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Fully Distributed Prescribed-Time Optimization of Multi-Agent Systems
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This paper investigates fully distributed prescribed-time control methods for the convex optimization of continuous-time irst-order multi-
agent systems (MAS).We propose a novel distributed control scheme that eliminates the necessity for global communication topology infor-
mationwhile ensuringprescribed-time convergence to the globalminimizer of the objective function. First,wedesign anewprescribed-time
estimator to compute the average gradients and Hessians of the objective function. Concurrently, we introduce a fully distributed consensus
control scheme that enables all agents to achieve consensus. Second, utilizing the estimated gradients and Hessians, and with consensus
achieved among the MAS, we develop a prescribed-time optimization controller that ensures the convergence of all agents’ states to the
global minimizer. A numerical simulation is included to demonstrate the effectiveness of the proposed control methods.
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1. Introduction

Over the past decade, distributed optimization for MAS has
garnered signi icant attention due to its extensive applica-
tions, including distributed sensor networks [1], distributed
resource allocation [2] and large-scale machine learning [3].
In the context of distributed optimization, it implies that a
global optimal solution can be attained while achieving con-
sensus among a group of agents, under the constraint that
each agent has access only to a portion of the overall objec-
tive function.

To date, there exists a considerable number of dis-
tributed optimization algorithms addressing various con-
cerns and perspectives, including discrete-time algorithms
[4–6] and continuous-time algorithms. Continuous-time
approaches are applicable in coordinating the motion of
MAS. For instance, multiple physical vehicles, governed
by continuous-time dynamics, may need to converge at
an optimal rendezvous point for the group. Consequently,

Received5November2024;Revised31December2024;Accepted17March
2025; Published 2 June 2025. This paper was recommended for publication
in its revised form by editorial board member, Yulong Ding.
Email Addresses: ∗liuyuan0123@gmail.com
∗Corresponding author.

numerous continuous-time algorithms have been devel-
oped. In [7, 8], a set of suf icient and necessary conditions
for achieving distributed unconstrained convex optimiza-
tion was presented. In [9], a second-order distributed opti-
mization algorithm with an enhanced convergence rate was
developed for weight-balanced communication networks.
Numerous other issues have been studied concerning the
distributed optimization of MAS, such as event-triggered
mechanisms [10, 11], time-varying objective functions [12,
13], distributed multi-objective optimization [14] and com-
munication time delays [15].

All the aforementioned control methods achieve opti-
mal solutions through asymptotic or exponential conver-
gence, indicating that convergence occurs over an in inite
time horizon. However, in certain practical scenarios, such
as smart grid management and resource allocation, conver-
gence time is a critical performance metric for assessing an
algorithm’s effectiveness. Therefore, designing algorithms
capable of achieving optimal solutions within a inite time
frame is of considerable importance. Consequently, numer-
ous remarkable inite-time [16–20] and ixed-time algo-
rithms [21–24] have been presented. While the aforemen-
tioned studies achieve inite-time or ixed-time convergence,
the convergence time is in luenced by initial conditions
and system parameters, rendering advance speci ication
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impossible. This constraint limits the practical applicability

of these algorithms. To address this limitation, developing a

prescribed-time distributed optimization approach is both

theoretically and practically valuable. In [25], the authors

proposed an observer-based three-stage control scheme,

consisting of a group gradients and Hessians estimation

stage, a consensus stage and an optimization stage, which

guarantees the achievement of the minimizer of the global

cost function, irrespective of the initial states of the MAS.

Both two-stage continuous-time and event-based optimiza-

tion algorithms were constructed in [26], independent of

the gradient information of the entire group. To address dis-

tributed optimization with constraints, the authors in [27]

presented a control scheme independent of the MAS’s initial

states and system parameters. For time-varying distributed

optimization problems, [28] designed a nested structure to

address the time-varying optimization issues for both single-

integrator and double-integrator multi-agent systems. How-

ever, the control parameters of the aforementioned results

all depend on information regarding the global communica-

tion topology, specifically the smallest nonzero eigenvalue of

the Laplacian matrix, rendering the controllers not fully dis-

tributed. Fully distributed algorithms refer to the design of

controller-related parameters without the need to know the

communication topology parameters of thewhole team. This

limitationhinders thepractical application of thesemethods.

Without reliable knowledge of the communication topol-

ogy, designing the control protocol encounters uncertainty

in control parameters to a certain extent.

Motivated by the previous discussions, we investigate

the prescribed-time control problems for distributed convex

optimization of single-integrator MAS. The main contribu-

tions of this paper are summarized as follows:

(1) A fully distributed control framework is presented

to achieve prescribed-time convergence without the

need for any global information regarding the Lapla-

cian matrix. This feature distinguishes the proposed

approach in this paper from those presented in [25–28],

where the selection of the controller gain depends on

the second smallest eigenvalue of the Laplacian matrix,

denoted as 𝜆2.

(2) The proposed two-stage control scheme ensures that

each agent in the multi-agent system achieves the min-

imizer of the global objective function within a prede-

termined time frame, independent of the agents’ initial

conditions, which differs from many existing finite-time

or fixed-time distributed optimization algorithms, such

as [18–22].

The remainder of this paper is organized as follows.

Section 2 presents graph theory, the system model, control

objectives and several useful lemmas. Section 3 presents

the main results, including fully distributed estimators of

group Hessians and gradients, fully prescribed-time consen-

sus algorithms and gradient descent algorithms. Addition-

ally, Sec. 4 presents the simulation results that illustrate

the effectiveness of the proposed control scheme. Section 5

presents the conclusions of this paper, along with prospects

for future research.

Notation:

Let ℝ+ and ℝ denote the sets of positive real numbers and

real numbers, respectively. The collection of real matrices of

dimensions 𝑛 × 𝑚 is represented as ℝ𝑛×𝑚. ‖ ⋅ ‖ represents

the Euclidean norm and | ⋅ | denotes absolute value. 1𝑛 ∈ ℝ𝑛

is a column vector with all elements equal to 1. 𝐼𝑛 is a 𝑛-

dimensional identity matrix. The vector 𝑥’s 𝑝-norm is rep-

resented as ‖𝑥‖𝑝, where 𝑝 is in the range 𝑝 ∈ [1,∞]. For a

matrix 𝑋 ∈ ℝ𝑛×𝑛, denote vec(𝑋) = [𝜒𝑇1 , … , 𝜒𝑇𝑛]
𝑇, where 𝜒𝑖 is

the 𝑖th column of𝑋.𝑋⊗𝑌 represents the Kronecker product

of matrix 𝑋 and 𝑌.

2. Problem Formulation and Background

2.1. Problem formulation

Consider a multi-agent system composed of 𝑛 agents that

communicate through a graph 𝒢 = {𝒱, ℰ}, where the set of

vertices and the edge set are represented by 𝒱 = {𝑣1, … , 𝑣𝑛}

and ℰ ⊆ 𝒱 × 𝒱, respectively. The neighborhood of agent 𝑣𝑖
is denoted as 𝒩𝑖 = {𝑣𝑗 ∈ 𝒱 ∶ (𝑣𝑖, 𝑣𝑗) ∈ ℰ}, which includes

all nodes that communicate with 𝑣𝑖. The Laplacian matrix

is defined as 𝐿 = (𝑙𝑖𝑗) ∈ ℝ𝑛×𝑛 with entries 𝑙𝑖𝑗 = −𝑎𝑖𝑗
for 𝑖 ≠ 𝑗 and 𝑙𝑖𝑖 = ∑𝑛

𝑗=1,𝑗≠𝑖
𝑎𝑖𝑗, where 𝑎𝑖𝑗 = 𝑎𝑗𝑖 = 1 if

(𝑣𝑖, 𝑣𝑗) ∈ ℰ and 𝑎𝑖𝑗 = 0 otherwise. For an undirected graph,

𝐿 is symmetric positive semidefinite, with eigenvalues that

can be ordered as 0 = 𝜆1 ≤ 𝜆2 ≤ ⋯ ≤ 𝜆𝑛. The second-

smallest eigenvalue 𝜆2 is referred to as the algebraic connec-

tivity of graph 𝒢. The incidencematrix of the graph is defined

as 𝐵 = [𝑏𝑖𝑗] ∈ {−1, 0, 1}𝑛×ℓ, where 𝑏𝑖𝑗 = 1 if edge 𝑒𝑗 enters

node 𝑣𝑖, 𝑏𝑖𝑗 = −1 if edge 𝑒𝑗 leaves node 𝑣𝑖 and 𝑏𝑖𝑗 = 0 other-

wise; here, ℓ represents the number of edges. For the undi-

rected graph 𝒢, the direction of an edge can be set arbitrar-

ily. In the column corresponding to an edge in the incidence

matrix 𝐵, one row contains a 1 corresponding to one vertex,

another row contains a −1 corresponding to the other ver-

tex, while all remaining rows contain 0.

Assumption 1. The communication graph 𝒢 is connected

and undirected.

Consider a multi-agent system comprising 𝑛 agents:

𝑥̇𝑖(𝑡) = 𝑢𝑖(𝑡), 𝑖 ∈ ℐ. (1)

Define the state vector as𝑥(𝑡) = [𝑥1, … , 𝑥𝑛]
𝑇 ∈ ℝ𝑛𝑚 and

the control input vector as𝑢(𝑡) = [𝑢1, … , 𝑢𝑛]
𝑇 ∈ ℝ𝑛𝑚, where

𝑢𝑖(𝑡) denotes the control input for agent 𝑖, and𝑚 represents

the dimension of each agent’s state 𝑥𝑖.
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Let 𝑓𝑖 ∶ ℝ
𝑚 → ℝ denote the objective function of the 𝑖th

agent. The optimization problem and consensus constraint

can be expressed as follows:

�
min𝑥1,𝑥2,…,𝑥𝑛

𝑛

�

𝑖=1

𝑓𝑖(𝑥𝑖), 𝑖 ∈ ℐ,

subject to 𝑥𝑖 = 𝑥𝑗, ∀ 𝑖, 𝑗 ∈ ℐ.

(2)

This ensures that all agents agree on the consensus state

𝑥⋆, which also satisfies the following assumption.

Assumption 2. The sum of local objective functions

∑𝑛
𝑖=1

𝑓𝑖(𝑥𝑖) is strongly convex. The distributed optimization

problem (2) has a unique solution, denoted as 𝑥⋆, which

serves as its minimizer.

In contrast to previous works such as [29, 30], which

require all agents’ initial states to meet specific conditions,

our control design relaxes this requirement. This design

ensures that the control protocol operates irrespective of the

agents’ initial states. Define ∇𝐹(𝑥) = ∑𝑛
𝑖=1

∇𝑓𝑖(𝑥𝑖) ∈ ℝ𝑚 and

∇2𝐹(𝑥) = ∑𝑛
𝑖=1

∇2𝑓𝑖(𝑥𝑖) ∈ ℝ𝑚×𝑚 as the group gradient and

group Hessian, respectively, with ∇𝑓𝑗(𝑥𝑗), and ∇
2𝑓𝑗(𝑥𝑗) satis-

fying Assumption 3.

Now, define 𝜁𝑖(𝑡) = [∇𝑓𝑖(𝑥𝑖), vec(∇
2𝑓𝑖(𝑥𝑖))]

𝑇 ∈ ℝ𝑚+𝑚2

as the augmented vector comprising the gradient and Hes-

sian for each agent. This vector encompasses both the first

and second-order derivatives, where vec(∇2𝑓𝑖(𝑥𝑖)) denotes

the vectorized Hessian.

The average augmented vector is defined as

̄𝜁(𝑥) =
1

𝑛

𝑛

�

𝑖=1

𝛿𝑖(𝑡) ∈ ℝ𝑚+𝑚2
. (3)

This represents the averaged group variable comprising

the gradients and Hessians across all agents.

By ensuring the convergence of the control proto-

col within the prescribed time, we present the following

assumptions for achieving consensus at 𝑥⋆ from arbitrary

initial states.

Assumption 3. Each agent 𝑖 ∈ ℐ has access to informa-

tion from all its neighboring agents, including 𝑥𝑗, ∇𝑓𝑗(𝑥𝑗) and

∇2𝑓𝑗(𝑥𝑗) for all 𝑗 ∈ 𝒩𝑖.

Assumption 4. Each function 𝑓𝑖, for 𝑖 ∈ ℐ, is convex and

at least twice continuously differentiable. The groupHessian

∇2𝐹(𝑥) is positive definite for all 𝑥 ∈ ℝ𝑛𝑚. Both
𝜕

𝜕𝑡
∇𝐹(𝑥) and

𝜕

𝜕𝑡
∇2𝐹(𝑥) are bounded.

Assumption 4 is satisfied by a wide range of functions,

including quadratic, fractional, trigonometric and exponen-

tial functions with negative powers, as well as other twice

continuously differentiable functions. Practical applications

of these functions canbe found in various fields. For instance,

quadratic cost functions are utilized in the economic dis-

patch of smart grids [31], while squared aggregate distance

functions are employed in the optimal rendezvous of multi-

ple mobile robots [32].

2.2. Preliminaries

The useful lemmas and definition are given as follows.

Lemma1 (33). The algebraic connectivity 𝜆2 > 0 if and only

if 𝒢 is a connected graph.

Lemma 2 (34). Letℳ = 𝐼𝑛−
1

𝑛
1𝑛1

𝑇
𝑛. For an undirected con-

nected graph 𝒢, the following equation holds∶

ℳ = 𝐵𝐵𝑇(𝐵𝐵𝑇)+ = 𝐵(𝐵𝑇𝐵)+𝐵𝑇. (4)

Lemma 3 (35). Consider the following system:

𝑥̇(𝑡) = 𝑓(𝑥(𝑡), 𝑡), 𝑥(𝑡0) = 𝑥0, (5)

where 𝑓 ∶ ℝ𝑛×ℝ+ → ℝ𝑛 is a nonlinear vector function. Define

a scaling function as

𝜇(𝑡, 𝑡0; 𝑇) = �
𝜌(𝑡, 𝑡0; 𝑇) ≜ 𝜌, 𝑡 ∈ [𝑡0, 𝑇),

0, 𝑡 ∈ [𝑇,∞),
(6)

satisfying the following conditions∶ (1) 𝜌 and its primitive

function 𝜌̄ are monotonically increasing; (2) 𝜌̄(𝑡0) ∈ ℝ+ <

+∞ and 𝜌(𝑡0) ∈ ℝ+ < +∞; (3) 𝜌̄ → +∞ and 𝜌 → +∞ as

𝑡 → 𝑇; (4) lim𝑡→𝑇 𝜌
2 exp(−𝜆𝜌̄(𝑡)) ∈ 𝐿∞, where 𝜆 ∈ ℝ+ is a

constant. For system (5), if there exists a continuously differen-

tiable nonnegative function𝑉(𝑥, 𝑡)with𝑉(𝑥, 𝑡) > 0 for 𝑥 ≠ 0,

𝑉(0, 𝑡) = 0, and its derivative satisfies 𝑉̇ ≤ (−𝜆1𝜇+𝜆2)𝑉with

𝜆1 ∈ ℝ+ and 𝜆2 ∈ ℝ, then the origin of system (5) is glob-

ally prescribed-time stable with the corresponding prescribed

time 𝑇.

Definition 1 (Prescribed-time stability [35]). System (5)

is said to be prescribed-time convergent to zero if, for all 𝑇 ∈

ℝ+ and∀𝑥0 ∈ ℝ𝑛, there exists a time𝑇 such that‖𝑥(𝑡, 𝑥0)‖ =

0 holds for 𝑡 ≥ 𝑇, where 𝑇 is referred to as the prescribed

time.

In this work, we choose a scaling function as

𝜇(𝑡, 𝑡0; 𝑇) = �
𝛽(𝑇 − 𝑡)−ℎ, 𝑡 ∈ [𝑡0, 𝑇),

0, 𝑡 ∈ [𝑇,∞),
(7)

where 𝛽, ℎ ∈ ℝ+ and ℎ > 1.

Subsequently, we introduce the following lemma, which

is essential for deriving the main results.

Lemma 4 (36, 37). Let 𝑔(𝑦) ≥ 0 be a continuous function

defined on the interval 𝑦 ∈ [𝑎, 𝑏) with a flaw at 𝑦 = 𝑏. If it

satisfies

lim
𝑦→𝑏−

(𝑏 − 𝑦)𝑔(𝑦) = 𝑑,

where 𝑑 is a positive constant or +∞, then the improper inte-

gral ∫
𝑏
𝑎
𝑔(𝑦) 𝑑𝑦 diverges.
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3. Main Results

In this section, we present the main results. A two-stage

prescribed-time control protocol for system (1) is designed

in the following form:

𝑢𝑖(𝑡) =

⎧
⎪

⎨
⎪
⎩

−(𝑘1 + 𝜇(𝑡, 𝑡0; 𝑇1))

(𝑐𝑖 + 𝑔𝑖)𝑒𝑖, 𝑡 ∈ [𝑡0, 𝑡1),

−𝜇(𝑡, 𝑇1; 𝑇𝑝)[𝑤𝑖1, … ,

𝑤𝑖𝑚]
−1𝑤𝑇

𝑖0
, 𝑡 ∈ [𝑡1, +∞),

(8)

where 𝑘1, 𝑇1, 𝑡1, 𝑇𝑝 ∈ ℝ+,𝑇1 ≤ 𝑡1 < 𝑇𝑝, 𝑒𝑖 = ∑𝑛
𝑗=1

𝑎𝑖𝑗(𝑥𝑖−𝑥𝑗),

𝑔𝑖 = 𝑒𝑇
𝑖
𝑒𝑖, 𝑐𝑖 is updated as

𝑐̇𝑖 = 𝑔𝑖, 𝑐𝑖(𝑡0) ≥ 1 (9)

and 𝑤𝑖 = [𝑤𝑇
𝑖0
, 𝑤𝑇

𝑖1
, … , 𝑤𝑇

𝑖𝑚
] ∈ ℝ𝑚+𝑚2

is the estimation of

group variable, which would be designed in the Sec. 3.1.

Remark 1. During the first time interval [𝑡0, 𝑡1), the control

term −(𝑘1 + 𝜇(𝑡, 𝑡0; 𝑇1))(𝑐𝑖 + 𝑔𝑖)𝑒𝑖 is designed to achieve

consensus across the entire system. Simultaneously, the dis-

tributed estimator [𝑤𝑇
𝑖0
, 𝑤𝑇

𝑖1
, … , 𝑤𝑇

𝑖𝑚
] for each agent estimates

the sum of individual gradients and the Hessian matrix dur-

ing this period, as described in (10). In the second time inter-

val [𝑡1, +∞), the control term−𝜇(𝑡, 𝑇1; 𝑇𝑝)[𝑤𝑖1, … , 𝑤𝑖𝑚]
−1𝑤𝑇

𝑖0
is employed to minimize the global cost function ∑𝑛

𝑖=1
𝑓𝑖(𝑥𝑖)

after consensus is achieved.

3.1. Distributed prescribed-time state consensus

and group variables’ estimation over [𝑡0, 𝑇1)

We first present the design of the estimator for the objective

function’s gradient and Hessian. Let 𝑤𝑖(𝑡) ∈ ℝ𝑚+𝑚2
denote

agent 𝑖’s estimate of the average the augmented vector of the

gradient and Hessian, i.e. 𝛿̄(𝑥) =
1

𝑛
∑𝑛
𝑖=1

𝛿𝑖(𝑡) ∈ ℝ𝑚+𝑚2
.

⎧
⎪

⎨
⎪
⎩

𝑤𝑖(𝑡) = 𝜁𝑖(𝑡) + 𝛿𝑖(𝑡),

̇𝜁𝑖(𝑡) = −𝜇(𝑡, 𝑡0; 𝑇1)𝜁𝑖(𝑡) − �

𝑗∈𝒩𝑖

𝑘𝑖𝑗(𝑡)

∘sgn(𝑤𝑖(𝑡) − 𝑤𝑗(𝑡)),

(10)

where 𝜇(𝑡, 𝑡0; 𝑇1) is the time scaling function, and 𝑘𝑖𝑗(𝑡) is

updated as

𝑘̇𝑖𝑗(𝑡) = |𝑤𝑖(𝑡) − 𝑤𝑗(𝑡)| (11)

with 𝑘𝑖𝑗(𝑡)(𝑡0) ≥ 1. For simplification, let us denote 𝑧(𝑡) =

(𝐵𝑇⊗𝐼𝑚+𝑚2)𝑤(𝑡). Thematrix formof (10) can be expressed

as

�

𝑤(𝑡) = 𝜁(𝑡) + 𝛿(𝑡),

̇𝜁(𝑡) = −𝜇(𝑡, 𝑡0; 𝑇1)𝜁(𝑡) − (𝐵 ⊗ 𝐼𝑚+𝑚2)𝐾(𝑡)

× sgn((𝐵𝑇 ⊗ 𝐼𝑚+𝑚2)𝑤(𝑡)),

(12)

where 𝑤(𝑡) = [𝑤𝑇
1 (𝑡), … , 𝑤𝑇

𝑛 (𝑡)]
𝑇 ∈ ℝ(𝑚+𝑚2)𝑛, 𝜁(𝑡) =

[𝜁𝑇1 (𝑡), … , 𝜁𝑇𝑛(𝑡)]
𝑇 ∈ ℝ(𝑚+𝑚2)𝑛, 𝐾(𝑡) ∈ ℝ𝑚ℓ×𝑚ℓ is a diagonal

matrix with diagonal entries 𝜅𝚤, 𝚤 ∈ {1, … ,𝑚ℓ}. If we denote

𝑧(𝑡) = [𝑥1, … , 𝑥𝑚ℓ]
𝑇 = (𝐵𝑇 ⊗ 𝐼𝑚+𝑚2)𝑤(𝑡) , then it follows

that

𝜅̇𝚤(𝑡) = |𝑧𝚤|. (13)

Denote 𝑤̃𝑖(𝑡) = 𝑤𝑖(𝑡) −
1

𝑛
∑𝑛
𝑖=1

𝛿𝑖(𝑡), and it can be writ-

ten in the matrix form as

̇𝑤̃(𝑡) = 𝑤̇(𝑡) −
1

𝑛
(1𝑛1

𝑇
𝑛 ⊗ 𝐼𝑛)𝛿̇(𝑡)

= ̇𝜁(𝑡) + 𝛿̇(𝑡) −
1

𝑛
(1𝑛1

𝑇
𝑛 ⊗ 𝐼𝑚+𝑚2)𝛿̇(𝑡)

= −𝜇(𝑡, 𝑡0; 𝑇1)𝑤̃(𝑡) − (𝐵 ⊗ 𝐼𝑚+𝑚2)𝐾(𝑡) sgn(𝑥(𝑡))

+ (ℳ⊗ 𝐼𝑚+𝑚2)𝛿̇(𝑡), (14)

where 𝑤̃ = [𝑤̃𝑇
1 , … , 𝑤̃𝑇

𝑛 ]
𝑇. We have the following results.

Theorem 1. Suppose Assumptions 1, 3 and 4 hold, if estima-

tor (10) is applied with 𝑇1 > 𝑡0, then the estimation errors

𝑤𝑖(𝑡) − 𝛿̄(𝑥) converge to 0 within the prescribed time 𝑇1.

Proof. The proof can be divided into two steps. The first

step involves demonstrating that ∑𝑛
𝑖=1

𝑤̃𝑖 decays to zero

within a prescribed time. The second step is to show that 𝑤̃𝑖
reach consensus in a prescribed time.

Left multiplying (14) with 1𝑇𝑛 ⊗ 𝐼𝑚+𝑚2 yields

𝑑

𝑑𝑡
(1𝑇𝑛 ⊗ 𝐼𝑚+𝑚2𝑤̃) = −𝜇(𝑡, 𝑡0; 𝑇1)(1

𝑇
𝑛 ⊗ 𝐼𝑚+𝑚2𝑤̃).

(15)

By applying Lemma 3, we can deduce that 1𝑇𝑛 ⊗

𝐼𝑚+𝑚2𝑤̃ converges to zero within a prescribed time 𝑇1,

with constructing a Lyapunov function 𝑉0 =
1

2
(1𝑇𝑛 ⊗

𝐼𝑚+𝑚2𝑤̃)𝑇(1𝑇𝑛 ⊗ 𝐼𝑚+𝑚2𝑤̃). The time derivative of 𝑉0 along

(15) is given by 𝑉̇0 = −𝜇(𝑡, 𝑡0; 𝑇1)
1

2
(1𝑇𝑛 ⊗ 𝐼𝑚+𝑚2𝑤̃)𝑇(1𝑇𝑛 ⊗

𝐼𝑚+𝑚2𝑤̃) = −2𝜇(𝑡, 𝑡0; 𝑇1)𝑉0. Based on Lemma 3, we know

that lim𝑡→𝑇1
𝑉0 = 0 and 𝑉0 = 0, ∀𝑡 ≥ 𝑇1, which means that

1𝑇𝑛 ⊗ 𝐼𝑚+𝑚2𝑤̃ = 0.

We now prove that the consensus of 𝑤̃𝑖 can be reached

in 𝑇1, i.e. 𝑥(𝑡) converges to zero at 𝑡 = 𝑇1. Consider the Lya-

punov function as

𝑉2 = 𝑉1 +
1

2

𝑚ℓ

�

𝚤=1

(𝜅𝚤(𝑡) − 𝜅̄)2, (16)

where 𝑉1 =
1

2
𝑤̃𝑇(𝑡)(ℳ⊗ 𝐼𝑚+𝑚2)𝑤̃(𝑡) =

1

2
𝑧𝑇(𝑡)((𝐵𝑇𝐵)+ ⊗

𝐼𝑚+𝑚2)𝑧(𝑡), 𝜅̄ is a constant to be determined. The derivative
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of 𝑉 can be calculated as

𝑉̇2 = 𝑤̃𝑇(𝑡)(ℳ⊗ 𝐼𝑚+𝑚2) ̇𝑤̃(𝑡) +

𝑚ℓ

�

𝚤=1

(𝜅𝚤(𝑡) − 𝜅̄)𝜅̇𝚤(𝑡)

= −𝜇(𝑡, 𝑡0; 𝑇1)𝑤̃
𝑇(𝑡)(ℳ⊗ 𝐼𝑚+𝑚2)𝑤̃(𝑡) − 𝑤̃𝑇(𝑡)

× (ℳ⊗ 𝐼𝑚+𝑚2)(𝐵 ⊗ 𝐼𝑚+𝑚2)𝐾(𝑡)

× sgn((𝐵𝑇 ⊗ 𝐼𝑚+𝑚2)𝑤(𝑡)) + 𝑤̃𝑇(𝑡)

× (ℳ⊗ 𝐼𝑚+𝑚2)(ℳ⊗ 𝐼𝑚+𝑚2)𝛿̇(𝑡)

+

𝑚ℓ

�

𝚤=1

𝜅𝚤(𝑡)𝜅̇𝚤(𝑡) −

𝑚ℓ

�

𝚤=1

(𝜅̄)𝜅̇𝚤(𝑡)

= −𝜇(𝑡, 𝑡0; 𝑇1)𝑤̃
𝑇(𝑡)(ℳ⊗ 𝐼𝑚+𝑚2)𝑤̃(𝑡)

+

𝑚ℓ

�

𝚤=1

𝑘𝑇
𝑖𝑗
(𝑡)𝜅̇𝚤(𝑡) − 𝑤̃𝑇(𝑡)(𝐵 ⊗ 𝐼𝑚+𝑚2)𝐾(𝑡)

× sgn((𝐵𝑇 ⊗ 𝐼𝑚+𝑚2)𝑤(𝑡)) + 𝑤̃𝑇(𝑡)

× (ℳ⊗ 𝐼𝑚+𝑚2)(ℳ⊗ 𝐼𝑚+𝑚2)𝛿̇(𝑡)

−

𝑚ℓ

�

𝚤=1

(𝜅̄)|𝑤𝑖(𝑡) − 𝑤𝑗(𝑡)|

= −𝜇(𝑡, 𝑡0; 𝑇1)𝑤̃
𝑇(𝑡)(ℳ⊗ 𝐼𝑚+𝑚2)𝑤̃(𝑡)

+ 𝑤̃𝑇(𝑡)(𝐵 ⊗ 𝐼𝑚+𝑚2)((𝐵𝑇𝐵)+ ⊗ 𝐼𝑚+𝑚2)(𝐵𝑇

⊗𝐼𝑚+𝑚2𝛿̇(𝑡)) − 𝑘̄‖(𝐵𝑇 ⊗ 𝐼𝑚+𝑚2)𝑤̃(𝑡)‖1

≤ −𝜇(𝑡, 𝑡0; 𝑇1)𝑤̃
𝑇(𝑡)(ℳ⊗ 𝐼𝑚+𝑚2)𝑤̃(𝑡)

+ ‖(𝐵𝑇 ⊗ 𝐼𝑚+𝑚2)𝑤̃(𝑡)‖1(‖(𝐵
𝑇𝐵)+

⊗𝐼𝑚+𝑚2‖∞‖𝐵
𝑇 ⊗ 𝐼𝑚+𝑚2𝜁(𝑡)‖∞ − 𝑘̄), (17)

where we use the fact that (𝐵𝑇 ⊗ 𝐼𝑚+𝑚2)𝑤̃(𝑡) = (𝐵𝑇 ⊗

𝐼𝑚+𝑚2)𝑤(𝑡). Note that ‖𝐵𝑇 ⊗ 𝐼𝑚+𝑚2𝛿̇(𝑡)‖∞ is bounded for

a connected undirected network and according to Assump-

tion 4, ‖𝐵𝑇⊗𝐼𝑚+𝑚2𝛿̇(𝑡)‖∞ is also upper bounded. Thus if 𝑘̄

is selected that

𝜅̄ ≥ ‖(𝐵𝑇𝐵)+ ⊗ 𝐼𝑚+𝑚2‖∞‖𝐵
𝑇 ⊗ 𝐼𝑚+𝑚2𝛿̇(𝑡)‖∞,

(18)

then we have

𝑉̇2 ≤ −𝜇(𝑡, 𝑡0; 𝑇1)𝑤̃
𝑇(𝑡)(ℳ⊗ 𝐼𝑚+𝑚2)𝑤̃(𝑡)

= −𝜇(𝑡, 𝑡0; 𝑇1)𝑧
𝑇(𝑡)((𝐵𝑇𝐵)+ ⊗ 𝐼𝑚+𝑚2)𝑧(𝑡)

= −2𝜇(𝑡, 𝑡0; 𝑇1)𝑉1 ≤ 0. (19)

Note that 𝑉2 is upper bounded, which means that 𝑧(𝑡)

and𝜅𝚤(𝑡)−𝜅̄ arebounded. The followingproof draws inspira-

tion from Part B of the proof in [37, Theorem 1]. By integrat-

ing both sides of Eq. (19),we obtain∫
𝑇1
0 𝑉̇ 𝑑𝑡 ≤ −2∫

𝑇1
0 𝜇𝑉1 𝑑𝑡,

which can be rearranged as ∫
𝑇1
0 2𝜇𝑉1 𝑑𝑡 ≤ 𝐶,, where 𝐶 =

𝑉(0)−𝑉(𝑇−1 ) is a positive constant. As a result, ∫
𝑇
0
2𝜇𝑉1 𝑑𝑡 is

bounded.

To demonstrate that 𝑧(𝑡) reaches zero within the pre-

scribed time 𝑇1, we use a contradiction argument. Assume,

for contradiction, that lim𝑡→𝑇−1
𝑉1(𝑡) = 𝛿 ≠ 0, where 𝛿

is a positive constant. Given that lim𝑡→𝑇−1
𝜇(𝑡) = +∞, the

improper integral ∫
𝑇1
0 2𝜇𝑉1 𝑑𝑡 would become unbounded as

𝑡 approaches 𝑇1. On the one hand, since 2𝜇𝑉1 is nonnegative,

the function 𝐹(𝜏) = ∫
𝜏
0
2𝜇𝑉1 𝑑𝑡 increases monotonically on

[0, 𝑇1). Because 𝐹(𝜏) is bounded by 𝐶, the integral ∫
𝑇
0
2𝜇𝑉1 𝑑𝑡

must converge. However, since lim𝑡→𝑇−1
(𝑇1 − 𝑡)𝜇𝑉1 = +∞ >

0, this implies that the integral ∫
𝑇
0
2𝜇𝑉1 𝑑𝑡 is actually diver-

gent, leading to a contradiction.

This contradiction proves that the assumption is incor-

rect, and thus lim𝑡→𝑇− 𝑉1(𝑡) = 𝛿 = 0. Consequently, we con-

clude that lim𝑡→𝑇− 𝑧(𝑡) = 0. By the continuity of 𝑧(𝑡), it fol-

lows that 𝑧(𝑇1) = 0 and 𝑉1(𝑇1) = 0.

For 𝑡 ≥ 𝑇1, 𝑉1 satisfies

𝑉̇1 = 𝑉̇2 −

𝑚ℓ

�

𝚤=1

(𝜅𝚤(𝑡) − 𝜅̄)𝜅̇𝚤(𝑡)

≤ −2𝜇(𝑡)𝑉1 −

𝑚ℓ

�

𝚤=1

(𝜅𝚤(𝑡) − 𝜅̄)𝑧𝚤(𝑡) ≤ 0. (20)

Thus, we conclude that for 𝑡 ≥ 𝑇1, 𝑉1(𝑡) = 0 and

𝑧(𝑡) = 0, completing the proof, i.e. the consensus of 𝑤̃𝑖 can

be reached at time 𝑡 = 𝑇1. Given the previous conclusion that

∑𝑛
𝑖=1

𝑤̃𝑖 converges to zero at time 𝑡 = 𝑇1, we can therefore

conclude that𝑤𝑖−
1

𝑛
∑𝑛
𝑖=1

𝛿𝑖(𝑡) converges to the origin in pre-

scribed time 𝑇1.

In the same time interval [𝑡0, 𝑡1), applying the first

control term of (8), the consensus of the MAS can also be

achieved.We candirectly use the results in [35], as presented

in the following lemma.

Lemma 5. For system (1), if Assumption1holds,applying the

fully distributed control scheme 𝑢𝑖 = −(𝑘1+𝜇(𝑡, 𝑡0; 𝑇1))(𝑐𝑖+

𝑔𝑖)𝑒𝑖 with 𝑘1, 𝑇1 ∈ ℝ+, then the consensus can be achieved in

a prescribed time, i.e. 𝑥𝑖 = 𝑥𝑗, ∀ 𝑡 ≥ 𝑇1, 𝑖, 𝑗 ∈ ℐ.

Proof. The proof can be referred to [35, Theorem 1], thus

it is omitted here.

3.2. Prescribed-time optimization of the global

objective function over [𝒕1, + )

To facilitate the development of the distributed optimization

scheme, in this subsection, we first propose a centralized

prescribed-time protocol that leverages the group gradient

and Hessian, as stated in the following theorem.
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Theorem 2. Consider the multi-agent system (1) with the

same inputs and initial conditions, i.e.

𝑥̇𝑖 = 𝑢⋆, 𝑥𝑖(𝑡1) = 𝑥𝑗(𝑡1), ∀ 𝑖, 𝑗 ∈ ℐ, (21)

where the optimal control protocol is defined as

𝑢⋆ = −(𝑘2 + 𝜇(𝑡, 𝑡1; 𝑇𝑝))
∇𝐹(𝑥)

∇2𝐹(𝑥)
, (22)

with 𝑐0 ∈ ℝ>0. From (7) and (8), we can deduce that 𝑥𝑖(𝑡) =

𝑥𝑗(𝑡) for all 𝑖, 𝑗 ∈ ℐ, over the interval [𝑡0, ∞). Moreover, the

trajectories of all agents will converge to 𝑥⋆,which is the mini-

mizer of the group objective function, within a predefined time

frame 𝑇𝑝.

Proof. First, we select the following Lyapunov function

candidate:

𝑉3(𝑡) =
1

2
∇𝐹𝑇(𝑥)∇𝐹(𝑥). (23)

Since 𝑉3(𝑡) is positive semidefinite and 𝑉3(𝑡) = 0 ⟺

∇𝐹(𝑥) = 0, this implies that the group objective function

reaches its minimum. By differentiating (23), we obtain

𝑉̇3(𝑡) = ∇𝐹𝑇(𝑥)(∇2𝐹(𝑥)𝑢⋆)

= −(𝑘2 + 𝜇(𝑡, 𝑡1; 𝑇𝑝))∇𝐹
𝑇(𝑥)∇𝐹(𝑥)

= −2(𝑘2 + 𝜇(𝑡, 𝑡1; 𝑇𝑝))𝑉3(𝑡). (24)

Using Lemma4,wededuce that𝑉3(𝑡) = 0 for 𝑡 ≥ 𝑡1+𝑇𝑝,

meaning∑𝑁
𝑖=1

𝑓𝑖(𝑥) ≡ 0 over [𝑡1 +𝑇𝑝, ∞), which implies that

all agents 𝑥𝑖 ≡ 𝑥⋆ over [𝑡1 + 𝑇𝑝, ∞). Consequently, all trajec-

tories in the MAS reach the group minimizer 𝑥⋆ within the

predefined time 𝑇𝑝, starting from any set of bounded initial

conditions.

Now based on Theorem 1, Lemma 5 and Theorem 2, we

propose the main theorem as follows.

Theorem 3. Consider system (1) controlled by

𝑢𝑖(𝑡) =

⎧
⎪

⎨
⎪
⎩

−(𝑘1 + 𝜇(𝑡, 𝑡0; 𝑇1))(𝑐𝑖

+𝑔𝑖)𝑒𝑖, 𝑡 ∈ [𝑡0, 𝑡1),

−(𝑘2 + 𝜇(𝑡, 𝑡1; 𝑇𝑝))[𝑤𝑖1, … ,

×𝑤𝑖𝑚]
−1𝑤𝑇

𝑖0
, 𝑡 ∈ [𝑡1, +∞),

(25)

where

⎧

⎨
⎩

𝑐̇𝑖 = 𝑔𝑖, 𝑐𝑖(𝑡0) ≥ 1,

𝑔𝑖 = 𝑒𝑇
𝑖
𝑒𝑖, 𝑒𝑖 =

𝑛

�

𝑗=1

𝑎𝑖𝑗(𝑥𝑖 − 𝑥𝑗),
(26)

and𝑤𝑖 = [𝑤𝑇
𝑖0
, 𝑤𝑇

𝑖1
, … , 𝑤𝑇

𝑖𝑚
] ∈ ℝ𝑚+𝑚2

is updated as

⎧
⎪
⎪

⎨
⎪
⎪
⎩

𝑤𝑖(𝑡) = 𝜁𝑖(𝑡) + 𝛿𝑖(𝑡),

̇𝜁𝑖(𝑡) = −𝜇(𝑡, 𝑡0; 𝑇1)𝜁𝑖(𝑡) − �

𝑗∈𝒩𝑖

𝑘𝑖𝑗(𝑡)

∘sgn(𝑤𝑖(𝑡) − 𝑤𝑗(𝑡)),

𝑘̇𝑖𝑗(𝑡) = |𝑤𝑖(𝑡) − 𝑤𝑗(𝑡)|, 𝑘𝑖𝑗(𝑡)(𝑡0) ≥ 1,

𝛿𝑖(𝑡) = [∇𝑓𝑖(𝑥𝑖), vec(∇
2𝑓𝑖(𝑥𝑖))]

𝑇,

(27)

with 𝑘1, 𝑇1, 𝑡1, 𝑇𝑝 ∈ ℝ+,𝑇1 ≤ 𝑡1 < 𝑇𝑝. If Assumptions 1–4 hold,

then the trajectories of all agents will converge to the mini-

mizer of the global objective function∑𝑛
𝑖=1

𝑓𝑖(𝑥𝑖),within a pre-

determined time interval 𝑇𝑝.

Proof. According to Lemma 5 and Theorem 1, we know

that when 𝑡 ≥ 𝑇1, the MASs have identical states and 𝑤𝑖 =
1

𝑛
∑𝑛
𝑖=1

𝛿𝑖(𝑡), thus 𝑢𝑖 = −𝜇(𝑡, 𝑇1; 𝑇𝑝)[𝑤𝑖1, … , 𝑤𝑖𝑚]
−1𝑤𝑇

𝑖0
=

−𝜇(𝑡, 𝑡1; 𝑇𝑝)
∇𝐹(𝑥)

∇2𝐹(𝑥)
. Then based on Theorem 2, we can con-

clude that the distributed optimization problem (2) can be

solved in a prescribed-time 𝑇𝑝, i.e. 𝑥𝑖 = 𝑥𝑗 = 𝑥⋆, ∀𝑡 ≥ 𝑇1,

𝑖, 𝑗 ∈ ℐ.

Remark 2. In contrast to the distributed control methods

presented in [25–28], the proposed controller in (25) is

fully distributed and does not rely on any global information

regarding the Laplacian matrix. Control parameters 𝑘1 and

𝑘2 are independent of the communication graph, and their

values should be chosen within reasonable bounds to main-

tain an efficient control design. This characteristic broad-

ens the range of applications for the algorithm, making it

more adaptable to various operational environments. Fur-

thermore, unlike the three-stage methods outlined in [25],

our algorithm is notably more concise, operating in just two

stages.We integrate the estimationof the groupHessians and

gradients of the objective function with the consensus pro-

cesswithin the same time period. This streamlined approach

not only enhances efficiency but also reduces communica-

tion overhead among agents.

Remark 3. Compared with traditional distributed average

consensus algorithms [26–28], where the controller gain

selection relies on the second smallest eigenvalue (𝜆2) of

the Laplacian matrix, which is a global network parame-

ter, the proposed control scheme (8) eliminates this global

information requirement.In addition, unlike the results in

[29, 30], where the convergence time cannot be arbitrar-

ily chosen, the controller in (8) allows for the convergence

time to be freely specified, providing more design flexibility.

Nevertheless, the control algorithm designed in this paper

also has some drawbacks. First, the algorithm is adaptive,

which increases the computational load. Second, the algo-

rithm is relatively sensitive to disturbances, a common issue



June 10, 2026 10:33 WSPC/284-US 2650029 ISSN: 2301-3850

Fully Distributed Prescribed-Time Optimization of Multi-Agent Systems 969

with prescribed-time convergence algorithms. These prob-

lems will be further investigated in subsequent research.

4. Numerical Simulations

In this section, we present numerical simulations to validate

the effectiveness of the proposed controllers (25)–(27). A

multi-agent system comprising six agents is considered; the

dynamics are described by (10) with a dimension of𝑚 = 2.

Each agent’s objective function is defined as follows:

𝑓𝑖(𝑥𝑖) = �

0.5(𝑥𝑖 − 𝑥𝑎)
2, ∀ 𝑖 ∈ {1, 2},

0.6(𝑥𝑖 − 𝑥𝑏)
2 + 0.6𝑒−0.5𝑥𝑖 , ∀ 𝑖 ∈ {3, 4},

0.1(𝑥𝑖 − 𝑥𝑐)
2 + ln(2 + 0.1𝑥2

𝑖
), ∀ 𝑖 ∈ {5, 6},

(28)

where 𝑥𝑎 = [1.7, 2], 𝑥𝑏 = [2, 1.5] and 𝑥𝑐 = [3.5, 1]. It is

important to note that the global minimizer of ∑6
𝑖=1

𝑓𝑖(𝑥𝑖) is

approximately 𝑥⋆ ≈ [2.47, 1.45]. The communication topol-

ogy is illustrated in Fig. 1.

The proposed controller is applied with control param-

eters set as 𝑘1 = 3, 𝑘2 = 2, 𝑡1 = 𝑇𝑐 = 0.5𝑠, 𝑇𝑝 = 1𝑠,

𝛽 = 0.2 and ℎ = 1.1. The initial values of 𝑥𝑖 are chosen

as follows: 𝑥1 = [1,−3], 𝑥2 = [1.2, −1.2], 𝑥3 = [1.8, 1.6],

𝑥4 = [−1.2, 1.1], 𝑥5 = [2.7, 2.6] and 𝑥6 = [−1,−0.8].

The initial conditions for 𝑤𝑖0(𝑡), 𝑤𝑖1(𝑡) and 𝑘𝑖𝑗(𝑡) are ran-

domly selected from the ranges [0, 1], [1, 5] and [5, 10],

respectively.

The simulation results obtained using the proposed

control arepresented in Figs. 2 and3. FromFig. 2, it is evident

that consensus within the multi-agent system is achieved at

𝑡 = 𝑇𝑐 = 0.5𝑠, and the states of all agents converge to the

minimizer 𝑥⋆ at 𝑡 = 𝑇𝑝 = 1𝑠. It isworth noting that the entire

optimization process can be divided into two stages: In the

first time interval [0, 0.5𝑠), all agents estimate the gradient

of the global objective function, as illustrated in Fig. 3. Simul-

taneously, the consensus control scheme facilitates achiev-

ing consensus among all agents at 𝑡 = 0.5 s. In the second

time interval [0.5𝑠, +∞), once consensus has been reached

and each agent has estimated the information of the global

objective function, all agents’ states converge to the global

minimizer 𝑥⋆ at 𝑡 = 𝑇𝑝 = 1𝑠.

Fig. 1. Communication topology.
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Fig. 2. State trajectories of the MAS with prescribed time 𝑇𝑝 = 1𝑠.
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Fig. 3. Estimation of group gradients with 𝑇𝑝 = 1𝑠.

If the convergence times are set as 𝑇𝑐 = 0.3𝑠 and 𝑇𝑝 =

0.5𝑠, the simulation results are presented in Fig. 4.

From Figs. 2 to 4, it is evident that all the agents in the

MAS successfully converge to the minimizer of the global

objective function within a predefined time, thus the effec-

tiveness of the proposed control scheme is validated.
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Fig. 4. State trajectories of the MAS with prescribed time 𝑇𝑝 = 0.5𝑠.

5. Conclusion

In this paper, we presented a fully distributed optimization

control strategy for first-order MAS that guarantees conver-

gence within a prescribed time frame. This control scheme

offers two advantages over conventional methods. First, the

convergence time is independent of the initial conditions of

the agents, allowing for explicit control through a designated

time parameter. This characteristic is particularly critical in

time-sensitive applications where predictability in system

behavior is paramount. Second, the control scheme is fully

distributed, meaning that the parameters of the controllers

do not rely on global communication topology information.
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