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Existing results on the leader-following consensus problem for multiple uncertain rigid body systems with an uncertain leader are limited
to acyclic switching networks and require full availability of the leader’s angular velocity states. In this paper, by leveraging an adaptive
distributed observer for the uncertain leader system, we solve the leader-following consensus problem for multiple rigid body systems
with an uncertain leader over jointly connected switching networks, which may be disconnected at any instant. Furthermore, the proposed
control law depends only on the output of the leader system for the angular velocity and is robust to bounded external disturbances with
unknown bounds. A numerical example is provided to demonstrate the effectiveness of the proposed design.
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us

1. Introduction Early solutions to the leader-follower consensus prob-

lem of multiple rigid body systems, such as those in [10]
The attitude consensus problem for multi-agent rigid body and [11], relied on each follower having direct access to the
systems has been widely studied. This problem can be clas-  leader’s state, which resulted in a centralized control law. A
sified into two categories. In leaderless consensus, the objec- distributed control law, however, permits each follower to
tive is to design control laws such that the attitudes of all rigid use only its own information and that of its immediate neigh-
body agents asymptotically synchronize with one another  bors. Various attempts have been made to design distributed
[1-5]. In contrast, leader-following consensus requires all  control laws to achieve the leader-follower consensus for

agents’ attitudes to converge to a desired trajectory gener- multiple rigid body systems in, for example, [6-9].

ated by a leader system [6-9]. The leader-following consen- An effective framework for designing distributed con-
sus problem is considered more challenging and practically  trol laws in multi-agent cooperative control is the distributed
relevant because it allows explicit specification of the collec-  observer approach, first introduced in [12] for the cooper-
tive asymptotic behavior. ative output regulation problem. This approach proceeds in

three steps: (i) construct a distributed observer that esti-
mates the leader’s state (and possibly its system matrix)

Received 1 November 2025; Accepted 28 December 2025; Published over the communication network; (ii) design a local control
28]January 2026. This paper was recommended for publication in its revised

form by Special Issue Editors, Jie Chen, Ben M Chen, and Zongli Lin. law for each follower as§ur_r11ng full knowledge of the leader;
Email Address: *jhuang@mae.cuhk.edu.hk (iii) replace the leader’s information in the local control
*Corresponding author. law with its distributed estimate. Since 2012, distributed

643



644 C. Peng &]J. Huang

observers have evolved through three main stages. In the
first stage, the distributed observer only estimated all states
of the leader, and assumed that all followers could access the
dynamics of the leader. In the second stage, the distributed
observer was enhanced to be able to estimate both the states
and dynamics of the leader. Such a distributed observer is
called the adaptive distributed observer. In the third stage,
efforts have been made to further render the distributed
observer the capability of dealing with an uncertain leader
system. Such a distributed observer is called the adaptive dis-
tributed observer for an uncertain leader system. A compre-
hensive survey of these developments can be found in [13],
and a most recent result on the adaptive distributed observer
for an uncertain leader system was given in [14].

Progress on the leader-following attitude consensus
problem for rigid body systems has closely paralleled
advances in distributed observers. The first distributed
solution appeared in [7], but assumed a known leader
with known dynamics and a static, connected communica-
tion graph. Subsequent works progressively relaxed these
assumptions by leveraging more sophisticated observers.
For example, [9] studied the leader-following consensus
problem of multiple uncertain rigid body systems over
jointly connected networks by utilizing adaptive distributed
observer. For the scenario similar to that of [9], Ref. [15]
further considered the disturbance rejection problem for
any bounded disturbances with unknown bounds. Refer-
ence [16] studied the leader-following consensus problem
of multiple uncertain rigid body systems for an uncertain
leader over acyclic and every time connected switching net-
works. Further details are provided in [13, Chap. 6].

Despite these advances, existing results still exhibit two
notable limitations: (i) they require undirected communica-
tion among followers, and (ii) they impose restrictive topo-
logical conditions (e.g. acyclic connected switching graphs).
To overcome these limitations, this paper employs the recent
adaptive distributed observer proposed in [14], which relies
solely on the leader’s output, to address our problem. The
resulting control law solves the leader-following attitude
consensus problem with disturbance rejection for multiple
uncertain rigid body systems and offers the following key
advantages:

(1) It handles a broader class of uncertain leader systems.

(2) Itoperates over general jointly connected switching net-
works (without requiring acyclicity).

(3) Itrejectsarbitrary bounded disturbances with unknown
bounds.

This paper is arranged as follows. Section 2 presents
preliminaries and the problem formulation. In Sec. 3, we
design an adaptive-distributed-observer-based control law
and establish its effectiveness for the leader-following
attitude consensus problem with disturbance rejection.

Section 4 provides a numerical example to validate the pro-
posed approach. Conclusions are drawn in Sec. 5.

Notation and Terminology. @ denotes the Kronecker prod-
uct of matrices. 1, denotes an N dimensional column vector
whose components are all 1. 0 represents a zero vector with
compatible dimensions. ||x|| denotes the Euclidean norm of
vector x and ||A|| denotes the induced 2-norm of matrix A.
Forx; € R™,i = 1,..,m,col(xy, ..., X%,,) = [x],...,x]]". For
x = col(xy, x5, x3) € R3, x* is defined by

0 —x3 x
=lx3 0  —x,
—X, X 0

which satisfies x*xT = 0.

A quaternion ¢ € R* is expressed by ¢ = col(g, §),
where § € R3 is the vector part and ¢ € R is the scalar part.
The quaternion set is denoted by Q, and the quaternion iden-
tity is denoted by q; = co0l(0,0,0,1) € Q. Besides, the con-
jugate of q is denoted by ¢* = col(—§, ), and the product
of two quaternions is denoted by q; © q; = [qiq%jq;’f_qz;gixqj],
where ¢,q;,q; € Q. It can also be verified that q Ol q =
O q=gqand (q; ©q))" = q; © q;. Itis also noted that
the quaternion multiplication does not satisfy the commuta-
tive rule, but satisfies the distributive and associative rules.
Moreover, a quaternion g € Q is a unit quaternion if it sat-
isfies ||gq]] = 1, and the set of unit quaternions is denoted
by Q,,. When q is a unit quaternion, it can be verified that its
inverse g7t = q*.

Some operators are defined as follows:

Q(x) = col(x,0), x€R? (1a)
C@) =" -4"Dl5+249" — 249", q€Q  (1b)
x, 0 0 0 x3 x
Lx)=10 x, 0 x3 0 x4
0 0 x3 x, x; O
for x = col(xy, x5, x3), (1c)
1, x>0
sgn(x) =<0, x=0 foranyx €R. (1d)
-1, x<0

A function ¢ : [0,0) — R" is said to be piecewise
continuous if it has at most countable discontinuous points
denoted by ¢, t;,ty, ..., satisfying t;.;, — t; = t for some
dwell timet > Oandi = 0,1, .., and is continuous from
the right at discontinuous points. A special case of a piece-
wise continuous function is the piecewise constant function
o [0,0) > P = {1,2,..,n,} where n, is some positive
integer such that, fori = 1,...,N, t; < t < t;,, witht; = 0,
o(t) = rforsomer € P.



2. Preliminaries and Problem Formulation

Like in [7] and [15], we describe the attitude kinematics and
dynamics of multiple rigid-body systems as follows:

q; = %Qi © Q(wy),

(2a)

(2b)

wherei = 1, ...,N; q; € Q, is the attitude of the body frame
relative to the inertial frame represented by unit quaternion;
w; € R3 is the angular velocity of the body frame relative
to the inertial frame;u; € R3 denotes the control input of
the ith rigid body system; d; € R3? denotes the external
disturbances; J; € R3*® denotes the inertial matrix of the
ith rigid-body system and is positive definite. It should be
pointed out that q;, w;, u;, d;, and J; are all expressed in the
body frame, and the external disturbances d; satisfy the fol-
lowing assumption:

Assumption1. Fori = 1,..,N,d; : [0,0) » R3isa
piecewise continuous bounded time-varying function with
the bound unknown, i.e. ||d;(t)|l, < D; for some unknown
positive number D;.

The target system relative to the inertial frame is

expressed as follows:
. 1
4o = E% O Q(wy), (3a)

(3b)

col(wpy, Wz, Wo3),

Wy

193
wox = ani sin(Wouit + 0x), k=123, (30)
i=1

where n,, € N*, Q,; and ,,; are positive unknown con-
stants, 0 < 0; < T, q, € Q, and w, € R? are the
desired attitude and angular velocity of the target system’s
fixed body frame relative to the inertial frame, and w,, rep-
resents the component of w, on the axis k. As in [7] and
[15], we view system (2) and (3) as a multi-agent system
with N 4+ 1 agents. Subsystem (3) represents the leader, and
subsystems (2) represent N followers. Let o(t) be a piece-
wise constant signal. Then, the communication network for
systems (2) and (3) is described by a time-varying digraph
Goy = WV, Egpy) withV = {0,1, ..., N}and &) SV X Vfor
all t = 0. Node 0 is associated with the leader system (14)
and nodes i,i = 1, ..., N, are associated with the ith subsys-
tem of system (2).Fori =0,1,...,N,j=1,..,N,i #j,(i,j) €
Es(p) if and only if u; can use the information of agent i for
control at time instant ¢. The neighbor set of agent i at time
t is denoted by V;(t) = { : (j,i) € &)} The weighted
adjacency matrix of a graph G, ) is denoted by a nonneg-

ative matrix A,y = [al-]-(t)]?"jzo € RWHDXN+D) where
a;;(t) =0.Fori,j=0,12,..,Nandi # j, a;;(t) > Oifand

only if (j, i) € &, and a;;(t) = 0 if otherwise.
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We assume the digraph satisfies the following so-called
jointly connected condition.

Assumption 2. There exists a subsequence {j, k =
0,1,2,..}of { : j=0,1,2,..} with tj, = 0 and s — Lir <
T, for some positive constant T, such that the union graph
Utje[tjk_tij) ga(tj) contains a spanning tree with node 0 as
the root.

According to [9, 17, 18], the errors of attitude and
the angular velocity of followers relative to the leader are
defined as follows:

(4a)
(4b)

Gei = q5 " O q
ei = W; — C(qe) W,

where q,; € Q, and w,; € R®. Then the error dynamics is as
follows [7] and [15]:

w

ot = 561 © Qaey), (52)
Jiwe; = —w Jjw; + J{(0;,C(qe) 0o
—C(Gewo) +u; +d;. (5b)

We consider the distributed control law of the following
form: fori =1, ...,N,

u; = fi(qp w;, 24, @), (6a)
;i = gi(pp 9, J € N; (1)), (6b)
z; = hy(q;, w;, 2, ¢;), (6¢)

where ¢; is the state of the distributed observer that will be
specified later, z; is the state of the adaptive control law, and
£i(), 9;(*), h;(-) are globally defined nonlinear functions to be
designed.

The leader-following consensus with disturbance rejec-
tion problem for multiple uncertain rigid body systems is
described as follows:

Problem 1. Given systems (2), (3), and a switching com-
munication graph G, ), design a distributed state feedback
control law of the form (6) such that, for any initial con-
dition q4(0) € Q,, any q;(0) € Q,, any w;(0), and any
©;(0),i = 1,..., N, the solution of the closed-loop system exists
and satisfies

lim 3,;(£) = 0, lim w;(t) = 0 (7)
fori=1,..,N.

3. Main Result

In this section, we will present our main result. For this pur-

pose, we first construct an exponentially convergent estima-
tor for the uncertain angular velocities (3c).
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3.1. Exponentially convergent estimator

To deal with the uncertain angular velocities (3¢), we need to
make use of the adaptive distributed observer for unknown
leader system developed in [14]. For this purpose, we will
derive an exosystem that can produce the unknown angular
velocities woy, k = 1,2, 3. Let Oy, = col(Ogyq, -, Opin, ) » k =
1,2, 3, be such that

N
1_[(52 + o) = ST 4 Oy 8P 4+ O, . (8)
i=1

Then, it can be verified that, for k = 1,2, 3, w;(t) satisfies
the following equation:

d?™e gy (t) A" Dy, (1)
Taew T gameny T Born-1
d? Wy (t)
d(;z + goknkak =0, k= 1,2,3. (9)

Fork =1,2,3, let

dwoi(t) d*wer(t)  d*™ Loy, (t) !

Now we can define the following leader system:

qo = %qo O Q(wyp), (14a)
wy = col(wpy, Woz, Wo3), (14b)
$i(0) = S0 8 (), (14¢)
wo = G (), k=1,2,3, (14d)

which is in the same form as that in [7] and [15] except that
the matrices S;(6,,) contain unknown parameters.

Remark 3.1. The relationship between the initial condi-

tions of {; and g, (0) is as follows:

0, (0) = B0 (0), k=1,2,3, (15)
where
Nk
Z Qi sin(ay,;)
i=1
Nk
QyiPoki cos(oy;)
i=1
0r(0) = Ck , (16)
_Qkilpoki Sin(o-ki)
i=1
N
D D ot cos(or)
i=1 i

Since the pair (¢, S, (6,;)) is in the standard observable
canonical form, with y, := wg,, k = 1,2, 3, we can directly
apply the exponentially convergent estimator for the leader
system (12) given by [14] as follows: for k = 1,2, 3,

Q= | @or — ¢ dt? dt?m—1 (10)
and
1
0 1
Oor1 0 1
0 Ook1 0
0k1
0 1
Ook(n;—1) 0 0 1
0 Ookn-1y 0 Oorr 0 1]
(11)

Then, it can be verified that w;, can be generated by the fol-
lowing autonomous system:

$e(®) = SOk (B),  wo = G (t), k =1,2,3,

(12)

where the pair (¢, S; (o)) is in the following observable
canonical form:

Sk(Box) = A — col(0, 6yy1, 0, g2, -, 0, e, )€ (133)
¢ =[1 0 0] € RP?™, (13b)
A= 0 Tna € R2M*2Mk, (13¢c)

0 0

M (£) = Dy () + gy (0), (17a)
£e() = Dy&ie(t) — by (t), (17b)
éOk(t) = Vb () G (t) = % (0), (17¢)
0 (£) = M () + Ex(DBox (1), (17d)

where 1,,(t) € R?™%,&,(t) € R¥™, 8, (t) € R™,D,(t) €

Ran
b, = [0 0 1]7 € R, (18)
d, € R?™ is such that the matrix
D, := A — dic; € R¥M*2M (19)

is Hurwitz, y, is any positive constant, Z,(t) € R " ig

defined as

Ek(t) = [Di(nk_l)fk(t) Di(nk_z)

£ (D) -+ D2E (D) §(0)]

(20)



¢, (t) € R™ isdefined as ¢y (t) := (¢, Ex(t))T,and P, (t) € R
is defined as

P 1= e (8) + dF ()01 (D). (21)

System (17) is called the exponentially convergent estimator
for the leader system (12) because of the following result:

Lemma 3.1 ([14, Proposition 1]). Suppose that {;,(0), k =
1,2, 3, given by (14c) is such that none of Q;, i = 1,..,ny,
in (3c) is equal to zero. Then, for any (n;,(0), £,.(0), 90k(0)) €
R?™ x R?™ x R™, k = 1,2, 3, the solution of (17) exists over
[0, ) and satisfies

tli_{g(éOk(t) —6) =0, (22a)
gLn;(ﬁk(t) -§(@) =0 (22b)

both exponentially.

Remark 3.2. Similarto [14, Remark 5], the assumption that
(,(0) is such that none of Q;;, k = 1,2,3,i = 1,..,n
in (3c) is equal to zero is not material. In fact, if, for some
J» Qj = 0, then the mode corresponding to (1 ; is not
excited. In this case, we only need to remove the components

Qyj sin(oy jt + oy;) in (3c¢).

Based on [14, Lemma 3.1] presented the following dis-

tributed dynamic compensator: for i = 1,..,N, and k =
1,2,3,
N
Bue(®) = e ) a(O@je(® — (), (233)
j=0
N
Uik () = Sk (B ()) vy (8) + MZkZ a;;(t)
j=0

X (Ve (1) — v (), (23b)

where 0, (t) = col (B (), -, By, (1)) € R™, v (£) € R,

Vo (t) = D, (t), and u,;, and p,, are positive constants.
Then, we have the following result:

Lemma 3.2 ([14, Theorem 1]). Under Assumption 2, for
any ,(0) such that none of Qy;, k = 1,2,3,i = 1,..,n,
in (3c) is equal to zero, and for any (1,,(0), £, (0), 90k(0)) €
R2™ x R2™ x R™, and any (6;;,(0), v;;,(0)) € R™ x R?™, i =
1,..,N,k =1, 2,3, the solutions of the dynamic compensator
(23) exist over [0, o) and satisfy

lim (8;4.(£) = Box) = 0, (24a)
lim (v,,(8) = (1) = 0 (24b)

both exponentially.
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3.2. The output-based adaptive distributed
observer for multiple rigid body systems

To construct an adaptive distributed observer to estimate the
known leader (17) for the multiple rigid body systems, we
further present a dynamic compensator as follows: for i =
1,..,Nk=1,23,

N
b= 30,0 QU + 1o Y a(O(®; =B, (253)
J=
N
Fi = tpy Z a;; () (Fjx — Fi), (25b)
j=0

where @; € Q, F;,, € RV?™, &, = q,, For, = €, tiry and lg
are positive constants. Also, let

F;
F= E, € R3%27
Fis
e,
Fy = c, € R3*21, (26)
C3
e )
v; = [v;, | € R#"
| Vi3
withnn =n; +n, + nz,and
I; = F, (27)

Lemma 3.3. Under Assumption 2, for any initial conditions
(9;(0),11;(0), F(0)) € Q x R® x RV?™,i =1,..,N, k =
1,2, 3, the solutions of the dynamic compensator (25) satisfy

1im (Fye(6) = Foe(8)) = Oz (28a)
lim (T1,(6) - wy(8)) = 0, (28b)
lim (&;(¢) — go(£)) = 0 (28¢)

exponentially.

Proof. LetF;,(t) = F;(t)—F,,(t) and denote the following
compact form:

£ &
=] R |er™ o=|glemn
~iB 53
_901 éil
0, = [652| ER™, 8;=|6,,| e R,
_903 éi3
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51 (601) o
I= IRZT[XZTL'

53 (903)

S(6,) = S2(8o2)

S, (6:1)
€ RZﬁXZﬁ.

S6) = S,(0:2)

S3(6;3)

(29)

Then (28a) can be directly obtained from [13, Theorem 4.8].
On the other hand, we have

II; — wy = Fy; — K. (30)
Thus, (28a) and (24b) imply (28b). Finally, by [13, Corollary
6.1], (28b) implies (28c). O
Next, let
né¢ = £S@)v,. (31)
Then,
M — @y = FES@)v; — KS(6,)S, (32a)
N
=1 = = Y ay(OF - Py,
j=0

N
~W:F ) ay (O = v, (32b)
j=o0

where uyp = diag(upy, Uz, Up3) and p, = diag(pyy, Hyz, Hp3)-
Substituting (22) and (28a) into (32) gives the following

corollary of Lemma 3.3.

Corollary 3.1. Under Assumption 2, for any initial conditions
(F(0),v;(0),6;(0)),i =1,...,N,

lim (TT7() — @ (£)) = 0, (33a)
lim (117(£) = 11,(8)) = 0. (33b)

Lemmas 3.2 and 3.3 imply the following result.

Theorem 3.1. Under Assumption 2, for any {,(0) such that
noneof O, k = 1,2,3,i = 1,...,ny, in (3c) is equal to zero,
any (1(0),&,(0),8,,(0)) € R*™ x R2™ x R™, and any
(0:x(0), v1(0), ®;(0), Fy.(0)) € R™ x R*™ x Q x R,
i =1,..,N, k = 1,2,3, the solutions of the adaptive dis-
tributed observer (23) and (25) exist over [0, ) and satisfy
(24) and (28), respectively.

For this reason, we call the composition of the two
dynamic compensators (23) and (25) the output-based
adaptive distributed observer for the multiple rigid body
systems.

3.3. Estimated error dynamics

To obtain a distributed control law, like in [7], replacing q,
and wy in (4) by their estimates ®; and I1; gives the following
estimated tracking errors: fori = 1, ..., N,

9dei = ®;" O q;
we; = w; — C(qe)TL;

(34a)
(34b)

Remark 3.3. As explained in [13, Remark 6.6], for i =
1,...,N, since ||q;(¢)]| = 1 forall t = 0, we have ||q;(D)|| =
19" © q;(Oll = 19" |lllq; (Ol = [|;"|| for all £ = 0. Then,
due to ||qo(t)|] = 1forallt = 0, we can obtain lim,_,,
llge;(®)l] = 1 exponentially from the fact that ||g.;(t)|| =
||®;"|| forall t = 0 and equation (28c).

By [15, Remark 7], we have the following quite obvious
result.

Lemma 3.4. If the solutions of the adaptive distributed
observer (23) and (25) satisfy (24) and (28), respectively,
then 1im, o, (4ei(t) = Goi(®) = 0 and lim,_g,(0ei(6) —
Wi (t)) = 0, exponentially.

Next, it can be verified that the dynamics of the esti-
mated tracking errors is governed by the following sys-
tem [15]:

1

Gei = zqei O Q(we) + qui' (35a)
Ji0ei = —w]Jjw; + J;wC(qe)T;
_]ic(Qei)H;i + u; + di - Mwei' (35b)
where
1 ¥
qui = E(q;—i‘ki - 1)Q(Hi) © Gei + Ai o q; (363)
Mce; = ZEIeiquiIS - ZQJiquiIB + Zqui‘AI;ri
+ Zf?eiM;d - Zqui‘?;(i - ZQEL'M(;EV (36b)
Me; = JiMceiTl; + J;€(q ) (01, — I (36¢)
and
N
8 = to ) ay(®)(@; = B, (37)
j=0
which decays to zero exponentially from (28c).
Further, let
Qi = Wi + kyiGep, (38)

where k,; > 0. Then (35) is transformed to the following:

. 1
Aei = qui O Qlwe) + qui' (39a)



‘ X a, ki .
JiQei =i weiC(Qei)Hi - C(Qei)ni + T(qeiIB

+szl-)wei) — wJjw; + u; +d; — Mg, (39b)

where
Maei = Myei — liiqui' (40)

Remark 3.4. It follows from Eq. (28b) that, for i =
1,...,N, I1;(t) are uniformly bounded over [0, ), and from
Remark 3.3 that lim;_,, ||q.;(t)|| = 1 exponentially. Hence
M,;(t) are uniformly bounded and converge to zero expo-
nentially. As a result M,;(t), M, (t), Mq.;(t) are all uni-
formly bounded over [0, o) and decay to zero exponentially.

By [13, Lemma 6.2], system (39a) satisfies the following
interesting property.

Lemma 3.5. Consider system (39a), where q.;(t) € Q, and
wg(t) € R3 and Mg (t) € Q are both piecewise con-
tinuous in t and uniformly bounded over [0, ). Suppose
lime L 19Ol = 1 and lim,_,,, Mye; = 0. Then if (38) sat-
isfieslim,_, o, Q.;(t) = 0, the solution of (39a) is bounded and
is such that lim,_,, 4.;(t) = 0 and hence lim,_,,, w.;(t) = 0.

As aresult, in what follows, it suffices to stabilize (39b).

3.4. Solution of Problem 1

Eq. (39b) is an uncertain nonlinear system involving the
uncertain inertia matrix J; and the uncertain disturbance
d;. To handle J;, like in [15], we introduce a linear operator
L(-) as defined in (1c). It can be verified that for any x =
col(xy, x,, x3) € R3, J;x = L(x)0;, where

Gi = COl(]in’]izz’]i33’]i23’]i13’]i12)’ (41)

and ]imn' m,n = 1,2, 3, are the mth row and nth column of J;.
Let

ki, s
Xi = 0L = CADTT + = (Feils + ) wer

(42)
Then (39) can be written as follows:
. 1
Qei = qui O] Q(wei) + qui' (433)
Jile; = (o L(wy) + L(x))O; + u; + d; — Mg (43b)

To handle the unknown external disturbances, let
sign(x) = col(sgn(x;), sgn(x,), sgn(x3)) for any x = col(x,,
X,, X3) € R3.

Now, based on the estimation of q,, w,, and w,, an
estimation-based adaptive control law is given as follows:

w; = —kyQe; + (W L(w)) — L(x)0; — D;sign(Qy,),
(44a)
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0; = Aj(—wXL(w) + L)) Qs (44b)

D;=sign”"(Q. )% i=1,..,N, (44c)
where k,; > 0, A; € R®*® are positive definite matrices, ©; €
R® are the estimates of ®;, and D; € R are the estimates of D;.

To deal with the discontinuity caused by the switch-
ing graph G, ;) and the piecewise continuous disturbances
d;(t), let us note that, by the definition of the piecewise
continuous/constant function, the union U of the switching
instants of the switching signal ¢(t) and all discontinuous
points of d;(t) is countable. Denote the elements of U by
U = {15,71, 7Ty, ..}suchthatzy, = 0,7; < 7544, 0 = 0,1, ...
Then, we need one more assumption as follows:

Assumption 3. There exists a positive number 7 such that
Tjpp — T 2 tforallj =0,1,2,...

Remark 3.5. Assumption 3 is also used in [19] which deals
with the consensus with disturbance rejection problem of
multiple Euler-Lagrange systems. As pointed out in [19],
Assumption 3 is not restrictive, because it is satisfied auto-
matically if the switching signal o(t) is periodic and all
d; have finitely many discontinuities or are periodic with
infinitely many discontinuities.

Then we have the following main result.

Theorem 3.2. Under Assumptions 1 to 3, for any ;. (0) such
that none of O, k = 1,2,3,i = 1,...,n, in (3c) is equal to
zero, any (1,,(0), £,(0), 8,,(0)) € R¥™ x R?™ x R™, and any
(@,(0), 0.(0), F;y (0), 135, (0)) € @ x R™ x R2Me x R?™,
i=1,..,Nk=1,2,3,Problem 1issolvable by the distributed
control law composed of (44), (17), (23), and (25).

Proof. By Theorem 3.1, (24), (28), and (33) are all satis-
fied, which implies all conditions of Lemmas 3.4 and 3.5 are
satisfied. Thus we can directly use these two lemmas in the
following proof.

Consider the following Lyapunov function candidate for
the closed-loop system composed of (43b) and (44):

- 1 Tar, 9~ 1=
V(Q., 0, D) = EQ;. Qi + E@fAi 19, + EDf, (45)

where 8, = 0, — 0, and D; = D, — D;. Then, the derivative of
(45) along the solution of system (43b) satisfies

Vi = Q’; iQEI: + (:)TAl_lél + Diﬁl’
= 07 ((~w[L(@) + L())®; + u; + d; — Moy)
+ 07 A7 A (—w L(w) + L)) Qg

+ DiSignT (Qei)QEi
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= O, (—0L(@)0; + L(x)0; — k0
+ ] L(w)®; — L(x)0; — Dysign(Qe)) + d; — Moy
+ 0] (0 L(w) + L)) Q; + Dysign” (Qe) Qg

= —kyllQeill* — 1Q11D; + O%d; — QL Mo + [1611D;

< —kyl1Q%ll* = 1961ID; + 191ID; — QF Mo + 11911D;

= —kzl-ﬂiiﬂa - 'Q:iMQei

ky; 1
< —kgllQgll* + TLHQei”z + WZI_”MQei”Z
ky; 1
= _TL”Qei”Z + %IIMQH-IIZ- (46)

By Remark 3.4, M, ;(t) decays to zero exponentially. Thus,
there exists a positive constant a such that, for allt > 0,
J§ 5= IMge;(D||Pd7 < @. Thus, forall t > 0,

21

t .
V() = (0) + f Vi(o)dr,
0
t 1 ) thi 2
< V(0) + f LMo 2dr - f %20, (0)|dr,
0 2k2i 0o 2

< t k2i 2
sVO) +a- S = 12a@l*dz,

< V(0) +a. (47)

Therefore, V;(Q;, ©;, D;) is bounded for all t > 0. As a result,
Q¢;, 04, and D; are all bounded.
Let

€i’

20 = [ B0 a@dr  (9)

and A,,,,(J;) be the maximal eigenvalue of the inertia matrix
Ji- Then, for all t = 0, from the last two inequalities of (47),
we have

Pi() = fot %Qei(T)T]iQei(T)dT

t k..

< A ) | 20O

< ﬂmain)(VE(O) ta— Vl(t))

< lmax(]i)(vz(o) + (X). (49)

. : kyi .
Since W;(t) = TZQEL-(t)T]iQEi(t) > 0, lim,_,, ¥;(t)
exists.
Moreover, we have

lpi = kzl'Q:i iQei

= kziﬂzi(_wixl‘(wi)@i +L(x)0; +u; +d; — Mg,)

kZiQ:i(_kZiQei + ‘UiXL(wi)éi - L(x)0;
— D;sign(Qg) + d; — Mo
—kZ 1196117 + kp QT 0XL(w;)®; — kO L(x)O;

€l i

— ko Dill Qg |l + kpu QT d; — kp QT M. (50)

20%%gi™1 21%%¢q

Since the communication graph G,y is switching by
Assumption 2, A; defined in (37) is piecewise continuous. As
a result, from (36) and (40), M., is also piecewise continu-
ous. Since both M,; and d; in (50) are piecewise continuous,
¥; may be discontinuous at infinitely many points. There-
fore, we cannot invoke the Barbalat’s Lemma to conclude
lim,_,, W;(t) = 0. Nevertheless, we can resort to the gener-
alized Barbalat’s Lemma as can be found from [13, Corollary
2.5]. For this purpose, we need to show that there exists a
time sequence {z; : j = 0,1,2,...} and dwell time 7 > 0 sat-
isfying t, = 0, Tigg —T; 2T > 0forallj =0,1,2,.., such
that ¥; satisfies the following:

(@) lim,_, ., W;(t) exists and is finite.

(b) W;(t) is twice differentiable on each time interval
[7)) Tjs)-

(c) ¥;(t) is uniformly bounded over [0, o).

We have verified condition (a). Since the discontinu-
ities are caused by the discontinuities of the switching graph
Go () and the discontinuities of the external disturbances d;,
by Assumption 3, W;(t) also satisfies condition (b). We only
need to show that ¥;(t) is uniformly bounded over [0, o). For
this purpose, we need to show y; is bounded. To show this,
we will first prove that q;, w;, I1;, Hf, and w; are all bounded.
From (28c), q, is a unit quaternion, and ||q.;(®)|| = ||P;"|| by
Remark 3.3, we obtain gq.; and hence §; are bounded. Then,
with bounded §,;, we can obtain w,; are bounded from (38).
In addition, ¢, is bounded for k = 1,2, 3 by neutrally sta-
ble S, (6ox), from which we know that both w, and @, are
bounded because wgy;, = ¢}, and Wy, = €S, (0r){; from
(14c) and (14d). With bounded w, and w,, from (28b) and
(33a), both II; and Hl‘.i are bounded. Further, with bounded
Gei» Wei, and I1;, from (34a) we can obtain w; are bounded.
Thus, q.;, we;, 1, l'[l‘.i, and w; are all bounded. As a result, from
(42), x; are bounded. Now, since Q.;, w;, X;, @)i, ﬁi are proved
to be bounded and d; and M, ; are bounded by Assumption 1
and Remark 3.4 over [7;,7;,1), we can further obtain P, is
uniformly bounded over [0, o) in the sense that there exists
a positive constant K such that

sup |¥,(0)] <K,

TijST]‘+1,j=O,1,2,...

i=1,.,N. (51

Thus, we can invoke the Generalized Barbalat’s Lemma
([13, Corollary 2.5]), which concludes W;(t) - O ast — o
and hencelim;_,,, Q.;(t) = 0.Then from Lemma 3.5, we have
lim;_, G¢;(t) = 0and lim,_,,, &;(t) = 0. Finally, (7) follows
from Lemma 3.4. O



4. A Numerical Example

In this section, we evaluate our approach by a group of four
rigid body systems. The unknown nominal inertial matrices
are as follows:

[0.729

0.54675 2

kg - m*~,
0.625

]1 =]2 =

i (52)
0.3645

kg - m2.

0.3125

Jo=Jy = 0.2734

The unknown external disturbances d; are given as follows:
D,; sin(t)
D, cos(t) |,

Ds;square(t)

dy(t) = i=1,234, (53)

where D,;, D,;, D; are unknown positive constants, and

1, t € [2km, 2k + D),
square(t) = , k€L
-1, te[k+ Dm 2(k+ 1)m)
(54)
It can be verified that d;, i = 1,2, 3, 4, satisfy Assumption 1,
and in the simulation we set D;; = D,; = D5; = 1.
The desired angular velocity is as follows:

Qqq sin(Poq1t + 011)
Wy (1) = |Qyq sin(Py, 1t + 054) | rad/s. (55)
Q31 sin(YPo3,t + 031)

Thus, for k = 1,2,3,n, = 1, Oy = P2, and S (6, in
(14c) have the following form:

5,0 )—[ 0 1] 5,0 )—[ 0 1]
1001 —6y,, O 2\Vp2 —6y,, O]’

0 1
S3(6p3) = [ ]

—0p31 O
(56)
The switching signal is as follows:
1 if04s<t<04s+0.1,
if04s4+0.1<t<04s+0.2,
a(t) = (57)

2
3 if04s+02<t<04s+0.3,
4 if045+03<t<04s+04,

where s = 0,1, 2, .... The communication graph given by the
switching signal is shown in Fig. 1.

It can be verified that Assumption 2 is satisfied.

Thus, by Theorem 3.2, Problem 1 can be solved by the
control law composed of (44), (17), (23), and (25).
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Fig. 1. The communication graph G4, determined by the switching sig-
nal (57).

1 (011() = C11(1)) |
(D12(t) — C12(2))
(D2.1(t) = G2 (1))
05F (D22(t) — Ca2()) |
(B31(t) — Gaa(t))
(932(t) — G32(1))
0 N T~ N —
05} i
1 . ! ! ! !
0 2 4 6 8 10 12

time [s]

Fig. 2. The response of (ﬁk']- — {k,j) under exponentially convergent esti-
mator (17).

4 |
3 |- 4
2 |- 4
1k
0 _ -
4l — 9}111(0 ]
—_— 9}121 (t)

27 BOo31(t) 1
-3 L L L L I

0 2 4 6 8 10 12

time [s]

Fig. 3. The response of éok1 under exponentially convergent estimator
7.

For k=1,2,3, in (17), d, are set to col(3,2) to make
the system matrix D, Hurwitz, and the positive constant
¥y is set to 1000. For i=1, ..., N and k=1, 2, 3, the control
gains in (25) and (23) are selected to be pug =1, pp, =5,
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0.4
0.2 1
0
—_—(P11(t) — Ppa(t))
0.2 === (D91 (t) — @0a(t) | T
= = (®31(t) — Do,(t))
oal MM e (Paa(t) — @oa(t)) | |
0.6 ' I I L L I L -
0 10 20 30 40 50 60 70 80

time [s]

Fig. 4. The response of (®;;(t) — ®,,(t)) of the adaptive distributed
observer (25).

15 T T
N —— (212(t) — Po2(t))
| 1 === (Dg(t) — Poa(t)) | |
F = = (232(t) — Pop(t))
........ (@15(t) — Boalt)
05 ]
0
05| ]
1%
! 0 10 20 30 40 50 60 70 80

time [s]

Fig. 5. The response of (®;,(t) — ®,,(t)) of the adaptive distributed
observer (25).

0.2

— (213(t) — Dos(t)) | 1
———= (D23(2) — Po(t))
-_— (<I>33(t) - 4)0,3(75)) i
........ (Pa3(t) — @os(t))| |
20 50 60 70 8

time [s]

Fig. 6. The response of (®;3(t) — ®(3(t)) of the adaptive distributed
observer (25).

U1k = 0.8,y = 3.1In (42) and (44), we set k;; = 0.3 and
k,; = 0.1,and A; are setas A; = I,

For the purpose of simulation, fork = 1,2,3,let(;; = 1
and g, = 0,and let y;; = 1, Py = 0.5 and Yy5, = 2.
Also, fori = 1,2,3,4 and k = 1,2, 3, the initial conditions
are randomly chosen as follows:

6,(0) = c0l(0.6,0.5,0.6,0,0,0),

0.15 T
I*-\ — Fa(t)
Y === Fy,(t)
C I R = = Fna()|]
!ﬁ-—l\ :: ........ F4111(t)
0.05 i i
] (LS ;7 N
s \
, | A e nas,
PR
0 SRS e s
\‘ 'q =1
-0.05 L L L L
0 1 2 3 5

time [s]

Fig. 7. The response of ﬁi1,1 of the adaptive distributed observer (25).

0.05 T
— Fa(®)
II' "‘\ l'_\ _-_-Iz‘QQYl(t)
N I AT A = = P
l I ‘:.. o .-,- L S — F4211(t)
T
-0.05 “ "I HERV
e
FR
-0.1 *‘. /'
(W
if
)
-0.15 ‘ ‘ ! ‘
0 1 2 3 5
time [s]

Fig.8. The response of Fiz,l of the adaptive distributed observer (25).

0.25 T
: — Fi31(¢)
0.2 I\ —-—=Fya(t) |
HY = = F(t)
0.15 = 1 [ | | Fyz(t)
| PO
0.1 [ v
f.' ! A\
0.05 War M
i Vo Sl
Ly
0 T A e~
9
S s
0.05 ‘ ‘ ‘ ‘
0 1 2 3 5

time [s]

Fig.9. The response of Fi; ; of the adaptive distributed observer (25).

0,(0) = c0l(0.6,0.5,0.6,0,0,0),
05(0) = c0l(0.3,0.2,0.3,0,0,0),
0,(0) = ¢0l1(0.3,0.2,0.3,0,0,0),
b,(0) =08, D,(0)=08,
D,(0) =08, D,(0)=08,
q,(0) = c0l(0,0,0,1),




041 —(9:1 (t) — onr(t)) |7
——— (Qzll(t) Bo11(t))

0.2 - = (€311(t) Bo11(t)) |1
- D N T (gm(t) 9011(t)

3‘0 4‘0 5‘0 6‘0 7‘0 80

time [s]

Fig. 10. The response of (81, (t) — 6414 (t)) of the adaptive distributed
observer (23).

— O () — b1 (1) | |
==== (0 (t) = bon (1)) | |
= = (Bau(t) = bou(t)) | |
........ (Bun(t) — B0 (1) | |
30 40 50 60 70 80
time [s]
Fig. 11. The response of (éi21(t) — 09,1 (1)) of the adaptive distributed
observer (23).
— (s (t) = O (1)) | |
=== (01(t) — oz (1))
= = (O3 (t) — oz (1))
"""" (B3 () — Bos (1)) |
40 50 60 70 80
time [s]
Fig. 12. The response of (B3, (t) — By, (t)) of the adaptive distributed
observer (23).
s s
0) = col( = 0,0,cos—>,
q:(0) = g’ 3
T s
0) = col (O, sin =, 0, cos —),
q,(0) 6 6

q3(0) = col (0, 0, sin %,cos %),
q4(0) = col(1,0,0,0),

;(0) = c0l1(0.8,0.8,0.8), n4(0) = col(0,0),
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0.8 T
(Uu 1(t) = G11(9)
0.6+ —===(va11(t) — C1.1(¥)) |
= = (va1(t) — ¢11(?))
o4 e (Va1 (t) = Cua(®)) |4
0.2 = )
0
-0.2 1
-04 ! L L L L L L L
0 10 20 30 40 50 60 70 80

time [s]

Fig. 13. The response of (v;;4(t) — {;1(£)) of the adaptive distributed
observer (23).

0.8

v11, 2(75) —C12(t))

(
0.6 ———— (’U21 Q(t) - Cl,Z(t)) |
o = = (va12(t) — Gr2(t)) ||
........ (1)41 z(t) - Cl,?(t))
0.2 |
0

-0.2 |
0.4 |
0.6 ‘ ‘ ‘ ‘ ‘

30 40 50 €0 7 %

time [s]

Fig. 14. The response of (v;;,(t) — {;,(£)) of the adaptive distributed

observer (23).
(v12 1(t) = Caa(t))
—=—= (va2,1(t) — C2,1(t)) |1
= = (v321(t) — C2a(t))
........ (va21(t) — G20 (2)) |
20 50 0 70 8

time [s]

Fig. 15. The response of (v;,4(t)
observer (23).

— {,1(t)) of the adaptive distributed

&,(0) = col(0,0), Byr1(0) =0.5,

®;(0) = 01(0,0,0,1), 6,1,(0) = 1.2,
0,,,(0) = 0.2, 6;3,(0) =38,

v;(0) = c0l(0,1.5,0,2,0,1.5),

Fa(0)=[12 0], F,(0)=[08 0], Fs(0)=[13 0]

(58)
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(’1)12 Q(t) CZ Z(t))
=== (U22(t) — C22(t))
= = (vs22(t) — C22(t))
........ (vaga(t) — Caa(t))

1 Il L 1 Il
30 40 50 60 70 80
time [s]

Fig. 16. The response of (v;,,(t) — {;,(t)) of the adaptive distributed
observer (23).

(vi31(t) — Gsa(t))
=== (v331(t) — G1(¢))
= = (vs31(t) — Ga(t)
........ (vaz1(t) — G31(t))

30 40 50 60 70 80
time [s]

Fig. 17. The response of (v;3,(t) — {34(t)) of the adaptive distributed

observer (23).
(Ulgﬁg(t) - 43,2(75)) B
— (’Ugg;(t) - C&Z(t))
= = (v2(t) — Gat) |1
........ (vis2(t) — G2(1)) | |
0 40 50 0 0 %0

time [s]

Fig. 18. The response of (v;3,(t)
observer (23).

— {3(t)) of the adaptive distributed

Let us first evaluate the performance of the exponen-
tially convergent estimator (17). Let 7 ; and {; ; represent
the jth element of ¥, and (), respectively for k = 1,2,3,
where 7, (t) is given in (17d). Then the time responses of
(D, — Sk, j) and Bop1 for k = 1,2,3 are shown in Figs. 2 and 3,
respectively.

From Fig. 2, we can see that all the estimated errors of
(i, k = 1,2,3, converge to zero asymptotically. From Fig. 3,

L 1 Il Il
40 50 60 70 80
time [s]

Fig. 19. Theresponse of q,; 4 (t) under the control law (44).

1 | | | | | | |
0 10 20 30 40 50 60 70 80

time [s]

Fig. 20. The response of q,; ,(t) under the control law (44).

40 50 60 70 80
time [s]

Fig. 21.

The response of q,; ;(t) under the control law (44).

we can see that lim,_,o, 85, = 1, lim,_, 6p,; = 0.25, and
lim;_, 8931 = 4. Thus, we can identify that the unknown

frequencies are Yy, = /0g11 = 1, ¥Yy21 = +/6p21 = 0.5, and
Yoz1 = /0031 = 2.

To evaluate the performance of the adaptive distributed
observer (25) and (23), let @, ;, vy ;, and Fk] be the jth ele-
ment of ®;, vy, and F,, respectively. Figures 4-6 show the



20 30 40 50 60 70 80
time [s]

Fig. 22. The response of w,; ; (t) under the control law (44).

40 50 60 70 80
time [s]

Fig. 23. The response of w,; ,(t) under the control law (44).

| | | | |
0 10 20 30 40 50 60 70 80
time [s]

Fig. 24. The response of w,; 3(t) under the control law (44).

ne response of (®;(t) — P, (t)), Figs. 7-9 show the time
sponse of F; ; (t). Since F,; ,(0) = 0 foralli = 1,...,N and

= 1,2,3, F,(t) = 0forallt = 0 are not shown here.
sures 10-12 show the time response of (0,1 (£) — By (t))
r k = 1,2,3, and Figs. 13-18 show the time response of
i (®) — (1)) for k = 1,2, 3. As expected, the adaptive dis-

¥ 2

D & Rl A S

5. Conclusions

This paper has studied the leader-following attitude conse
sus with disturbance rejection problem of multiple uncerta
rigid body systems with an uncertain leader over jointly co
nected switching networks. To address this problem, we ha
developed an adaptive distributed observer-based feedba
control law for uncertain leader systems. Our proposed co
trol law only relies on the output of the leader system for t!
angular velocities and is able to reject any bounded exterr
disturbances with unknown bounds.
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