBC-TBG algorithm.

Fig. 20. Input of each UAVwith the predefined-time cooperative formation

control algorithm [27].

Fig. 21. Input of UAVs with the PTNSBC-TBG algorithm.

error of of each UAV. It is evident that Twenty UAVs have

formed a fixed formation and are moving stably along the

desired trajectory, successfully avoiding obstacles near the

path and reaching the predetermined target location.

Fig. 22. Input of each UAVwith the predefined-time cooperative formation

control algorithm [38].

Figures 28–31 show the control input of each UAV. It is

clear that each UAV’s input is smaller than 500 N, and the

initial input is decreased by approximately 66% than [38]

and [27].

As the task design process of the proposed algorithm

involves deriving a general formula for a formation of 𝑖UAVs,

and the controller design is also designed for each UAV with

the same form but different parameters, theoretically there

is no limit to the number of UAVs that the algorithm can

adapt to. In terms of computational complexity, due to the

planning layer, the Jacobian matrix calculation process for

UAVs’ formation tasks, and the matrix calculations involved

in controller design only involve the UAV itself, its parent

nodeUAVs, and leader information. Therefore, increasing the

number of unmanned aerial vehicles alone does not increase

the computational complexity of the algorithm. In terms

of communication cost, since the designed algorithm only

requires the existence of a path between its parent node and

the leader to satisfy the topology condition of the minimum

spanning tree, increasing the number of UAVs only increases

the number of child nodes without affecting the minimum

structure required for the topology graph. Therefore, it does

not generate greater communication cost.

6. Experiment

In this section, we conducted physical experiment using four

UAVs. First, introduce the experimental platform and then

provide the experimental results. The experimental video

can be found on YouTube (https://youtu.be/PIEuXkgB7jA).

The UAV experimental platform consists of the decision

subsystem (UAV subsystem), the RTK-GPS positioning sub-

system (RTK-GPS and laptop) and the wireless communica-

tion subsystem, as shown in Fig. 32.
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Fig. 23. Energy consumption of each UAV with PTNSBC-TBG algorithm.

Fig. 24. Trajectories of 20 UAVs with the PTNSBC-TBG algorithm.

In the experiment, four quad-rotor UAVs are utilized,

The schematic configuration of the experiment is shown in

Fig. 32. Specifically, a real-time kinematic (RTK)-based sta-

tion obtains the poses of the UAVs and sends carrier cal-

ibration data to a personal computer (PC), thereby reduc-

ing the computational burden on the UAVs. The processed

coordinates of each UAV are transmitted to the respective

UAV,which can only access its ownpose information through

the PC. Neighbor information is obtained based on the com-

munication topology. Once each UAV acquires its local state

information, it utilizes the proposed algorithm to compute

Fig. 25. Trajectories of 20 UAVs with the PTNSBC-TBG algorithm in X-Y

plane.

the control strategy. Finally, the UAVs are directed to the tar-

get using target waypoint information by the drive module,

which comprises a brushless direct current motor (BLDCM)

and three-blade propellers. In this experiment, theUAVs only

utilize their own sensors to detect other UAVs. Each UAV

obtains neighbor state information through an undirected

communication topology. In the experiment, four UAVs are

used to perform formation tasks based on the PTNSBC-TBG

method, set the initial error to be small and only consider the

process of UAV formation task. The initial position of each

UAV is𝑋1 = [0.1, 1.1, 1, 1, 1, 1]𝑇,𝑋2 = [−0.8, −0.8, 1, 1, 1, 1]𝑇,

𝑋3 = [−1,−0.1, 1, 1, 1, 1]𝑇 and 𝑋4 = [1.1, −0.2, 1, 1, 1, 1]𝑇.

The safety pose between UAVs is 0.5, The desired formation
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Fig. 26. Distance error of each UAV with the PTNSBC-TBG algorithm.

Fig. 27. Input of 20UAVs with the PTNSBC-TBG algorithm.

Fig. 28. Input of UAV1 to UAV5with the PTNSBC-TBG algorithm.

Fig. 29. Input of UAV6 to UAV10with the PTNSBC-TBG algorithm.

Fig. 30. Input of UAV11 to UAV15with the PTNSBC-TBG algorithm.

Fig. 31. Input of UAV16 to UAV20with the PTNSBC-TBG algorithm.
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Fig. 32. UAV experimental platform.

trajectory is 𝑋𝑟,1(𝑡) = [2.5𝑠(0.1𝑡); 2.5𝑐(0.1𝑡); 8; 0; 0; 0]𝑇.

In the experiment, the control inputs are given according

to Eq. (49) and integrated into the STM32 microcontroller-

based flight control system of the UAVs using C++ program-

ming language to calculate the UAV’s flight trajectory in real

time. Each UAV moves based on the obtained flight trajec-

tory. Therefore, the experimental results are presented in

the form of UAV flight trajectories in this experiment. Due to

objective factors such as environmental wind and position-

ing accuracy, the trajectories of UAVs’ formationsmay exhibit

oscillatory fluctuations. The flight trajectories of each UAV

formation are shown in Fig. 33.

(a) (b)

(c) (d)

Fig. 34. Snapshots of the experimental formation shape at 0 s (a), 2 s (b), 23 s (c) and 50 s (d), 1© ∼ 4© represents the UAV numbers 1 ∼ 4.

Fig. 33. Experimental formation trajectories of four UAVs.

The experimental field views of the UAVs formation at

0 s, 2 s, 23 s, 50 s are shown in Fig. (34). Figure (34) (a)

shows all UAVs placed on the groundwaiting to take off to the

starting point of the algorithm. Figure 34 (b) shows all UAVs

arriving at the starting point of the algorithm andwaiting for

algorithm instructions. Figure 34 (c) shows each UAV form-

ing a formation and moving along the expected trajectory.

Figure 34 (d) shows each UAV flying for 50 s before reaching

the target point position. It can be concluded that the pro-

posed PTNSBC-TBG algorithm can achieve the desired shape

and each one can reach the desired positionwhich can follow

from the UAV model.
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7. Conclusions

This paper addresses the problemof predefined-time forma-

tion control for UAVs in the presence of task conflicts. First,

this transformation not only resolves UAV task-level conflicts

but also simplifies the UAVs formation control problem into

a single UAV tracking control problem. Second, by integrat-

ing the TBG into the proposed NSBC framework, predefined-

time convergence is achieved at the task level and providing

real-time planned tracking trajectories within a predefined

time. Finally, a novel predefined-time formation tracking

controller and an estimator is proposed which enables UAVs

to avoid obstacles and achieve formation control within a

predefined time.

The initial control input of the proposed algorithm is

significantly smaller than general predefined-time control

algorithms [27], decrease the initial input by approximately

66%, thus better aligning with the requirements of practical

systems. Thealgorithmthis paperproposedhas thepotential

to be applied to practical scenarios, such as multi-UAV coop-

erative handling, joint formation inspections, multi-drone

collaborative encirclement and multi-UAV light shows.

Appendix A

In this section, the proof processes for mission stability and

control stability of the proposed algorithm are introduced.

Due to the unique mission conflict resolution mode of the

NSBC method, it is essential to demonstrate the mission sta-

bility of the NSBC method [31, 34, 41].

A.1. Proof the stability of mission

In this section, we can prove that the proposed compos-

ite behavior (37) can enable each UAV to achieve formation

behavior and obstacle avoidance behavior at the predeter-

mined time, the proof process is similar to the literature [31].

First, introduce a Lemma which is similar to Lemma 2,

i.e. for the proposed composite behavior speed, there exists a

predetermined time 𝑡𝑓1 that satisfies the following equation

for all UAVs:

⎧
⎪
⎪

⎨
⎪
⎪
⎩

lim
𝑡→𝑡𝑓1

|𝜎𝑖,𝑋| ≤ 𝑁�
2𝜚1

1 + 𝜚1
𝑉𝜎(0),

|𝜎𝑖,𝑋| ≤ 𝑁�
2𝜚1

1 + 𝜚1
𝑉𝜎(0), ∀ 𝑡 > 𝑡𝑓1 ,

lim
𝑡→𝑡∞

|𝜎𝑖,𝑋| = 0,

(A.1)

where 𝜎𝑖,𝑋 = 𝜎𝑖,𝐹, 𝜎𝑖,𝑂.

Proof. According to the relationship between the distance

of each UAV relative to the obstacle and the safe distance 𝑑𝑑,

task conflicts can be divided into two situations.

(1) When the distance is greater than 𝑑𝑑, there is no conflict

between the formation task and the obstacle avoidance

task, i.e. 𝒥𝑖,𝐹𝒥
†

𝑖,𝑂
= 0.

(2) When the distance is smaller than𝑑𝑑, two task behaviors

conflict, with 𝒥𝑖,𝐹𝒥
†

𝑖,𝑂
≠ 0.

First, considering the absence of task conflicts, the fol-

lowing Lyapunov function is chosen:

𝑉𝜎 =
1

2

𝑁

�

𝑖=1

�𝜎̃𝑇𝑖,𝐹𝛾𝐹𝜎̃𝑖,𝐹 + 𝜎̃𝑇
𝑖,𝑂
𝛾𝑂𝜎̃𝑖,𝑂� . (A.2)

Then, by taking the derive function 𝑉𝜎 with respect to time 𝑡,

we can obtain that:

𝑉̇𝜎 =

𝑁

�

𝑖=1

�𝛾𝐹𝜎̃
𝑇
𝑖,𝐹

̇𝜎̃𝑖,𝐹 + 𝛾𝑂𝜎̃
𝑇
𝑖,𝑂

̇𝜎̃𝑖,𝑂�

= −

𝑁

�

𝑖=1

(𝛾𝐹𝜎̃
𝑇
𝑖,𝐹
𝒥𝑖,𝐹Ẋ𝑖,𝑟 + 𝛾𝑂𝜎̃

𝑇
𝑖,𝑂
𝒥𝑖,𝑂Ẋ𝑖,𝑟)

≤

𝑁

�

𝑖=1

((Θ−1
𝑖
𝒥
†

𝑖,𝐹
Λ𝐹(Ξ1 + 1)𝜎̃𝑖,𝐹)(𝛾𝐹𝜎̃

𝑇
𝑖,𝐹
𝒥𝑖,𝐹(𝐼 − 𝒥

†

𝑖,𝑂
𝒥𝑖,𝑂)

+ 𝛾𝑂𝜎̃
𝑇
𝑖,𝑂
𝒥𝑖,𝑂((𝐼 − 𝒥

†

𝑖,𝑂
𝒥𝑖,𝑂)) + 𝒥

†

𝑖,𝑂
Λ𝑂(Ξ1 + 1)𝜎̃𝑖,𝑂))

≤

𝑁

�

𝑖=1

�𝛾𝐹𝜎̃
𝑇
𝑖,𝐹
Λ𝐹 (Ξ1 + 1) 𝜎̃𝑖,𝐹 + 𝛾𝑂𝜎̃

𝑇
𝑖,𝑂
Λ𝑂 (Ξ1 + 1) 𝜎̃𝑖,𝑂�

≤ − (Ξ1 + 1)Λmin

𝑁

�

𝑖=1

�𝛾𝐹𝜎̃
𝑇
𝑖,𝐹
𝜎̃𝑖,𝐹 + 𝛾𝑂𝜎̃

𝑇
𝑖,𝑂
𝜎̃𝑖,𝑂�

≤ −2 (Ξ1 + 1)Λmin𝑉𝜎 ≤ −2Ξ1Λmin𝑉𝜎

=
ℎ̇1 (𝑡)

(1 − ℎ1 (𝑡) + 𝜚1)
𝑉𝜎. (A.3)

According to the Lemma 1, it can be obtained that 𝑉𝜎
converges to a set Ω = {𝑉𝜎|𝑉𝜎 ≤

𝜚1
1+𝜚1

} at a predeter-

mined time 𝑡𝑓1. The convergence time 𝑇𝜎 does not depend

on the initial state of the system and is a predetermined time

constant, and the convergence accuracy of the task error

can be increased by reducing the value of parameter 𝜚1.

What’s more, when 𝑡 > 𝑡𝑓1, the task error of behavior sat-

isfies |𝜎̃𝑖,𝐹|, |𝜎̃𝑖,𝑂| < 𝑁�
2𝜚1
1+𝜚1

𝑉𝜎(0) and 𝑉𝜎 is a monotonically

decreasing function, then we can obtain that lim𝑡→∞ 𝜎𝑖,𝐹 = 0

and lim𝑡→∞ 𝜎𝑖,𝑂 = 0.

Second, consider situations where there are task con-

flicts, taking the derive function 𝑉𝜎 with respect to time 𝑡, we

can obtain:

𝑉̇𝜎 = −

𝑁

�

𝑖=1

(𝛾𝐹𝜎̃
𝑇
𝑖,𝐹
𝐽𝑖,𝐹𝑋̇𝑟,𝑖 + 𝛾𝑂𝜎̃

𝑇
𝑖,𝑂
𝐽𝑖,𝑂𝑋̇𝑟,𝑖)
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†

𝑖,𝐹
))𝐽

†

𝑖,𝐹

×(Λ𝑖,𝐹 (Ξ1 + 1) 𝜎̃𝑖,𝐹) + 𝛾𝑂𝜎̃
𝑇
𝑖,𝑂
Λ𝑖,𝑂 (Ξ1 + 1) 𝜎̃𝑖,𝑂)

≤ −

𝑁

�

𝑖=1

(𝛾𝑂Λ𝑖,𝑂 (Ξ1 + 1) �𝜎̃𝑖,𝑂�
2

2
)

+

𝑁

�

𝑖=1

(𝛾𝐹Λ𝑖,𝑂 (Ξ1 + 1) �𝐽𝑖,𝐹�2�𝐽
†

𝑖,𝑂�2
�𝜎̃𝑇𝑖,𝐹�2

�𝜎̃𝑖,𝑂�2).

(A.4)

Next, the Lyapunov function will be proven in the fol-

lowing two cases:

(1) The task error satisfies: ‖𝜎̃𝑖,0‖ ≥ ‖𝜎̃𝑖,𝐹‖ > 𝑂1.

First, it is proven that for any initial error 𝜎̃𝑖,𝐹(0) of

the formation behavior task, the error 𝜎̃𝑖,𝑂(0) of the obsta-

cle avoidance behavior task is bounded. Obviously, it is easy

to prove the Jacobian matrix satisfied ‖𝐽𝑖,𝐹‖2 ≤ 1 for for-

mation tasks, and the 2-norm of the pseudo-inverse of the

Jacobian matrix for obstacle avoidance tasks is bounded, i.e.

‖𝐽
†

𝑖,𝑂
‖2 ≤ 𝐿𝑖,𝑂. Therefore, at time 𝑡 = 0, Eq. (A.4) can be

rewritten as

𝑉̇𝜎 (0) ≤ −

𝑁

�

𝑖=1

(𝛾𝑂Λ𝑖,𝑂 (Ξ1 + 1) �𝜎̃𝑖,𝑂 (0)�
2

2
)

+

𝑁

�

𝑖=1

(𝛾𝐹Λ𝑖,𝑂 (Ξ1 + 1) 𝐿𝑖,𝑂�𝜎̃
𝑇
𝑖,𝐹
(0)�

2
�𝜎̃𝑖,𝑂 (0)�2)

≤ −

𝑁

�

𝑖=1

(𝛾𝑂Λ𝑖,𝑂 (Ξ1 + 1) �𝜎̃𝑖,𝑂 (0)�
2

2
)

+

𝑁

�

𝑖=1

(𝛾𝐹Λ𝑖,𝑂 (Ξ1 + 1) 𝐿𝑖,𝑂 �𝜎̃𝑖,𝑂 (0)�
2

2
)

≤ −

𝑁

�

𝑖=1

(Λ𝑖,𝑂 (Ξ1 + 1) �𝜎̃𝑖,𝑂 (0)�
2

2
) ≤ 0 (A.5)

among them, preset the parameter 𝛾𝑂 ≥ 𝛾𝑂,1 ∶= 𝛾𝐹𝐿𝑖,𝑂+1, So

when the parameter 𝛾𝑂 ≥ 𝛾𝑂,1, we can obtain that 𝑉̇𝜎(0) ≤ 0.

According to Eq. (A.5), it can be concluded that for any time

Δ𝑡 > 0 ∈ ℝ, the task error ‖𝜎̃𝑖,𝑂(Δ𝑡)‖ ≤ ‖𝜎̃𝑖,𝑂(0)‖ and the

derivative of Lyapunov function 𝑉̇𝜎(Δ𝑡) ≤ 0 is satisfied.

Therefore, if there is 𝛾𝑂 ≥ 𝛾𝑂,1, then 𝑉̇𝜎(𝑡) ≤ 0 holds

and ‖𝜎̃𝑖,𝐹(𝑡)‖ ≤ ‖𝜎̃𝑖,𝐹(0)‖ can be derived, and since there is

−‖𝜎̃𝑖,𝑂‖ ≤ −‖𝜎̃𝑖,𝐹‖, Eq. (A.4) can be rewritten as

𝑉̇𝜎 ≤ −

𝑁

�

𝑖=1

(Λ𝑖,𝑂 (Ξ1 + 1) �𝜎̃𝑖,𝑂�
2

2
)

≤ −

𝑁

�

𝑖=1

(
1

2
Λ𝑖,𝑂 (Ξ1 + 1) �𝜎̃𝑖,𝑂�

2

2

+
1

2
Λ𝑖,𝑂 (Ξ1 + 1) �𝜎̃𝑖,𝐹�

2

2
)

≤ −(Ξ1 + 1)Λ𝑖,𝑂𝑉𝜎. (A.6)

(2) The task error satisfies: 𝑂1 < ‖𝜎̃𝑖,0‖ < ‖𝜎̃𝑖,𝐹‖ ≤ 𝐿0.

Similar to the situation (1), if the parameter𝛾𝑂 ≥ 𝛾𝑂,2 ∶=

𝛾𝐹𝐿𝑂𝐴,𝑖𝐿0/𝑂1 + 1, we can obtain:

𝑉̇𝜎 (0) ≤ −

𝑁

�

𝑖=1

(𝛾𝑂Λ𝑖,𝑂 (Ξ1 + 1) �𝜎̃𝑖,𝑂 (0)�
2

2

+

𝑁

�

𝑖=1

(𝛾𝐹Λ𝑖,𝑂 (Ξ1 + 1) 𝐿𝑂𝐴,𝑖 �𝜎̃𝑖,𝑂 (0)�
2

2
)

≤ −

𝑁

�

𝑖=1

(Λ𝑖,𝑂 (Ξ1 + 1) �𝜎̃𝑖,𝑂 (0)�
2

2
) ≤ 0. (A.7)

Similarly, for any time 𝑡 > 0 ∈ ℝ, if 𝛾𝑂 ≥ 𝛾𝑂,2, then

𝑉̇𝜎(𝑡) ≤ 0 holds and ‖𝜎̃𝑖,𝐹(𝑡)‖ ≤ ‖𝜎̃𝑖,𝐹(0)‖ ≤ 𝐿0 can be

derived. Since there is −‖𝜎̃𝑖,𝑂‖ ≤ −(
𝑂1
𝐿0
)‖𝜎̃𝑖,𝐹‖ Eq. (A.4) can

be rewritten as

𝑉̇𝜎 ≤ −

𝑁

�

𝑖=1

(Λ𝑖,𝑂(Ξ1 + 1)‖𝜎̃𝑖,𝑂‖
2
2)

≤ −

𝑁

�

𝑖=1

�Λ𝑖,𝑂(Ξ1 + 1) �
1

2
‖𝜎̃𝑖,𝑂‖

2
2 +

𝑂1

2𝐿0
‖𝜎̃𝑖,𝐹‖

2
2��

≤ −(Ξ1 + 1)Λmin𝑉𝜎, (A.8)

where Λmin = min{Λ𝑖,𝑂,
𝑂1
𝐿0
Λ𝑖,𝑂}.

In conclusion, for any initial task error 𝜎̃𝑖,𝑂(0) and

𝜎̃𝑖,𝐹(0), if 𝛾𝑂 ≥ max{𝛾𝑂,1, 𝛾𝑂,2}, there exists a predetermined

time𝑇𝑓 = 𝑡𝑓1+𝑡𝑓2 such thatwhen 𝑡 > 𝑇𝑓, the formation task

error and obstacle avoidance task error converge to the 𝑂1
neighborhood. Then the mission stability certificate is com-

pleted.



June 10, 2026 10:43 WSPC/284-US 2650053 ISSN: 2301-3850

Multi-UAVs Rigid Formation Control 991

A.2. Proof the stability of controller

In this section, we prove the stability of closed-loop control

system.

Considering the control law of the unmanned aerial

vehicle system as shown in Eq. (49), the velocity tracking

error Ṽ𝑖 of UAVs can converge to a neighborhood close to 0

within a predefined time.

Proof. The following Lyapunov function is chosen as

𝑉𝜏 =

𝑁

�

𝑖=1

�
1

2
Ṽ𝑇
𝑖
Ṽ𝑖 +

1

2
Ψ̃𝑇
𝑖
Γ𝜂𝑖Ψ̃𝑖 +

1

2
Υ𝑖𝛿̃

2
𝑖 � . (A.9)

First, prove the boundedness of Ṽ𝑖, Ψ̃𝑖, and Υ̃𝑖, the deriva-

tive of the Lyapunov function 𝑉𝜏 with respect to time can be

derived as follows:

𝑉̇𝜏 =

𝑁

�

𝑖=1

(Ṽ𝑇
𝑖

̇Ṽ𝑖 + Ψ̃𝑇
𝑖
Γ𝜂𝑖

̇Ψ̃𝑖 + Υ𝑖𝛿̃𝑖
̇𝛿̃𝑖)

= −

𝑁

�

𝑖=1

Ṽ𝑇
𝑖
[J−1CṼ𝑖 + (Ξ3 + 1)Ṽ𝑖

+Y𝑖(X𝑖, Ẋ𝑖,V𝑟,𝑖, V̇𝑟,𝑖)Ψ̃𝑖 + 𝛿̂𝑖𝑆𝐺𝑁(Ṽ𝑖) − 𝑑]

−

𝑁

�

𝑖=1

Ψ̃𝑇
𝑖
Γ𝜂𝑖

̇Ψ̂𝑖 −

𝑁

�

𝑖=1

Υ𝑖𝛿̃𝑖
̇𝛿̂𝑖

≤ −

𝑁

�

𝑖=1

Ṽ𝑇
𝑖
[(Ξ3 + 1)Ṽ𝑖 + Y𝑖(X𝑖, Ẋ𝑖,V𝑟,𝑖, V̇𝑟,𝑖)Ψ̃𝑖

+ 𝛿̂𝑖𝑆𝐺𝑁(Ṽ𝑖) − 𝑑] −

𝑁

�

𝑖=1

𝛿̃𝑖‖Ṽ𝑖‖1

+

𝑁

�

𝑖=1

Ψ̃𝑇
𝑖
Y𝑖(X𝑖, Ẋ𝑖,V𝑟,𝑖, V̇𝑟,𝑖)Ṽ𝑖

≤ −

𝑁

�

𝑖=1

Ṽ𝑇
𝑖
(Ξ3 + 1)Ṽ𝑖 −

𝑁

�

𝑖=1

𝛿̂𝑖‖Ṽ𝑖‖1 +

𝑁

�

𝑖=1

𝛿𝑖‖Ṽ𝑖‖1

−

𝑁

�

𝑖=1

𝛿̃𝑖‖Ṽ𝑖‖1 ≤ −

𝑁

�

𝑖=1

Ṽ𝑇
𝑖
(Ξ3 + 1)Ṽ𝑖 ≤ 0. (A.10)

According to the boundedness theorem in [42], it is easy

to obtain ̃V𝑖, Ψ̃𝑖, and Υ̃𝑖 are bounded. Assuming the existence

of constant 𝜀𝑖, 𝜁𝑖 > 0 satisfies ‖Ψ̃𝑖‖ ≤ 𝜀𝑖, ‖𝛿̃𝑖‖ ≤ 𝜁𝑖.

Second prove the predefined-time convergence of

Ṽ𝑖. It is easy to get that X𝑖, Ẋ𝑖,V𝑟,𝑖, V̇𝑟,𝑖 is bounded and

Y𝑖(X𝑖, Ẋ𝑖,V𝑟,𝑖, V̇𝑟,𝑖) is bounded too. There exists a positive

constant 𝜉𝑖 > 0 satisfying ‖Y𝑖(X𝑖, Ẋ𝑖,V𝑟,𝑖, V̇𝑟,𝑖)‖ ≤ 𝜉𝑖.

Define a new Lyapunov function 𝑉V = ∑𝑁
𝑖=1

1

2
Ṽ𝑇
𝑖
Ṽ𝑖 and

the time derivative is as follows:

𝑉V = −

𝑁

�

𝑖=1

Ṽ𝑇
𝑖
[J−1CṼ𝑖 + (Ξ3 + 1)Ṽ𝑖

+Y𝑖(X𝑖, Ẋ𝑖,V𝑟,𝑖, V̇𝑟,𝑖)Ψ̃𝑖 + 𝛿̂𝑖𝑆𝐺𝑁( ̃V𝑖) − 𝑑]

≤ −

𝑁

�

𝑖=1

Ṽ𝑇
𝑖
[(Ξ3 + 1)Ṽ𝑖 + Y𝑖(X𝑖, Ẋ𝑖,V𝑟,𝑖, V̇𝑟,𝑖)Ψ̃𝑖

+ 𝛿̂𝑖𝑆𝐺𝑁(Ṽ𝑖) − 𝑑]

≤ −

𝑁

�

𝑖=1

Ṽ𝑇
𝑖
(Ξ3 + 1)Ṽ𝑖 +

𝑁

�

𝑖=1

Δ�Ṽ𝑖�1

≤ −Ξ3𝑉V +

𝑁

�

𝑖=1

Δ�Ṽ𝑖�1, (A.11)

where Δ = max{𝜁𝑖 + 𝜀𝑖𝜉𝑖}. Since Ṽ𝑖 is bounded and ∑𝑁
𝑖=1

Δ ×

‖Ṽ𝑖‖1 is a positive number with an upper bound. Therefore

the velocity tracking error Ṽ𝑖 can converge to the neighbor-

hood of 0 within a predefined time 𝑡𝑓3. Then the stability of

controller certificate is completed.
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