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Leader-Following Attitude Consensus of Multiple Rigid
Body Systems with an Uncertain Leader Over Jointly

Connected Switching Networks
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Existing results on the leader-following consensus problem for multiple uncertain rigid body systems with an uncertain leader are limited
to acyclic switching networks and require full availability of the leader’s angular velocity states. In this paper, by leveraging an adaptive
distributed observer for the uncertain leader system, we solve the leader-following consensus problem for multiple rigid body systems
with an uncertain leader over jointly connected switching networks, which may be disconnected at any instant. Furthermore, the proposed
control law depends only on the output of the leader system for the angular velocity and is robust to bounded external disturbances with
unknown bounds. A numerical example is provided to demonstrate the effectiveness of the proposed design.
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1. Introduction

The attitude consensus problem for multi-agent rigid body
systems has been widely studied. This problem can be clas-
si ied into two categories. In leaderless consensus, the objec-
tive is todesign control laws such that the attitudesof all rigid
body agents asymptotically synchronize with one another
[1–5]. In contrast, leader-following consensus requires all
agents’ attitudes to converge to a desired trajectory gener-
ated by a leader system [6–9]. The leader-following consen-
sus problem is considered more challenging and practically
relevant because it allows explicit speci ication of the collec-
tive asymptotic behavior.
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Early solutions to the leader-follower consensus prob-
lem of multiple rigid body systems, such as those in [10]
and [11], relied on each follower having direct access to the
leader’s state, which resulted in a centralized control law. A
distributed control law, however, permits each follower to
use only its own information and that of its immediate neigh-
bors. Various attempts have beenmade to design distributed
control laws to achieve the leader-follower consensus for
multiple rigid body systems in, for example, [6–9].

An effective framework for designing distributed con-
trol laws inmulti-agent cooperative control is the distributed
observer approach, irst introduced in [12] for the cooper-
ative output regulation problem. This approach proceeds in
three steps: (i) construct a distributed observer that esti-
mates the leader’s state (and possibly its system matrix)
over the communication network; (ii) design a local control
law for each follower assuming full knowledge of the leader;
(iii) replace the leader’s information in the local control
law with its distributed estimate. Since 2012, distributed
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observers have evolved through three main stages. In the

first stage, the distributed observer only estimated all states

of the leader, and assumed that all followers could access the

dynamics of the leader. In the second stage, the distributed

observerwas enhanced to be able to estimate both the states

and dynamics of the leader. Such a distributed observer is

called the adaptive distributed observer. In the third stage,

efforts have been made to further render the distributed

observer the capability of dealing with an uncertain leader

system. Suchadistributedobserver is called the adaptivedis-

tributed observer for an uncertain leader system. A compre-

hensive survey of these developments can be found in [13],

and amost recent result on the adaptive distributedobserver

for an uncertain leader system was given in [14].

Progress on the leader-following attitude consensus

problem for rigid body systems has closely paralleled

advances in distributed observers. The first distributed

solution appeared in [7], but assumed a known leader

with known dynamics and a static, connected communica-

tion graph. Subsequent works progressively relaxed these

assumptions by leveraging more sophisticated observers.

For example, [9] studied the leader-following consensus

problem of multiple uncertain rigid body systems over

jointly connected networks by utilizing adaptive distributed

observer. For the scenario similar to that of [9], Ref. [15]

further considered the disturbance rejection problem for

any bounded disturbances with unknown bounds. Refer-

ence [16] studied the leader-following consensus problem

of multiple uncertain rigid body systems for an uncertain

leader over acyclic and every time connected switching net-

works. Further details are provided in [13, Chap. 6].

Despite these advances, existing results still exhibit two

notable limitations: (i) they require undirected communica-

tion among followers, and (ii) they impose restrictive topo-

logical conditions (e.g. acyclic connected switching graphs).

To overcome these limitations, this paper employs the recent

adaptive distributed observer proposed in [14], which relies

solely on the leader’s output, to address our problem. The

resulting control law solves the leader-following attitude

consensus problem with disturbance rejection for multiple

uncertain rigid body systems and offers the following key

advantages:

(1) It handles a broader class of uncertain leader systems.

(2) It operates over general jointly connected switching net-

works (without requiring acyclicity).

(3) It rejects arbitrary bounded disturbanceswith unknown

bounds.

This paper is arranged as follows. Section 2 presents

preliminaries and the problem formulation. In Sec. 3, we

design an adaptive-distributed-observer-based control law

and establish its effectiveness for the leader-following

attitude consensus problem with disturbance rejection.

Section 4 provides a numerical example to validate the pro-

posed approach. Conclusions are drawn in Sec. 5.

Notation and Terminology. ⊗ denotes the Kronecker prod-

uct of matrices. 1𝑁 denotes an𝑁 dimensional column vector

whose components are all 1. 0 represents a zero vector with

compatible dimensions. ‖𝑥‖ denotes the Euclidean norm of

vector 𝑥 and ‖𝐴‖ denotes the induced 2-norm of matrix 𝐴.

For 𝑥𝑖 ∈ 𝑅𝑛𝑖 , 𝑖 = 1,… ,𝑚, col(𝑥1, … , 𝑥𝑚) = [𝑥𝑇1 , … , 𝑥𝑇𝑚]
𝑇. For

𝑥 = col(𝑥1, 𝑥2, 𝑥3) ∈ ℝ3, 𝑥× is defined by

𝑥× = �

0 −𝑥3 𝑥2

𝑥3 0 −𝑥1

−𝑥2 𝑥1 0

� ,

which satisfies 𝑥×𝑥𝑇 = 0.

A quaternion 𝑞 ∈ ℝ4 is expressed by 𝑞 = col(𝑞̂, 𝑞̄),

where 𝑞̂ ∈ ℝ3 is the vector part and 𝑞̄ ∈ ℝ is the scalar part.

The quaternion set is denoted byℚ, and the quaternion iden-

tity is denoted by 𝑞𝐼 = col(0, 0, 0, 1) ∈ ℚ. Besides, the con-

jugate of 𝑞 is denoted by 𝑞∗ = col(−𝑞̂, 𝑞̄), and the product

of two quaternions is denoted by 𝑞𝑖 ⊙ 𝑞𝑗 = �
𝑞̄𝑖𝑞̂𝑗 + 𝑞̄𝑗𝑞̂𝑖 + 𝑞̂×

𝑖
𝑞̂𝑗

𝑞̄𝑖𝑞̄𝑗 − 𝑞̂𝑇
𝑖
𝑞̂𝑗

�,

where 𝑞, 𝑞𝑖, 𝑞𝑗 ∈ ℚ. It can also be verified that 𝑞 ⊙ 𝑞𝐼 =

𝑞𝐼 ⊙ 𝑞 = 𝑞 and (𝑞𝑖 ⊙ 𝑞𝑗)
∗ = 𝑞∗

𝑗
⊙ 𝑞∗

𝑖
. It is also noted that

the quaternionmultiplication does not satisfy the commuta-

tive rule, but satisfies the distributive and associative rules.

Moreover, a quaternion 𝑞 ∈ ℚ is a unit quaternion if it sat-

isfies ‖𝑞‖ = 1, and the set of unit quaternions is denoted

byℚ𝑢. When 𝑞 is a unit quaternion, it can be verified that its

inverse 𝑞−1 = 𝑞∗.

Some operators are defined as follows:

Q(𝑥) = col(𝑥, 0), 𝑥 ∈ ℝ3, (1a)

C(𝑞) = (𝑞̄2 − 𝑞̂𝑇𝑞̂)𝐼3 + 2𝑞̂𝑞̂𝑇 − 2𝑞̄𝑞̂×, 𝑞 ∈ ℚ, (1b)

L(𝑥) = �

𝑥1 0 0 0 𝑥3 𝑥2

0 𝑥2 0 𝑥3 0 𝑥1

0 0 𝑥3 𝑥2 𝑥1 0

�

for 𝑥 = col(𝑥1, 𝑥2, 𝑥3), (1c)

sgn(𝑥) = �

1, 𝑥 > 0

0, 𝑥 = 0

−1, 𝑥 < 0

for any 𝑥 ∈ ℝ. (1d)

A function 𝜎 ∶ [0,∞) → ℝ𝑛 is said to be piecewise

continuous if it has at most countable discontinuous points

denoted by 𝑡0, 𝑡1, 𝑡2, … , satisfying 𝑡𝑖+1 − 𝑡𝑖 ≥ 𝜏 for some

dwell time 𝜏 > 0 and 𝑖 = 0, 1, …, and is continuous from

the right at discontinuous points. A special case of a piece-

wise continuous function is the piecewise constant function

𝜎 ∶ [0,∞) → 𝒫 = {1, 2, … , 𝑛0} where 𝑛0 is some positive

integer such that, for 𝑖 = 1,… ,𝑁, 𝑡𝑖 ≤ 𝑡 < 𝑡𝑖+1 with 𝑡0 = 0,

𝜎(𝑡) = 𝑟 for some 𝑟 ∈ 𝒫.



May 14, 2026 9:13 WSPC/284-US 2641006 ISSN: 2301-3850

Leader-Following Attitude Consensus of Rigid Bodies 645

2. Preliminaries and Problem Formulation

Like in [7] and [15], we describe the attitude kinematics and

dynamics of multiple rigid-body systems as follows:

𝑞̇𝑖 =
1

2
𝑞𝑖 ⊙ Q(𝜔𝑖), (2a)

𝐽𝑖𝜔̇𝑖 = −𝜔×
𝑖
𝐽𝑖𝜔𝑖 + 𝑢𝑖 + 𝑑𝑖, (2b)

where 𝑖 = 1,… ,𝑁; 𝑞𝑖 ∈ ℚ𝑢 is the attitude of the body frame

relative to the inertial frame represented by unit quaternion;

𝜔𝑖 ∈ ℝ3 is the angular velocity of the body frame relative

to the inertial frame;𝑢𝑖 ∈ ℝ3 denotes the control input of

the 𝑖th rigid body system; 𝑑𝑖 ∈ ℝ3 denotes the external

disturbances; 𝐽𝑖 ∈ ℝ3×3 denotes the inertial matrix of the

𝑖th rigid-body system and is positive definite. It should be

pointed out that 𝑞𝑖, 𝜔𝑖, 𝑢𝑖, 𝑑𝑖, and 𝐽𝑖 are all expressed in the

body frame, and the external disturbances 𝑑𝑖 satisfy the fol-

lowing assumption:

Assumption 1. For 𝑖 = 1,… ,𝑁, 𝑑𝑖 ∶ [0,∞) → ℝ3 is a

piecewise continuous bounded time-varying function with

the bound unknown, i.e. ‖𝑑𝑖(𝑡)‖∞ ≤ 𝐷𝑖 for some unknown

positive number 𝐷𝑖.

The target system relative to the inertial frame is

expressed as follows:

𝑞̇0 =
1

2
𝑞0 ⊙ Q(𝜔0), (3a)

𝜔0 = col(𝜔01, 𝜔02, 𝜔03), (3b)

𝜔0𝑘 =

𝑛𝑘

�

𝑖=1

Ω𝑘𝑖 sin(𝜓0𝑘𝑖𝑡 + 𝜎𝑘𝑖), 𝑘 = 1, 2, 3, (3c)

where 𝑛𝑘 ∈ ℕ+, Ω𝑘𝑖 and 𝜓0𝑘𝑖 are positive unknown con-

stants, 0 ≤ 𝜎𝑘𝑖 < 𝜋, 𝑞0 ∈ ℚ𝑢 and 𝜔0 ∈ ℝ3 are the

desired attitude and angular velocity of the target system’s

fixed body frame relative to the inertial frame, and 𝜔0𝑘 rep-

resents the component of 𝜔0 on the axis 𝑘. As in [7] and

[15], we view system (2) and (3) as a multi-agent system

with𝑁 + 1 agents. Subsystem (3) represents the leader, and

subsystems (2) represent 𝑁 followers. Let 𝜎(𝑡) be a piece-

wise constant signal. Then, the communication network for

systems (2) and (3) is described by a time-varying digraph

𝒢𝜎(𝑡) = (𝒱, ℰ𝜎(𝑡))with𝒱 = {0, 1, … ,𝑁} and ℰ𝜎(𝑡) ⊆ 𝒱×𝒱 for

all 𝑡 ≥ 0. Node 0 is associated with the leader system (14)

and nodes 𝑖, 𝑖 = 1,… ,𝑁, are associated with the 𝑖th subsys-

temof system (2). For 𝑖 = 0, 1, … , 𝑁, 𝑗 = 1,… ,𝑁, 𝑖 ≠ 𝑗, (𝑖, 𝑗) ∈

ℰ𝜎(𝑡) if and only if 𝑢𝑗 can use the information of agent 𝑖 for

control at time instant 𝑡. The neighbor set of agent 𝑖 at time

𝑡 is denoted by 𝒩𝑖(𝑡) = {𝑗 ∶ (𝑗, 𝑖) ∈ ℰ𝜎(𝑡)}. The weighted

adjacency matrix of a graph 𝒢𝜎(𝑡) is denoted by a nonneg-

ative matrix 𝒜𝜎(𝑡) = [𝑎𝑖𝑗(𝑡)]
𝑁
𝑖,𝑗=0

∈ ℝ(𝑁+1)×(𝑁+1) where

𝑎𝑖𝑖(𝑡) = 0. For 𝑖, 𝑗 = 0, 1, 2, … , 𝑁 and 𝑖 ≠ 𝑗, 𝑎𝑖𝑗(𝑡) > 0 if and

only if (𝑗, 𝑖) ∈ ℰ𝜎(𝑡) and 𝑎𝑖𝑗(𝑡) = 0 if otherwise.

We assume the digraph satisfies the following so-called

jointly connected condition.

Assumption 2. There exists a subsequence {𝑗𝑘 ∶ 𝑘 =

0, 1, 2, …} of {𝑗 ∶ 𝑗 = 0, 1, 2, …} with 𝑡𝑗0 = 0 and 𝑡𝑗𝑘+1 − 𝑡𝑗𝑘 ≤

𝑇c for some positive constant 𝑇c, such that the union graph

⋃𝑡𝑗∈[𝑡𝑗𝑘
,𝑡𝑗𝑘+1

) 𝒢𝜎(𝑡𝑗) contains a spanning tree with node 0 as

the root.

According to [9, 17, 18], the errors of attitude and

the angular velocity of followers relative to the leader are

defined as follows:

𝑞𝑒𝑖 = 𝑞−10 ⊙𝑞𝑖, (4a)

𝜔𝑒𝑖 = 𝜔𝑖 − C(𝑞𝑒𝑖)𝜔0, (4b)

where 𝑞𝑒𝑖 ∈ ℚ𝑢 and 𝜔𝑒𝑖 ∈ ℝ3. Then the error dynamics is as

follows [7] and [15]:

𝑞̇𝑒𝑖 =
1

2
𝑞𝑒𝑖 ⊙ Q(𝜔𝑒𝑖), (5a)

𝐽𝑖𝜔̇𝑒𝑖 = −𝜔×
𝑖
𝐽𝑖𝜔𝑖 + 𝐽𝑖(𝜔

×
𝑒𝑖
C(𝑞𝑒𝑖)𝜔0

−C(𝑞𝑒𝑖)𝜔̇0) + 𝑢𝑖 + 𝑑𝑖. (5b)

We consider the distributed control law of the following

form: for 𝑖 = 1,… ,𝑁,

𝑢𝑖 = 𝑓𝑖(𝑞𝑖, 𝜔𝑖, 𝑧𝑖, 𝜑𝑖), (6a)

𝜑̇𝑖 = 𝑔𝑖(𝜑𝑖, 𝜑𝑗, 𝑗 ∈ 𝒩𝑖(𝑡)), (6b)

𝑧̇𝑖 = ℎ𝑖(𝑞𝑖, 𝜔𝑖, 𝑧𝑖, 𝜑𝑖), (6c)

where 𝜑𝑖 is the state of the distributed observer that will be

specified later, 𝑧𝑖 is the state of the adaptive control law, and

𝑓𝑖(⋅), 𝑔𝑖(⋅), ℎ𝑖(⋅) are globally definednonlinear functions tobe

designed.

The leader-following consensus with disturbance rejec-

tion problem for multiple uncertain rigid body systems is

described as follows:

Problem 1. Given systems (2), (3), and a switching com-

munication graph 𝒢𝜎(𝑡), design a distributed state feedback

control law of the form (6) such that, for any initial con-

dition 𝑞0(0) ∈ ℚ𝑢, any 𝑞𝑖(0) ∈ ℚ𝑢, any 𝜔𝑖(0), and any

𝜑𝑖(0), 𝑖 = 1,… ,𝑁, the solution of the closed-loop system exists

and satisfies

lim
𝑡→∞

𝑞̂𝑒𝑖(𝑡) = 0, lim
𝑡→∞

𝜔𝑒𝑖(𝑡) = 0 (7)

for 𝑖 = 1,… ,𝑁.

3. Main Result

In this section, we will present our main result. For this pur-

pose, we first construct an exponentially convergent estima-

tor for the uncertain angular velocities (3c).
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3.1. Exponentially convergent estimator

To dealwith the uncertain angular velocities (3c), we need to

make use of the adaptive distributed observer for unknown

leader system developed in [14]. For this purpose, we will

derive an exosystem that can produce the unknown angular

velocities 𝜔0𝑘, 𝑘 = 1, 2, 3. Let 𝜃0𝑘 = col(𝜃0𝑘1, … , 𝜃0𝑘𝑛𝑘) , 𝑘 =

1, 2, 3, be such that

𝑛𝑘

�

𝑖=1

(𝑠2 + 𝜓2
0𝑘𝑖
) = 𝑠2𝑛𝑘 + 𝜃0𝑘1𝑠

2(𝑛𝑘−1) +⋯+ 𝜃0𝑘𝑛𝑘 . (8)

Then, it can be verified that, for 𝑘 = 1, 2, 3, 𝜔0𝑘(𝑡) satisfies

the following equation:

𝑑2𝑛𝑘𝜔0𝑘(𝑡)

𝑑𝑡2𝑛𝑘
+ 𝜃0𝑘1

𝑑2(𝑛𝑘−1)𝜔0𝑘(𝑡)

𝑑𝑡2(𝑛𝑘−1)
+⋯+ 𝜃0𝑘(𝑛𝑘−1)

×
𝑑2𝜔0𝑘(𝑡)

𝑑𝑡2
+ 𝜃0𝑘𝑛𝑘𝜔0𝑘 = 0, 𝑘 = 1, 2, 3. (9)

For 𝑘 = 1, 2, 3, let

𝜚𝑘 = �𝜔0𝑘
𝑑𝜔0𝑘(𝑡)

𝑑𝑡

𝑑2𝜔0𝑘(𝑡)

𝑑𝑡2
⋯

𝑑2𝑛𝑘−1𝜔0𝑘(𝑡)

𝑑𝑡2𝑛𝑘−1
�

𝑇

(10)

and

𝑃𝑘 =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1

0 1

𝜃0𝑘1 0 1

0 𝜃0𝑘1 0 ⋱

𝜃0𝑘1 ⋱ ⋱

0 ⋱ ⋱ 1

𝜃0𝑘(𝑛𝑘−1) 0 ⋱ 0 1

0 𝜃0𝑘(𝑛𝑘−1) 0 𝜃0𝑘1 0 1

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

.

(11)

Then, it can be verified that 𝜔0𝑘 can be generated by the fol-

lowing autonomous system:

̇𝜁𝑘(𝑡) = 𝑆𝑘(𝜃0𝑘)𝜁𝑘(𝑡), 𝜔0𝑘 = c𝑘𝜁𝑘(𝑡), 𝑘 = 1, 2, 3,

(12)

where the pair (c𝑘, 𝑆𝑘(𝜃0𝑘)) is in the following observable

canonical form:

𝑆𝑘(𝜃0𝑘) = 𝐴 − col(0, 𝜃0𝑘1, 0, 𝜃0𝑘2, … , 0, 𝜃0𝑘𝑛𝑘)c𝑘, (13a)

c𝑘 = �1 0 ⋯ 0� ∈ ℝ1×2𝑛𝑘 , (13b)

𝐴 = �
0 𝐼2𝑛𝑘−1

0 0
� ∈ ℝ2𝑛𝑘×2𝑛𝑘 . (13c)

Now we can define the following leader system:

𝑞̇0 =
1

2
𝑞0 ⊙ Q(𝜔0), (14a)

𝜔0 = col(𝜔01, 𝜔02, 𝜔03), (14b)

̇𝜁𝑘(𝑡) = 𝑆𝑘(𝜃0𝑘)𝜁𝑘(𝑡), (14c)

𝜔0𝑘 = c𝑘𝜁𝑘(𝑡), 𝑘 = 1, 2, 3, (14d)

which is in the same form as that in [7] and [15] except that

the matrices 𝑆𝑘(𝜃0𝑘) contain unknown parameters.

Remark 3.1. The relationship between the initial condi-

tions of 𝜁𝑘 and 𝜚𝑘(0) is as follows:

𝜁𝑘(0) = 𝑃𝑘𝜚𝑘(0), 𝑘 = 1, 2, 3, (15)

where

𝜚𝑘(0) =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢
⎣

𝑛𝑘

�

𝑖=1

Ω𝑘𝑖 sin(𝜎𝑘𝑖)

𝑛𝑘

�

𝑖=1

Ω𝑘𝑖𝜓0𝑘𝑖 cos(𝜎𝑘𝑖)

𝑛𝑘

�

𝑖=1

−Ω𝑘𝑖𝜓
2
0𝑘𝑖

sin(𝜎𝑘𝑖)

⋯
𝑛𝑘

�

𝑖=1

(−1)𝑛𝑘−1Ω𝑘𝑖𝜓
2𝑛𝑘−1

0𝑘𝑖
cos(𝜎𝑘𝑖)

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥
⎦

. (16)

Since the pair (c𝑘, 𝑆𝑘(𝜃0𝑘)) is in the standard observable

canonical form, with 𝑦𝑘 ∶= 𝜔0𝑘, 𝑘 = 1, 2, 3, we can directly

apply the exponentially convergent estimator for the leader

system (12) given by [14] as follows: for 𝑘 = 1, 2, 3,

𝜂̇𝑘(𝑡) = D𝑘𝜂𝑘(𝑡) + d𝑘𝑦𝑘(𝑡), (17a)

̇𝜉𝑘(𝑡) = D𝑘𝜉𝑘(𝑡) − b𝑘𝑦𝑘(𝑡), (17b)

̇𝜃̂0𝑘(𝑡) = −𝛾𝑘𝜙𝑘(𝑡)(𝑦̂𝑘(𝑡) − 𝑦𝑘(𝑡)), (17c)

𝑣̂𝑘(𝑡) = 𝜂𝑘(𝑡) + Ξ𝑘(𝑡)𝜃̂0𝑘(𝑡), (17d)

where 𝜂𝑘(𝑡) ∈ ℝ2𝑛𝑘 , 𝜉𝑘(𝑡) ∈ ℝ2𝑛𝑘 , 𝜃̂0𝑘(𝑡) ∈ ℝ𝑛𝑘 , 𝑣̂𝑘(𝑡) ∈

ℝ2𝑛𝑘 ,

b𝑘 = [0 ⋯ 0 1]𝑇 ∈ ℝ1×2𝑛𝑘 , (18)

d𝑘 ∈ ℝ2𝑛𝑘 is such that the matrix

D𝑘 ∶= 𝐴 − d𝑘c𝑘 ∈ ℝ2𝑛𝑘×2𝑛𝑘 (19)

is Hurwitz, 𝛾𝑘 is any positive constant, Ξ𝑘(𝑡) ∈ ℝ2𝑛𝑘×𝑛𝑘 is

defined as

Ξ𝑘(𝑡) ∶= �D
2(𝑛𝑘−1)

𝑘
𝜉𝑘(𝑡) D

2(𝑛𝑘−2)

𝑘
𝜉𝑘(𝑡) ⋯ D2

𝑘
𝜉𝑘(𝑡) 𝜉𝑘(𝑡)� ,

(20)
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𝜙𝑘(𝑡) ∈ ℝ𝑛𝑘 is defined as𝜙𝑘(𝑡) ∶= (c𝑘Ξ𝑘(𝑡))
𝑇, and 𝑦̂𝑘(𝑡) ∈ ℝ

is defined as

𝑦̂𝑘(𝑡) ∶= c𝑘𝜂𝑘(𝑡) + 𝜙𝑇
𝑘
(𝑡)𝜃̂0𝑘(𝑡). (21)

System (17) is called the exponentially convergent estimator

for the leader system (12) because of the following result:

Lemma 3.1 ([14, Proposition 1]). Suppose that 𝜁𝑘(0), 𝑘 =

1, 2, 3, given by (14c) is such that none of Ω𝑘𝑖, 𝑖 = 1,… , 𝑛𝑘,

in (3c) is equal to zero. Then, for any (𝜂𝑘(0), 𝜉𝑘(0), 𝜃̂0𝑘(0)) ∈

ℝ2𝑛𝑘×ℝ2𝑛𝑘×ℝ𝑛𝑘 , 𝑘 = 1, 2, 3, the solution of (17) exists over

[0,∞) and satisfies

lim
𝑡→∞

(𝜃̂0𝑘(𝑡) − 𝜃0𝑘) = 0, (22a)

lim
𝑡→∞

(𝑣̂𝑘(𝑡) − 𝜁𝑘(𝑡)) = 0 (22b)

both exponentially.

Remark 3.2. Similar to [14, Remark5], the assumption that

𝜁𝑘(0) is such that none of Ω𝑘𝑖, 𝑘 = 1, 2, 3, 𝑖 = 1,… , 𝑛𝑘,

in (3c) is equal to zero is not material. In fact, if, for some

𝑗, Ω𝑘𝑗 = 0, then the mode corresponding to Ω𝑘𝑗 is not

excited. In this case, we only need to remove the components

Ω𝑘𝑗 sin(𝜓0𝑘𝑗𝑡 + 𝜎𝑘𝑗) in (3c).

Based on [14, Lemma 3.1] presented the following dis-

tributed dynamic compensator: for 𝑖 = 1,… ,𝑁, and 𝑘 =

1, 2, 3,

̇𝜃̂𝑖𝑘(𝑡) = 𝜇1𝑘

𝑁

�

𝑗=0

𝑎𝑖𝑗(𝑡)(𝜃̂𝑗𝑘(𝑡) − 𝜃̂𝑖𝑘(𝑡)), (23a)

𝑣̇𝑖𝑘(𝑡) = 𝑆𝑘(𝜃̂𝑖𝑘(𝑡))𝑣𝑖𝑘(𝑡) + 𝜇2𝑘

𝑁

�

𝑗=0

𝑎𝑖𝑗(𝑡)

× (𝑣𝑗𝑘(𝑡) − 𝑣𝑖𝑘(𝑡)), (23b)

where 𝜃̂𝑖𝑘(𝑡) = col(𝜃̂𝑖𝑘1(𝑡), … , 𝜃̂𝑖𝑘𝑛𝑘(𝑡)) ∈ℝ
𝑛𝑘 , 𝑣𝑖𝑘(𝑡) ∈ℝ

2𝑛𝑘 ,

𝑣0𝑘(𝑡) = 𝑣̂𝑘(𝑡), and 𝜇1𝑘 and 𝜇2𝑘 are positive constants.

Then, we have the following result:

Lemma 3.2 ([14, Theorem 1]). Under Assumption 2, for

any 𝜁𝑘(0) such that none of Ω𝑘𝑖, 𝑘 = 1, 2, 3, 𝑖 = 1,… , 𝑛𝑘,

in (3c) is equal to zero, and for any (𝜂𝑘(0), 𝜉𝑘(0), 𝜃̂0𝑘(0)) ∈

ℝ2𝑛𝑘×ℝ2𝑛𝑘×ℝ𝑛𝑘 , and any (𝜃̂𝑖𝑘(0), 𝑣𝑖𝑘(0)) ∈ ℝ𝑛𝑘×ℝ2𝑛𝑘 , 𝑖 =

1,… ,𝑁, 𝑘 = 1, 2, 3, the solutions of the dynamic compensator

(23) exist over [0,∞) and satisfy

lim
𝑡→∞

(𝜃̂𝑖𝑘(𝑡) − 𝜃0𝑘) = 0, (24a)

lim
𝑡→∞

(𝑣𝑖𝑘(𝑡) − 𝜁𝑘(𝑡)) = 0 (24b)

both exponentially.

3.2. The output-based adaptive distributed

observer for multiple rigid body systems

To construct an adaptivedistributedobserver to estimate the

known leader (17) for the multiple rigid body systems, we

further present a dynamic compensator as follows: for 𝑖 =

1,… ,𝑁, 𝑘 = 1, 2, 3,

Φ̇𝑖 =
1

2
Φ𝑖 ⊙ Q(Π𝑖) + 𝜇Φ

𝑁

�

𝑗=0

𝑎𝑖𝑗(𝑡)(Φ𝑗 −Φ𝑖), (25a)

𝐹̇𝑖𝑘 = 𝜇𝐹𝑘

𝑁

�

𝑗=0

𝑎𝑖𝑗(𝑡)(𝐹𝑗𝑘 − 𝐹𝑖𝑘), (25b)

where Φ𝑖 ∈ ℚ, 𝐹𝑖𝑘 ∈ ℝ1×2𝑛𝑘 , Φ0 = 𝑞0, 𝐹0𝑘 = c𝑘, 𝜇𝐹𝑘 and 𝜇Φ
are positive constants. Also, let

𝐹𝑖 = �

𝐹𝑖1

𝐹𝑖2

𝐹𝑖3

� ∈ ℝ3×2𝑛̄,

𝐹0 = �

c1

c2

c3

� ∈ ℝ3×2𝑛̄,

𝑣𝑖 = �

𝑣𝑖1

𝑣𝑖2

𝑣𝑖3

� ∈ ℝ2𝑛̄

(26)

with 𝑛̄ = 𝑛1 + 𝑛2 + 𝑛3, and

Π𝑖 = 𝐹𝑖𝑣𝑖. (27)

Lemma 3.3. Under Assumption 2, for any initial conditions

(Φ𝑖(0), Π𝑖(0), 𝐹𝑖𝑘(0)) ∈ ℚ × ℝ3 × ℝ1×2𝑛𝑘 , 𝑖 = 1,… ,𝑁, 𝑘 =

1, 2, 3, the solutions of the dynamic compensator (25) satisfy

lim
𝑡→∞

(𝐹𝑖𝑘(𝑡) − 𝐹0𝑘(𝑡)) = 01×2𝑛𝑘 , (28a)

lim
𝑡→∞

(Π𝑖(𝑡) − 𝜔0(𝑡)) = 0, (28b)

lim
𝑡→∞

(Φ𝑖(𝑡) − 𝑞0(𝑡)) = 0 (28c)

exponentially.

Proof. Let 𝐹̃𝑖𝑘(𝑡) = 𝐹𝑖𝑘(𝑡)−𝐹0𝑘(𝑡) and denote the following

compact form:

𝐹̃𝑖 = �

𝐹̃𝑖1

𝐹̃𝑖2

𝐹̃𝑖3

� ∈ ℝ3×2𝑛̄, 𝜁 = �

𝜁1

𝜁2

𝜁3

� ∈ ℝ2𝑛̄,

𝜃0 = �

𝜃01

𝜃02

𝜃03

� ∈ ℝ𝑛̄, 𝜃̂𝑖 = �

𝜃̂𝑖1

𝜃̂𝑖2

𝜃̂𝑖3

� ∈ ℝ𝑛̄,
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𝑆(𝜃0) = �

𝑆1(𝜃01)

𝑆2(𝜃02)

𝑆3(𝜃03)

� ∈ ℝ2𝑛̄×2𝑛̄,

𝑆(𝜃̂𝑖) = �

𝑆1(𝜃̂𝑖1)

𝑆2(𝜃̂𝑖2)

𝑆3(𝜃̂𝑖3)

� ∈ ℝ2𝑛̄×2𝑛̄.

(29)

Then (28a) can be directly obtained from [13, Theorem 4.8].

On the other hand, we have

Π𝑖 − 𝜔0 = 𝐹𝑖𝑣𝑖 − 𝐹0𝜁. (30)

Thus, (28a) and (24b) imply (28b). Finally, by [13, Corollary

6.1], (28b) implies (28c).

Next, let

Π𝑑
𝑖
= 𝐹𝑖𝑆(𝜃̂𝑖)𝑣𝑖. (31)

Then,

Π𝑑
𝑖
− 𝜔̇0 = 𝐹𝑖𝑆(𝜃̂𝑖)𝑣𝑖 − 𝐹0𝑆(𝜃0)𝜁, (32a)

Π𝑑
𝑖
− Π̇𝑖 = −𝜇𝐹

𝑁

�

𝑗=0

𝑎𝑖𝑗(𝑡)(𝐹𝑗 − 𝐹𝑖)𝑣𝑖

−𝜇2𝐹𝑖

𝑁

�

𝑗=0

𝑎𝑖𝑗(𝑡)(𝑣𝑗 − 𝑣𝑖), (32b)

where 𝜇𝐹 = diag(𝜇𝐹1, 𝜇𝐹2, 𝜇𝐹3) and 𝜇2 = diag(𝜇21, 𝜇22, 𝜇23).

Substituting (22) and (28a) into (32) gives the following

corollary of Lemma 3.3.

Corollary 3.1. UnderAssumption2, for any initial conditions

(𝐹𝑖𝑘(0), 𝑣𝑖(0), 𝜃̂𝑖(0)), 𝑖 = 1,… ,𝑁,

lim
𝑡→∞

(Π𝑑
𝑖
(𝑡) − 𝜔̇0(𝑡)) = 0, (33a)

lim
𝑡→∞

(Π𝑑
𝑖
(𝑡) − Π̇𝑖(𝑡)) = 0. (33b)

Lemmas 3.2 and 3.3 imply the following result.

Theorem 3.1. Under Assumption 2, for any 𝜁𝑘(0) such that

none of Ω𝑘𝑖, 𝑘 = 1, 2, 3, 𝑖 = 1,… , 𝑛𝑘, in (3c) is equal to zero,

any (𝜂𝑘(0), 𝜉𝑘(0), 𝜃̂0𝑘(0)) ∈ ℝ2𝑛𝑘 × ℝ2𝑛𝑘 × ℝ𝑛𝑘 , and any

(𝜃̂𝑖𝑘(0), 𝑣𝑖𝑘(0),Φ𝑖(0), 𝐹𝑖𝑘(0)) ∈ ℝ𝑛𝑘 × ℝ2𝑛𝑘 × ℚ × ℝ1×2𝑛𝑘 ,

𝑖 = 1,… ,𝑁, 𝑘 = 1, 2, 3, the solutions of the adaptive dis-

tributed observer (23) and (25) exist over [0,∞) and satisfy

(24) and (28), respectively.

For this reason, we call the composition of the two

dynamic compensators (23) and (25) the output-based

adaptive distributed observer for the multiple rigid body

systems.

3.3. Estimated error dynamics

To obtain a distributed control law, like in [7], replacing 𝑞0
and𝜔0 in (4) by their estimatesΦ𝑖 andΠ𝑖 gives the following

estimated tracking errors: for 𝑖 = 1,… ,𝑁,

𝑞𝜖𝑖 = Φ𝑖
∗ ⊙𝑞𝑖, (34a)

𝜔𝜖𝑖 = 𝜔𝑖 − C(𝑞𝜖𝑖)Π𝑖. (34b)

Remark 3.3. As explained in [13, Remark 6.6], for 𝑖 =

1,… ,𝑁, since ‖𝑞𝑖(𝑡)‖ = 1 for all 𝑡 ≥ 0, we have ‖𝑞𝜖𝑖(𝑡)‖ =

‖Φ𝑖
∗ ⊙ 𝑞𝑖(𝑡)‖ = ‖Φ𝑖

∗‖‖𝑞𝑖(𝑡)‖ = ‖Φ𝑖
∗‖ for all 𝑡≥0. Then,

due to ‖𝑞0(𝑡)‖ = 1 for all 𝑡 ≥ 0, we can obtain lim𝑡→∞

‖𝑞𝜖𝑖(𝑡)‖ = 1 exponentially from the fact that ‖𝑞𝜖𝑖(𝑡)‖ =

‖Φ𝑖
∗‖ for all 𝑡 ≥ 0 and equation (28c).

By [15, Remark 7], we have the following quite obvious

result.

Lemma 3.4. If the solutions of the adaptive distributed

observer (23) and (25) satisfy (24) and (28), respectively,

then lim𝑡→∞(𝑞̂𝜖𝑖(𝑡) − 𝑞̂𝑒𝑖(𝑡)) = 0 and lim𝑡→∞(𝜔𝜖𝑖(𝑡) −

𝜔𝑒𝑖(𝑡)) = 0, exponentially.

Next, it can be verified that the dynamics of the esti-

mated tracking errors is governed by the following sys-

tem [15]:

𝑞̇𝜖𝑖 =
1

2
𝑞𝜖𝑖 ⊙ Q(𝜔𝜖𝑖) + 𝑀𝑞𝜖𝑖, (35a)

𝐽𝑖𝜔̇𝜖𝑖 = −𝜔×
𝑖
𝐽𝑖𝜔𝑖 + 𝐽𝑖𝜔

×
𝜖𝑖
C(𝑞𝜖𝑖)Π𝑖

−𝐽𝑖C(𝑞𝜖𝑖)Π
𝑑
𝑖
+ 𝑢𝑖 + 𝑑𝑖 −𝑀𝜔𝜖𝑖, (35b)

where

𝑀𝑞𝜖𝑖 =
1

2
(𝑞⊤

𝜖𝑖
𝑞𝜖𝑖 − 1)Q(Π𝑖) ⊙ 𝑞𝜖𝑖 + Δ∗

𝑖
⊙𝑞𝑖, (36a)

𝑀𝐶𝜖𝑖 = 2𝑞̄𝜖𝑖𝑀̄𝑞𝜖𝑖𝐼3 − 2𝑞̂⊤
𝜖𝑖
𝑀̂𝑞𝜖𝑖𝐼3 + 2𝑀̂𝑞𝜖𝑖𝑞̂

⊤
𝜖𝑖

+2𝑞̂𝜖𝑖𝑀̂
⊤
𝑞𝜖𝑖

− 2𝑀̄𝑞𝜖𝑖𝑞̂
×
𝜖𝑖
− 2𝑞̄𝜖𝑖𝑀̂

×
𝑞𝜖𝑖
, (36b)

𝑀𝜔𝜖𝑖 = 𝐽𝑖𝑀𝐶𝜖𝑖Π𝑖 + 𝐽𝑖C(𝑞𝜖𝑖)(Π̇𝑖 − Π𝑑
𝑖
) (36c)

and

Δ𝑖 = 𝜇Φ

𝑁

�

𝑗=0

𝑎𝑖𝑗(𝑡)(Φ𝑗 −Φ𝑖), (37)

which decays to zero exponentially from (28c).

Further, let

Ω𝜖𝑖 = 𝜔𝜖𝑖 + 𝑘1𝑖𝑞̂𝜖𝑖, (38)

where 𝑘1𝑖 > 0. Then (35) is transformed to the following:

𝑞̇𝜖𝑖 =
1

2
𝑞𝜖𝑖 ⊙ Q(𝜔𝜖𝑖) + 𝑀𝑞𝜖𝑖, (39a)
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𝐽𝑖Ω̇𝜖𝑖 = 𝐽𝑖 �𝜔
×
𝜖𝑖
C(𝑞𝜖𝑖)Π𝑖 − C(𝑞𝜖𝑖)Π

𝑑
𝑖
+
𝑘1𝑖

2
(𝑞̄𝜖𝑖𝐼3

+𝑞̂×
𝜖𝑖
)𝜔𝜖𝑖� − 𝜔×

𝑖
𝐽𝑖𝜔𝑖 + 𝑢𝑖 + 𝑑𝑖 −𝑀Ω𝜖𝑖, (39b)

where

𝑀Ω𝜖𝑖 = 𝑀𝜔𝜖𝑖 − 𝑘1𝑖𝐽𝑖𝑀̂𝑞𝜖𝑖. (40)

Remark 3.4. It follows from Eq. (28b) that, for 𝑖 =

1,… ,𝑁, Π𝑖(𝑡) are uniformly bounded over [0,∞), and from

Remark 3.3 that lim𝑡→∞ ‖𝑞𝜖𝑖(𝑡)‖ = 1 exponentially. Hence

𝑀𝑞𝜖𝑖(𝑡) are uniformly bounded and converge to zero expo-

nentially. As a result 𝑀𝐶𝜖𝑖(𝑡),𝑀𝜔𝜖𝑖(𝑡), 𝑀Ω𝜖𝑖(𝑡) are all uni-

formly bounded over [0,∞) and decay to zero exponentially.

By [13, Lemma 6.2], system (39a) satisfies the following

interesting property.

Lemma 3.5. Consider system (39a), where 𝑞𝜖𝑖(𝑡) ∈ ℚ, and

𝜔𝜖𝑖(𝑡) ∈ ℝ3 and 𝑀𝑞𝜖𝑖(𝑡) ∈ ℚ are both piecewise con-

tinuous in 𝑡 and uniformly bounded over [0,∞). Suppose

lim𝑡→∞ ‖𝑞𝜖𝑖(𝑡)‖ = 1 and lim𝑡→∞𝑀𝑞𝜖𝑖 = 0. Then if (38) sat-

isfies lim𝑡→∞ Ω𝜖𝑖(𝑡) = 0, the solution of (39a) is bounded and

is such that lim𝑡→∞ 𝑞̂𝜖𝑖(𝑡) = 0 and hence lim𝑡→∞𝜔𝜖𝑖(𝑡) = 0.

As a result, in what follows, it suffices to stabilize (39b).

3.4. Solution of Problem 1

Eq. (39b) is an uncertain nonlinear system involving the

uncertain inertia matrix 𝐽𝑖 and the uncertain disturbance

𝑑𝑖. To handle 𝐽𝑖, like in [15], we introduce a linear operator

L(⋅) as defined in (1c). It can be verified that for any 𝑥 =

col(𝑥1, 𝑥2, 𝑥3) ∈ ℝ3, 𝐽𝑖𝑥 = L(𝑥)Θ𝑖, where

Θ𝑖 = col(𝐽𝑖11 , 𝐽𝑖22 , 𝐽𝑖33 , 𝐽𝑖23 , 𝐽𝑖13 , 𝐽𝑖12), (41)

and 𝐽𝑖𝑚𝑛
, 𝑚, 𝑛 = 1, 2, 3, are the𝑚th row and 𝑛th column of 𝐽𝑖.

Let

𝜒𝑖 = 𝜔×
𝜖𝑖
C(𝑞𝜖𝑖)Π𝑖 − C(𝑞𝜖𝑖)Π

𝑑
𝑖
+
𝑘1𝑖

2
(𝑞̄𝜖𝑖𝐼3 + 𝑞̂×

𝜖𝑖
)𝜔𝜖𝑖.

(42)

Then (39) can be written as follows:

𝑞̇𝜖𝑖 =
1

2
𝑞𝜖𝑖 ⊙ Q(𝜔𝜖𝑖) + 𝑀𝑞𝜖𝑖, (43a)

𝐽𝑖Ω̇𝜖𝑖 = (−𝜔×
𝑖
L(𝜔𝑖) + L(𝜒𝑖))Θ𝑖 + 𝑢𝑖 + 𝑑𝑖 −𝑀Ω𝜖𝑖. (43b)

To handle the unknown external disturbances, let

sign(𝑥) = col(sgn(𝑥1), sgn(𝑥2), sgn(𝑥3)) for any 𝑥 = col(𝑥1,

𝑥2, 𝑥3) ∈ ℝ3.

Now, based on the estimation of 𝑞0, 𝜔0, and 𝜔̇0, an

estimation-based adaptive control law is given as follows:

𝑢𝑖 = −𝑘2𝑖Ω𝜖𝑖 + (𝜔×
𝑖
L(𝜔𝑖) − L(𝜒𝑖))Θ̂𝑖 − 𝐷̂𝑖sign(Ω𝜖𝑖),

(44a)

̇Θ̂𝑖 = Λ𝑖(−𝜔
×
𝑖
L(𝜔𝑖) + L(𝜒𝑖))

𝑇Ω𝜖𝑖, (44b)

̇𝐷̂𝑖 = sign𝑇(Ω𝜖𝑖)Ω𝜖𝑖, 𝑖 = 1,… ,𝑁, (44c)

where 𝑘2𝑖 > 0, Λ𝑖 ∈ ℝ6×6 are positive definite matrices, Θ̂𝑖 ∈

ℝ6 are the estimates ofΘ𝑖, and 𝐷̂𝑖 ∈ ℝ are the estimates of𝐷𝑖.

To deal with the discontinuity caused by the switch-

ing graph 𝒢𝜎(𝑡) and the piecewise continuous disturbances

𝑑𝑖(𝑡), let us note that, by the definition of the piecewise

continuous/constant function, the union 𝒰 of the switching

instants of the switching signal 𝜎(𝑡) and all discontinuous

points of 𝑑𝑖(𝑡) is countable. Denote the elements of 𝒰 by

𝒰 = {𝜏0, 𝜏1, 𝜏2, …} such that 𝜏0 = 0, 𝜏𝑖 < 𝜏𝑖+1, 𝑖 = 0, 1, … ,.

Then, we need one more assumption as follows:

Assumption 3. There exists a positive number 𝜏 such that

𝜏𝑗+1 − 𝜏𝑗 ≥ 𝜏 for all 𝑗 = 0, 1, 2, … .

Remark 3.5. Assumption 3 is also used in [19] which deals

with the consensus with disturbance rejection problem of

multiple Euler–Lagrange systems. As pointed out in [19],

Assumption 3 is not restrictive, because it is satisfied auto-

matically if the switching signal 𝜎(𝑡) is periodic and all

𝑑𝑖 have finitely many discontinuities or are periodic with

infinitely many discontinuities.

Then we have the following main result.

Theorem 3.2. Under Assumptions 1 to 3, for any 𝜁𝑘(0) such

that none of Ω𝑘𝑖, 𝑘 = 1, 2, 3, 𝑖 = 1,… , 𝑛𝑘, in (3c) is equal to

zero, any (𝜂𝑘(0), 𝜉𝑘(0), 𝜃̂0𝑘(0)) ∈ ℝ2𝑛𝑘×ℝ2𝑛𝑘×ℝ𝑛𝑘 , and any

(Φ𝑖(0), 𝜃̂𝑖𝑘(0), 𝐹𝑖𝑘(0), 𝑣𝑖𝑘(0)) ∈ ℚ × ℝ𝑛𝑘 × ℝ1×2𝑛𝑘 × ℝ2𝑛𝑘 ,

𝑖 = 1,… ,𝑁, 𝑘 = 1, 2, 3,Problem1 is solvable by the distributed

control law composed of (44), (17), (23), and (25).

Proof. By Theorem 3.1, (24), (28), and (33) are all satis-

fied, which implies all conditions of Lemmas 3.4 and 3.5 are

satisfied. Thus we can directly use these two lemmas in the

following proof.

Consider the following Lyapunov function candidate for

the closed-loop system composed of (43b) and (44):

𝑉𝑖(Ω𝜖𝑖, Θ̃𝑖, 𝐷̃𝑖) =
1

2
Ω𝑇
𝜖𝑖
𝐽𝑖Ω𝜖𝑖 +

1

2
Θ̃𝑇
𝑖
Λ−1
𝑖
Θ̃𝑖 +

1

2
𝐷̃2
𝑖
, (45)

where Θ̃𝑖 = Θ̂𝑖 − Θ𝑖 and 𝐷̃𝑖 = 𝐷̂𝑖 −𝐷𝑖. Then, the derivative of

(45) along the solution of system (43b) satisfies

𝑉̇𝑖 = Ω𝑇
𝜖𝑖
𝐽𝑖Ω̇𝜖𝑖 + Θ̃𝑇

𝑖
Λ−1
𝑖

̇Θ̂𝑖 + 𝐷̃𝑖
̇𝐷̂𝑖

= Ω𝑇
𝜖𝑖
((−𝜔×

𝑖
L(𝜔𝑖) + L(𝜒𝑖))Θ𝑖 + 𝑢𝑖 + 𝑑𝑖 −𝑀Ω𝜖𝑖)

+ Θ̃𝑇
𝑖
Λ−1
𝑖
Λ𝑖(−𝜔

×
𝑖
L(𝜔𝑖) + L(𝜒𝑖))

𝑇Ω𝜖𝑖

+ 𝐷̃𝑖sign
𝑇(Ω𝜖𝑖)Ω𝜖𝑖
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= Ω𝑇
𝜖𝑖
(−𝜔×

𝑖
L(𝜔𝑖)Θ𝑖 + L(𝜒𝑖)Θ𝑖 − 𝑘2𝑖Ω𝜖𝑖

+𝜔×
𝑖
L(𝜔𝑖)Θ̂𝑖 − L(𝜒𝑖)Θ̂𝑖 − 𝐷̂𝑖sign(Ω𝜖𝑖) + 𝑑𝑖 −𝑀Ω𝜖𝑖)

+ Θ̃𝑇
𝑖
(−𝜔×

𝑖
L(𝜔𝑖) + L(𝜒𝑖))

𝑇Ω𝜖𝑖 + 𝐷̃𝑖sign
𝑇(Ω𝜖𝑖)Ω𝜖𝑖

= −𝑘2𝑖‖Ω𝜖𝑖‖
2 − ‖Ω𝜖𝑖‖𝐷̂𝑖 + Ω𝑇

𝜖𝑖
𝑑𝑖 − Ω𝑇

𝜖𝑖
𝑀Ω𝜖𝑖 + ‖Ω𝜖𝑖‖𝐷̃𝑖

≤ −𝑘2𝑖‖Ω𝜖𝑖‖
2 − ‖Ω𝜖𝑖‖𝐷̂𝑖 + ‖Ω𝜖𝑖‖𝐷𝑖 − Ω𝑇

𝜖𝑖
𝑀Ω𝜖𝑖 + ‖Ω𝜖𝑖‖𝐷̃𝑖

= −𝑘2𝑖Ω
𝑇
𝜖𝑖
Ω𝜖𝑖 − Ω𝑇

𝜖𝑖
𝑀Ω𝜖𝑖

≤ −𝑘2𝑖‖Ω𝜖𝑖‖
2 +

𝑘2𝑖

2
‖Ω𝜖𝑖‖

2 +
1

2𝑘2𝑖
‖𝑀Ω𝜖𝑖‖

2

= −
𝑘2𝑖

2
‖Ω𝜖𝑖‖

2 +
1

2𝑘2𝑖
‖𝑀Ω𝜖𝑖‖

2. (46)

By Remark 3.4, 𝑀Ω𝜖𝑖(𝑡) decays to zero exponentially. Thus,

there exists a positive constant 𝛼 such that, for all 𝑡 ≥ 0,

∫
𝑡
0

1

2𝑘2𝑖
‖𝑀Ω𝜖𝑖(𝜏)‖

2𝑑𝜏 < 𝛼. Thus, for all 𝑡 ≥ 0,

𝑉𝑖(𝑡) = 𝑉𝑖(0) + �
𝑡

0

𝑉̇𝑖(𝜏)𝑑𝜏,

≤ 𝑉𝑖(0) + �
𝑡

0

1

2𝑘2𝑖
‖𝑀Ω𝜖𝑖(𝜏)‖

2𝑑𝜏 − �
𝑡

0

𝑘2𝑖

2
‖Ω𝜖𝑖(𝜏)‖

2𝑑𝜏,

≤ 𝑉𝑖(0) + 𝛼 − �
𝑡

0

𝑘2𝑖

2
‖Ω𝜖𝑖(𝜏)‖

2𝑑𝜏,

≤ 𝑉𝑖(0) + 𝛼. (47)

Therefore, 𝑉𝑖(Ω𝜖𝑖, Θ̃𝑖, 𝐷̃𝑖) is bounded for all 𝑡 ≥ 0. As a result,

Ω𝜖𝑖, Θ̂𝑖, and 𝐷̂𝑖 are all bounded.

Let

Ψ𝑖(𝑡) = �
𝑡

0

𝑘2𝑖

2
Ω𝜖𝑖(𝜏)

𝑇𝐽𝑖Ω𝜖𝑖(𝜏)𝑑𝜏 (48)

and 𝜆max(𝐽𝑖) be the maximal eigenvalue of the inertia matrix

𝐽𝑖. Then, for all 𝑡 ≥ 0, from the last two inequalities of (47),

we have

Ψ𝑖(𝑡) = �
𝑡

0

𝑘2𝑖

2
Ω𝜖𝑖(𝜏)

𝑇𝐽𝑖Ω𝜖𝑖(𝜏)𝑑𝜏

≤ 𝜆max(𝐽𝑖)�
𝑡

0

𝑘2𝑖

2
‖Ω𝜖𝑖(𝜏)‖

2𝑑𝜏

≤ 𝜆max(𝐽𝑖)(𝑉𝑖(0) + 𝛼 − 𝑉𝑖(𝑡))

≤ 𝜆max(𝐽𝑖)(𝑉𝑖(0) + 𝛼). (49)

Since Ψ̇𝑖(𝑡) =
𝑘2𝑖
2
Ω𝜖𝑖(𝑡)

𝑇𝐽𝑖Ω𝜖𝑖(𝑡) ≥ 0, lim𝑡→∞Ψ𝑖(𝑡)

exists.

Moreover, we have

Ψ̈𝑖 = 𝑘2𝑖Ω
𝑇
𝜖𝑖
𝐽𝑖Ω̇𝜖𝑖

= 𝑘2𝑖Ω
𝑇
𝜖𝑖
(−𝜔×

𝑖
L(𝜔𝑖)Θ𝑖 + L(𝜒𝑖)Θ𝑖 + 𝑢𝑖 + 𝑑𝑖 −𝑀Ω𝜖𝑖)

= 𝑘2𝑖Ω
𝑇
𝜖𝑖
(−𝑘2𝑖Ω𝜖𝑖 + 𝜔×

𝑖
L(𝜔𝑖)Θ̃𝑖 − L(𝜒𝑖)Θ̃𝑖

− 𝐷̂𝑖sign(Ω𝜖𝑖) + 𝑑𝑖 −𝑀Ω𝜖𝑖)

= −𝑘2
2𝑖
‖Ω𝜖𝑖‖

2 + 𝑘2𝑖Ω
𝑇
𝜖𝑖
𝜔×
𝑖
L(𝜔𝑖)Θ̃𝑖 − 𝑘2𝑖Ω

𝑇
𝜖𝑖
L(𝜒𝑖)Θ̃𝑖

−𝑘2𝑖𝐷̂𝑖‖Ω𝜖𝑖‖ + 𝑘2𝑖Ω
𝑇
𝜖𝑖
𝑑𝑖 − 𝑘2𝑖Ω

𝑇
𝜖𝑖
𝑀Ω𝜖𝑖. (50)

Since the communication graph 𝒢𝜎(𝑡) is switching by

Assumption 2, Δ𝑖 defined in (37) is piecewise continuous. As

a result, from (36) and (40),𝑀Ω𝜖𝑖 is also piecewise continu-

ous. Since both𝑀Ω𝜖𝑖 and𝑑𝑖 in (50) are piecewise continuous,

Ψ̈𝑖 may be discontinuous at infinitely many points. There-

fore, we cannot invoke the Barbalat’s Lemma to conclude

lim𝑡→∞ Ψ̇𝑖(𝑡) = 0. Nevertheless, we can resort to the gener-

alized Barbalat’s Lemma as can be found from [13, Corollary

2.5]. For this purpose, we need to show that there exists a

time sequence {𝜏𝑗 ∶ 𝑗 = 0, 1, 2, … } and dwell time 𝜏 > 0 sat-

isfying 𝜏0 = 0, 𝜏𝑗+1 − 𝜏𝑗 ≥ 𝜏 > 0 for all 𝑗 = 0, 1, 2, … , such

thatΨ𝑖 satisfies the following:

(a) lim𝑡→∞Ψ𝑖(𝑡) exists and is finite.

(b) Ψ𝑖(𝑡) is twice differentiable on each time interval

[𝜏𝑗, 𝜏𝑗+1).

(c) Ψ̈𝑖(𝑡) is uniformly bounded over [0,∞).

We have verified condition (a). Since the discontinu-

ities are caused by the discontinuities of the switching graph

𝒢𝜎(𝑡) and the discontinuities of the external disturbances 𝑑𝑖,

by Assumption 3, Ψ𝑖(𝑡) also satisfies condition (b). We only

need to showthat Ψ̈𝑖(𝑡) is uniformlyboundedover [0,∞). For

this purpose, we need to show 𝜒𝑖 is bounded. To show this,

wewill first prove that 𝑞𝜖𝑖,𝜔𝜖𝑖,Π𝑖,Π
𝑑
𝑖
, and𝜔𝑖 are all bounded.

From (28c), 𝑞0 is a unit quaternion, and ‖𝑞𝜖𝑖(𝑡)‖ = ‖Φ𝑖
∗‖ by

Remark 3.3, we obtain 𝑞𝜖𝑖 and hence 𝑞̂𝜖𝑖 are bounded. Then,

with bounded 𝑞̂𝜖𝑖, we can obtain𝜔𝜖𝑖 are bounded from (38).

In addition, 𝜁𝑘 is bounded for 𝑘 = 1, 2, 3 by neutrally sta-

ble 𝑆𝑘(𝜃0𝑘), from which we know that both 𝜔0 and 𝜔̇0 are

bounded because 𝜔0𝑘 = c𝑘𝜁𝑘 and 𝜔̇0𝑘 = c𝑘𝑆𝑘(𝜃0𝑘)𝜁𝑘 from

(14c) and (14d). With bounded 𝜔0 and 𝜔̇0, from (28b) and

(33a), both Π𝑖 and Π
𝑑
𝑖
are bounded. Further, with bounded

𝑞𝜖𝑖, 𝜔𝜖𝑖, and Π𝑖, from (34a) we can obtain 𝜔𝑖 are bounded.

Thus, 𝑞𝜖𝑖,𝜔𝜖𝑖,Π𝑖,Π
𝑑
𝑖
, and𝜔𝑖 are all bounded. As a result, from

(42), 𝜒𝑖 are bounded. Now, since Ω𝜖𝑖,𝜔𝑖, 𝜒𝑖, Θ̃𝑖, 𝐷̂𝑖 are proved

to be bounded and𝑑𝑖 and𝑀Ω𝜖𝑖 are bounded byAssumption 1

and Remark 3.4 over [𝜏𝑗, 𝜏𝑗+1), we can further obtain Ψ̈𝑖 is

uniformly bounded over [0,∞) in the sense that there exists

a positive constant 𝐾 such that

sup
𝜏𝑗≤𝑡≤𝜏𝑗+1,𝑗=0,1,2,…

|Ψ̈𝑖(𝑡)| ≤ 𝐾, 𝑖 = 1,… ,𝑁. (51)

Thus, we can invoke the Generalized Barbalat’s Lemma

([13, Corollary 2.5]), which concludes Ψ̇𝑖(𝑡) → 0 as 𝑡 → ∞

andhence lim𝑡→∞ Ω𝜖𝑖(𝑡) = 0. Then fromLemma3.5,wehave

lim𝑡→∞ 𝑞̂𝜖𝑖(𝑡) = 0 and lim𝑡→∞ 𝜔̂𝜖𝑖(𝑡) = 0. Finally, (7) follows

from Lemma 3.4.
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4. A Numerical Example

In this section, we evaluate our approach by a group of four

rigid body systems. The unknown nominal inertial matrices

are as follows:

𝐽1 = 𝐽2 = �

0.729

0.54675

0.625

� kg ⋅m2,

𝐽3 = 𝐽4 = �

0.3645

0.2734

0.3125

� kg ⋅m2.

(52)

The unknown external disturbances 𝑑𝑖 are given as follows:

𝑑𝑖(𝑡) = �

𝐷1𝑖 sin(𝑡)

𝐷2𝑖 cos(𝑡)

𝐷3𝑖square(𝑡)

� , 𝑖 = 1, 2, 3, 4, (53)

where 𝐷1𝑖, 𝐷2𝑖, 𝐷3𝑖 are unknown positive constants, and

square(𝑡) = �
1, 𝑡 ∈ [2𝑘𝜋, (2𝑘 + 1)𝜋),

−1, 𝑡 ∈ [(2𝑘 + 1)𝜋, 2(𝑘 + 1)𝜋)
, 𝑘 ∈ ℤ.

(54)

It can be verified that 𝑑𝑖, 𝑖 = 1, 2, 3, 4, satisfy Assumption 1,

and in the simulation we set 𝐷1𝑖 = 𝐷2𝑖 = 𝐷3𝑖 = 1.

The desired angular velocity is as follows:

𝜔0(𝑡) = �

Ω11 sin(𝜓011𝑡 + 𝜎11)

Ω21 sin(𝜓021𝑡 + 𝜎21)

Ω31 sin(𝜓031𝑡 + 𝜎31)

� rad/s. (55)

Thus, for 𝑘 = 1, 2, 3, 𝑛𝑘 = 1, 𝜃0𝑘1 = 𝜓2
0𝑘1

, and 𝑆𝑘(𝜃0𝑘) in

(14c) have the following form:

𝑆1(𝜃01) = �
0 1

−𝜃011 0
� , 𝑆2(𝜃02) = �

0 1

−𝜃021 0
� ,

𝑆3(𝜃03) = �
0 1

−𝜃031 0
� .

(56)

The switching signal is as follows:

𝜎(𝑡) =

⎧
⎪

⎨
⎪
⎩

1 if 0.4𝑠 ≤ 𝑡 < 0.4𝑠 + 0.1,

2 if 0.4𝑠 + 0.1 ≤ 𝑡 < 0.4𝑠 + 0.2,

3 if 0.4𝑠 + 0.2 ≤ 𝑡 < 0.4𝑠 + 0.3,

4 if 0.4𝑠 + 0.3 ≤ 𝑡 < 0.4𝑠 + 0.4,

(57)

where 𝑠 = 0, 1, 2, …. The communication graph given by the

switching signal is shown in Fig. 1.

It can be verified that Assumption 2 is satisfied.

Thus, by Theorem 3.2, Problem 1 can be solved by the

control law composed of (44), (17), (23), and (25).

Fig. 1. The communication graph 𝒢𝜎(𝑡) determined by the switching sig-

nal (57).

Fig. 2. The response of (𝑣̂𝑘,𝑗 − 𝜁𝑘,𝑗) under exponentially convergent esti-

mator (17).

Fig. 3. The response of 𝜃̂0𝑘1 under exponentially convergent estimator

(17).

For 𝑘=1, 2, 3, in (17), d𝑘, are set to col(3, 2) to make

the system matrix D𝑘 Hurwitz, and the positive constant

𝛾𝑘 is set to 1000. For 𝑖 = 1,… ,𝑁 and 𝑘=1, 2, 3, the control

gains in (25) and (23) are selected to be 𝜇Φ=1, 𝜇𝐹𝑘=5,
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Fig. 4. The response of (Φ𝑖1(𝑡) − Φ01(𝑡)) of the adaptive distributed

observer (25).

Fig. 5. The response of (Φ𝑖2(𝑡) − Φ02(𝑡)) of the adaptive distributed

observer (25).

Fig. 6. The response of (Φ𝑖3(𝑡) − Φ03(𝑡)) of the adaptive distributed

observer (25).

𝜇1𝑘=0.8, 𝜇2𝑘 = 3. In (42) and (44), we set 𝑘1𝑖 = 0.3 and

𝑘2𝑖 = 0.1, and Λ𝑖 are set as Λ𝑖 = 𝐼6.

For thepurpose of simulation, for𝑘 = 1, 2, 3, letΩ𝑘1 = 1

and 𝜎𝑘1 = 0, and let 𝜓011 = 1, 𝜓021 = 0.5 and 𝜓031 = 2.

Also, for 𝑖 = 1, 2, 3, 4 and 𝑘 = 1, 2, 3, the initial conditions

are randomly chosen as follows:

Θ̂1(0) = col(0.6, 0.5, 0.6, 0, 0, 0),

Fig. 7. The response of 𝐹̃𝑖1,1 of the adaptive distributed observer (25).

Fig. 8. The response of 𝐹̃𝑖2,1 of the adaptive distributed observer (25).

Fig. 9. The response of 𝐹̃𝑖3,1 of the adaptive distributed observer (25).

Θ̂2(0) = col(0.6, 0.5, 0.6, 0, 0, 0),

Θ̂3(0) = col(0.3, 0.2, 0.3, 0, 0, 0),

Θ̂4(0) = col(0.3, 0.2, 0.3, 0, 0, 0),

𝐷̂1(0) = 0.8, 𝐷̂2(0) = 0.8,

𝐷̂3(0) = 0.8, 𝐷̂4(0) = 0.8,

𝑞0(0) = col(0, 0, 0, 1),
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Fig. 10. The response of (𝜃̂𝑖11(𝑡) − 𝜃011(𝑡)) of the adaptive distributed

observer (23).

Fig. 11. The response of (𝜃̂𝑖21(𝑡) − 𝜃021(𝑡)) of the adaptive distributed

observer (23).

Fig. 12. The response of (𝜃̂𝑖31(𝑡) − 𝜃031(𝑡)) of the adaptive distributed

observer (23).

𝑞1(0) = col �sin
𝜋

8
, 0, 0, cos

𝜋

8
� ,

𝑞2(0) = col �0, sin
𝜋

6
, 0, cos

𝜋

6
� ,

𝑞3(0) = col �0, 0, sin
𝜋

4
, cos

𝜋

4
� ,

𝑞4(0) = col(1, 0, 0, 0),

𝜔𝑖(0) = col(0.8, 0.8, 0.8), 𝜂𝑘(0) = col(0, 0),

Fig. 13. The response of (𝑣𝑖1,1(𝑡) − 𝜁1,1(𝑡)) of the adaptive distributed

observer (23).

Fig. 14. The response of (𝑣𝑖1,2(𝑡) − 𝜁1,2(𝑡)) of the adaptive distributed

observer (23).

Fig. 15. The response of (𝑣𝑖2,1(𝑡) − 𝜁2,1(𝑡)) of the adaptive distributed

observer (23).

𝜉𝑘(0) = col(0, 0), 𝜃̂0𝑘1(0) = 0.5,

Φ𝑖(0) = col(0, 0, 0, 1), 𝜃̂𝑖11(0) = 1.2,

𝜃̂𝑖21(0) = 0.2, 𝜃̂𝑖31(0) = 3.8,

𝑣𝑖(0) = col(0, 1.5, 0, 2, 0, 1.5),

𝐹𝑖1(0) = [1.2 0], 𝐹𝑖2(0) = [0.8 0], 𝐹𝑖3(0) = [1.3 0].

(58)
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Fig. 16. The response of (𝑣𝑖2,2(𝑡) − 𝜁2,2(𝑡)) of the adaptive distributed

observer (23).

Fig. 17. The response of (𝑣𝑖3,1(𝑡) − 𝜁3,1(𝑡)) of the adaptive distributed

observer (23).

Fig. 18. The response of (𝑣𝑖3,2(𝑡) − 𝜁3,2(𝑡)) of the adaptive distributed

observer (23).

Let us first evaluate the performance of the exponen-

tially convergent estimator (17). Let 𝑣̂𝑘,𝑗 and 𝜁𝑘,𝑗 represent

the 𝑗th element of 𝑣̂𝑘 and 𝜁𝑘, respectively for 𝑘 = 1, 2, 3,

where 𝑣̂𝑘(𝑡) is given in (17d). Then the time responses of

(𝑣̂𝑘,𝑗−𝜁𝑘,𝑗) and 𝜃̂0𝑘1 for 𝑘 = 1, 2, 3 are shown in Figs. 2 and 3,

respectively.

From Fig. 2, we can see that all the estimated errors of

𝜁𝑘, 𝑘 = 1, 2, 3, converge to zero asymptotically. From Fig. 3,

Fig. 19. The response of 𝑞𝑒𝑖,1(𝑡) under the control law (44).

Fig. 20. The response of 𝑞𝑒𝑖,2(𝑡) under the control law (44).

Fig. 21. The response of 𝑞𝑒𝑖,3(𝑡) under the control law (44).

we can see that lim𝑡→∞ 𝜃̂011 = 1, lim𝑡→∞ 𝜃̂021 = 0.25, and

lim𝑡→∞ 𝜃̂031 = 4. Thus, we can identify that the unknown

frequencies are 𝜓011 = �𝜃011 = 1, 𝜓021 = �𝜃021 = 0.5, and

𝜓031 = �𝜃031 = 2.

To evaluate the performance of the adaptive distributed

observer (25) and (23), letΦ𝑖,𝑗, 𝑣𝑖𝑘,𝑗, and 𝐹̃𝑖𝑘,𝑗 be the 𝑗th ele-

ment of Φ𝑖, 𝑣𝑖𝑘, and 𝐹̃𝑖𝑘, respectively. Figures 4–6 show the
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Fig. 22. The response ofఠ೐೔,భ(௧) under the control law (44).

Fig. 23. The response ofఠ೐೔,మ(௧) under the control law (44).

Fig. 24. The response ofఠ೐೔,య(௧) under the control law (44).

time response of (Φ௜(ݐ) − Φ଴(ݐ)), Figs. 7–9 show the time
response of .(ݐ)௜௞,ଵܨ̃ Since ௜௞,ଶ(0)ܨ̃ = 0 for all ݅ = 1,… ,ܰ and
݇ = 1, 2, 3, (ݐ)௜௞,ଶܨ̃ = 0 for all ݐ ≥ 0 are not shown here.
Figures 10–12 show the time response of ((ݐ)଴௞ଵߠ−(ݐ)௜௞ଵߠ̂)
for ݇ = 1, 2, 3, and Figs. 13–18 show the time response of(ݒ௜௞(ݐ)−ߞ௞(ݐ)) for ݇ = 1, 2, 3. As expected, the adaptive dis-
tributed observer performs satisfactorily.

Finally, we evaluate the performance of our overall con-
trol law composed of (44), (17), (23), and (25). Let ௘௜,௝ݍ
and ߱௘௜,௝ be the ݆th element of ௘௜ݍ and ߱௘௜, respectively. The

tracking errors of the attitude are shown in Figs. 19–21,
and the tracking errors of the angular velocity are shown in
Figs. 22–24.

It is observed that all tracking errors of the closed-loop
system converge to zero asymptotically.

5. Conclusions

This paper has studied the leader-following attitude consen-
suswith disturbance rejectionproblemofmultiple uncertain
rigid body systemswith an uncertain leader over jointly con-
nected switchingnetworks. To address this problem,wehave
developed an adaptive distributed observer-based feedback
control law for uncertain leader systems. Our proposed con-
trol law only relies on the output of the leader system for the
angular velocities and is able to reject any bounded external
disturbances with unknown bounds.
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