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This paper addresses the event-triggered feedback optimization problem for a class of nonlinear systems in strict-feedback form with
dynamic uncertainties. The system has access to real-time gradients of the objective function along its output trajectory, which is a milder
requirement than having access to the objective function’s analytical form. By employing backstepping and gain assignment techniques, two
event-triggeredmechanisms and a feedback optimization protocol are developed that construct the closed-loop system as a feedback inter-
connection ofmultiple Input-to-State Stable (ISS) subsystems. The small-gain theorem is applied to guarantee closed-loop stability, ensuring
that the proposed protocol drives the system output to the optimal solution while excluding Zeno behavior. We further relax the uncer-
tain system dynamics to allow nonvanishing terms at the equilibrium point and bounds given by nonlinear functions involving unknown
parameters. Unlike existing small-gain methods for event-triggered control, the proposed approach avoids constructing set-valued maps
and incorporates the optimization objective into the small-gain analysis. The effectiveness of the approach is demonstrated through its
application to a source-seeking problem.
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1. Introduction

Uncertain nonlinear systems are widely used to model real-
world dynamics such as vehicles, robots, electrical circuits,
and oscillators. Addressing the challenges posed by nonlin-
earities and uncertainties is central to analyzing and con-
trolling such systems [1–3], particularly when the system
involves multiple subsystems [4–9] and high-order uncer-
tain dynamics [10, 11]. The nonlinear small-gain theorem
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[12, 13] provides a powerful method to handle these dif-
ϐiculties. Its key insight is that a feedback interconnection
of two Input-to-State Stable (ISS) subsystems [14] remains
ISS if the loop gain is smaller than the identity function.
Compared with other analytical tools, it avoids constructing
Lyapunov functions for the overall closed-loop system and
can address both internal Lyapunov stability and external
input-output stability. Over the past decades, the theorem
has been extended to Lyapunov-function formulations [15],
systems with saturation constraints [16], discrete-time [17]
and hybrid dynamics [18], and ϐinite-time convergence set-
tings [19, 20]. It has also been successfully applied to
controller design for stabilization of nonholonomic sys-
tems [21], consensus of multi-agent systems [22], safety
assurance of mobile agents [23], and prescribed-time regu-
lation of disturbed nonlinear systems [24].
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A recent research trend in uncertain nonlinear systems

is feedback optimization, which aims to steer a plant toward

the optimal solution of an optimization problem using real-

time gradient information. This approach eliminates the

need for offline computation of the optimizer [25–27]. Since

the optimization protocol and the physical system are inher-

ently interconnected, neglecting this coupling may lead to

closed-loop instability [28]. To ensure the stability of the

interconnection, related results have been established for

single nonlinear systems [26,29,30], aswell as for linear [25,

31–33] and nonlinear [27,34,35] multi-agent systems.

However, all these approaches require continuous

access to both the plant state and the real-time gradi-

ent, which can incur significant computational, communica-

tion, and actuation costs. To mitigate these demands, event-

triggered feedback optimization protocols have been studied

for single linear systems [36] and for linear [37] and non-

linear [38] multi-agent systems. In particular, [38] proposed

an adaptive dynamic event-triggereddistributedprotocol for

nonlinear agents with parametric uncertainties. To the best

of our knowledge, however, event-triggered feedback opti-

mization for nonlinear systems with dynamic uncertainties

has not yet been addressed.

This paper proposes a small-gain-based approach to

solve the event-triggered feedback optimization problem for

uncertain nonlinear systems in strict-feedback form. The

objective function is assumed to satisfy a monotonicity con-

dition with a Lipschitz-continuous gradient. By exploiting

the system state and real-time gradient information along

the output trajectory, two event-triggered mechanisms and

a feedback optimization protocol are developed to form the

closed-loop system as a feedback interconnection of multi-

ple ISS subsystems. The small-gain theorem is employed to

establish sufficient conditions ensuring closed-loop stability

and convergence of the system output to the optimal solu-

tion, while excluding Zeno behavior, i.e. ensuring that no infi-

nite number of triggering times occurs within any finite time

interval. To demonstrate the systematic nature and broader

applicability of the proposed small-gain method, we also

show how the controller design can be extended to more

general classes of systems, including those with nonvanish-

ing nonlinearities and unknown parameters. Furthermore,

unlike previous small-gain methods for event-triggered sta-

bilization of nonlinear systems with dynamic [39] and para-

metric [40] uncertainties or nonholonomic constraints [41,

42], the present approach avoids constructing set-valued

maps and explicitly incorporates the optimization objective

into the small-gain analysis.

The remainder of this paper is organized as follows.

Section 2 presents the necessary preliminaries. Section 3

formulates the event-triggered feedback optimization prob-

lem. Section 4 develops the protocol design methodology.

Section 5 demonstrates the effectiveness of the proposed

approach through a source-seeking example. Section 6 con-

cludes the paper.

2. Preliminaries

2.1. Notations

In this paper, 𝒩 = {1, 2, … , 𝑛}. ℝ+ and ℤ+ denote the set of

all non-negative real numbers and integers, respectively. ℝ𝑚

represents the 𝑚-dimensional Euclidean space. Id denotes

the identity function. For a vector 𝑥 ∈ ℝ𝑚, |𝑥| denotes its
Euclidean norm. For a measurable and locally essentially

bounded signal 𝑦 ∶ ℝ+ → ℝ𝑚, its infinity norm is defined as

‖𝑦‖∞ = sup𝑡≥0 |𝑦(𝑡)|. For a vector 𝑥 ∈ ℝ𝑚 and continuously

differentiable functions 𝑐 ∶ ℝ𝑚 → ℝ and 𝛼 ∶ ℝ𝑚 → ℝ𝑚,

∇𝑐(𝑥) and 𝜕𝛼(𝑥)
𝜕𝑥

denote their gradient and Jacobian matrix

at 𝑥, respectively. A function 𝑓 ∶ ℝ+ → ℝ+ belongs to class 𝒦,

denoted as 𝑓 ∈ 𝒦, if 𝑓(0) = 0 and 𝑓 is continuous and

strictly increasing. It belongs to class 𝒦∞ if 𝑓 ∈ 𝒦 and

lim𝑡→∞ 𝑓(𝑡) = ∞. A function𝛽 ∶ ℝ+×ℝ+ → ℝ+ is of class𝒦ℒ
if 𝛽(𝑠, 𝑡) ∈ 𝒦 for any fixed 𝑡 ≥ 0 and 𝛽(𝑠, 𝑡) is decreasing
in 𝑡 with lim𝑡→∞ 𝛽(𝑠, 𝑡) = 0 for each fixed 𝑠 ≥ 0. For func-
tions 𝑔, ℎ ∶ ℝ+ → ℝ+, 𝑔 ∘ ℎ denotes their composition, i.e.

𝑔 ∘ ℎ(𝜏) = 𝑔(ℎ(𝜏)) for 𝜏 ∈ ℝ+.

2.2. Small-gain theory

Consider the nonlinear system

̇𝑥 = 𝑓(𝑥, 𝑑), (1)

where 𝑥 ∈ ℝ𝑞 is the state, 𝑑 ∈ ℝ𝑝 is the input, and 𝑓 ∶ ℝ𝑞 ×ℝ𝑝

is locally Lipschitz and satisfies 𝑓(0, 0) = 0.
The system (1) is said to be ISS [14, 43] with 𝑥 as the

state and 𝑑 as the input, if there exist functions 𝛽 ∈ 𝒦ℒ and

𝛾 ∈ 𝒦 ∪ {0} such that for any 𝑥(0) ∈ ℝ𝑞 and any measurable

and locally essentially bounded 𝑑,

|𝑥(𝑡)| ≤ max{𝛽(|𝑥(0)|, 𝑡), 𝛾(‖𝑑‖∞)}, (2)

for all 𝑡 ∈ ℝ+. The function 𝛾 is called the ISS gain of (1). For

the system, if lim𝑡→∞ 𝑑(𝑡) = 0, then lim𝑡→∞ 𝑥(𝑡) = 0.
We now recall the cyclic small-gain theorem [43, 44],

which generalizes the original two-subsystem result in [12]

to large-scale systems with multiple subsystems.

Theorem 2.1 (Cyclic-Small-Gain Theorem). Consider a

large-scale system composed of 𝑛 subsystems whose 𝑗th sub-

system dynamics are

̇𝑥𝑗 = 𝑓𝑗(𝑥, 𝑑𝑗), (3)

where 𝑥 = [𝑥𝑇
1 , … , 𝑥𝑇

𝑛]𝑇 ∈ ℝ𝑞 is the state with 𝑥𝑗 ∈ ℝ𝑞𝑗, 𝑑 =
[𝑑𝑇

1 , … , 𝑑𝑇
𝑛]𝑇 ∈ ℝ𝑝 is the input with 𝑑𝑗 ∈ ℝ𝑝𝑗, and 𝑓𝑗 ∶ ℝ𝑞𝑗 ×

ℝ𝑝𝑗 is locally Lipschitz and satisfies 𝑓𝑗(0, 0) = 0 for 𝑗 ∈ 𝒩.
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Suppose that each 𝑥𝑗-subsystem is ISS with 𝑥𝑗 as the state, 𝑥𝑖’s

(𝑖 ∈ 𝒩 \{𝑗}) and 𝑑𝑗 as the inputs, and 𝛾𝑖
𝑗 ∈ 𝒦 ∪ {0} and

𝛾𝑑𝑗
𝑗 ∈ 𝒦 ∪ {0} as the ISS gains, i.e.

|𝑥𝑗(𝑡)| ≤ max
𝑖∈𝒩 \{𝑗}

{𝛽𝑗(|𝑥𝑗(0)|, 𝑡), 𝛾𝑖
𝑗(‖𝑥𝑖‖∞), 𝛾𝑑𝑗

𝑗 (‖𝑑𝑗‖∞)},

(4)

for some 𝛽𝑗 ∈ 𝒦ℒ and all 𝑡 ∈ ℝ+. Then, the large-scale system
is ISS with 𝑥 as the state and 𝑑 as the input if for every simple

loop 𝑗1 → 𝑗2 → … → 𝑗𝑠 → 𝑗1 (𝑗𝑖 ≠ 𝑗𝑘 if 𝑖 ≠ 𝑘) in the

interconnection, the following small-gain condition holds

𝛾𝑗𝑠
𝑗1

∘ 𝛾𝑗𝑠−1
𝑗𝑠

∘ ⋯ ∘ 𝛾𝑗2
𝑗3

∘ 𝛾𝑗1
𝑗2

< Id. (5)

3. Problem Formulation

Consider the uncertain nonlinear system

̇𝑥1 = 𝑥2 + 𝑓1(𝑥1, 𝑑1), (6a)

̇𝑥𝑗 = 𝑥𝑗+1 + 𝑓𝑗(𝑥1, … , 𝑥𝑗, 𝑑𝑗), 𝑗 = 2, … , 𝑛 − 1, (6b)

̇𝑥𝑛 = 𝑢 + 𝑓𝑛(𝑥1, … , 𝑥𝑛, 𝑑𝑛), (6c)

𝑦 = 𝑥1, (6d)

where 𝑥 = [𝑥𝑇
1 , … , 𝑥𝑇

𝑛]𝑇 is the state with 𝑥𝑗 ∈ ℝ𝑚 for 𝑗 ∈ 𝒩,

𝑑 = [𝑑𝑇
1 , … , 𝑑𝑇

𝑛]𝑇 is the unknown time-varying disturbance

with 𝑑𝑗 ∈ ℝ𝑝𝑗 for 𝑗 ∈ 𝒩, 𝑢 ∈ ℝ𝑚 is the control input, and

𝑦 ∈ ℝ𝑚 is the output. For 𝑗 = 1, … , 𝑛, 𝑓𝑗 ∶ ℝ𝑚 × ⋯ × ℝ𝑚 ×
ℝ𝑝𝑗 → ℝ𝑚 is an unknown locally Lipschitz function.

A continuously differentiable function 𝑐 ∶ ℝ𝑚 → ℝ is

used to evaluate the output 𝑦, and the system performance

improves as 𝑐(𝑦) decreases. We suppose that the optimiza-

tion problem

min
𝑦

𝑐(𝑦), (7)

has a unique optimal solution 𝑦∗ = argmin𝑦 𝑐(𝑦).
The objective of this paper is to design an event-

triggered feedback optimization protocol that generates the

control input 𝑢, such that for any initial state 𝑥(0) ∈ ℝ𝑛𝑚, the

system output converges to the optimizer, i.e.

lim
𝑡→∞

𝑦(𝑡) = argmin
𝑦

𝑐(𝑦). (8)

The event-triggered feedback optimization protocol consists

of two components: (i) two event-triggeredmechanisms that

determine the time sets {𝑡𝑘 ∶ 𝑘 ∈ ℤ+} and {𝑡𝑘 ∶ 𝑘 ∈ ℤ+} and

(ii) a feedback optimization protocol that uses the sampled

data ∇𝑐(𝑦(𝑡𝑘)) and 𝑥(𝑡𝑘) to achieve (8). Between consecu-

tive events, zero-order holders maintain the sampled values,

yielding the piecewise-constant signals 𝑥𝑠 ∶ ℝ+ → ℝ𝑛𝑚 and

∇𝑐(𝑦𝑠) ∶ ℝ+ → ℝ𝑚 defined by 𝑥𝑠(𝑡) = 𝑥(𝑡𝑘) for 𝑡∈ [𝑡𝑘, 𝑡𝑘+1)
and ∇𝑐(𝑦𝑠(𝑡)) = ∇𝑐(𝑦(𝑡𝑘)) for 𝑡 ∈ [𝑡𝑘, 𝑡𝑘+1).

Remark 3.1. As discussed in [25–27], assume the availabil-

ity of the real-time, output-dependent gradient ∇𝑐(𝑦) is less
restrictive than requiring explicit knowledgeof the analytical

form of the mapping ∇𝑐 ∶ ℝ𝑚 → ℝ𝑚. Additionally, the two

triggering mechanisms are motivated by distinct objectives:

the gradient-triggered mechanism focuses on optimization

accuracy, whereas the state-triggeredmechanism prioritizes

tracking performance.

The following assumptions are adopted for the system

dynamics and the objective function.

Assumption 3.2. The function 𝑓1 is identically zero, i.e.

𝑓1(𝑥1, 𝑑1) = 0 for all 𝑥1 ∈ ℝ𝑚 and 𝑑1 ∈ ℝ𝑝1 . For each

𝑗 = 2, … , 𝑛, there exist functions 𝜓𝑗𝑏 ∈ 𝒦∞ for 𝑏 = 2, … , 𝑗,
which are linearly bounded near the origin and continuously

differentiable on (0, ∞), such that

|𝑓𝑗(𝑥1, … , 𝑥𝑗, 𝑑𝑗)| ≤
𝑗

∑
𝑏=2

𝜓𝑗𝑏(|𝑥𝑏|),

for all [𝑥𝑇
1 , … , 𝑥𝑇

𝑗 ]𝑇 ∈ ℝ𝑗𝑚 and 𝑑𝑗 ∈ ℝ𝑝𝑗 .

Assumption 3.3. The function 𝑐 satisfies the following

strong monotonicity condition at the minimum point 𝑦∗:

(𝑦 − 𝑦∗)𝑇(∇𝑐(𝑦) − ∇𝑐(𝑦∗)) ≥ 𝜔|𝑦 − 𝑦∗|2, (9)

with 𝜔 being a positive constant. Additionally, the gradient

∇𝑐 is 𝜗-Lipschitz with constant 𝜗 > 0, i.e., for any 𝑦, ̂𝑦 ∈ ℝ𝑚,

|∇𝑐(𝑦) − ∇𝑐( ̂𝑦)| ≤ 𝜗|𝑦 − ̂𝑦|. (10)

Remark 3.4. Under Assumption 3.2, 𝑓𝑗(𝑥1, 0, … , 0, 𝑑𝑗) = 0
holds for all𝑥1 ∈ ℝ𝑚, 𝑑𝑗 ∈ ℝ𝑝𝑗 , and 𝑗 = 1, … , 𝑛. As illustrated
in Sec. 5, many robotic systems satisfy this property [45].

Relaxations of this assumption to more general cases will be

discussed in Sec. 4.3. Assumption3.3 is commonly adopted in

feedback optimization studies [25–27,46]. The strongmono-

tonicity condition (9) [38] is more general than strong con-

vexity and, in particular, does not require the function to be

convex.

4. Design of Event-Triggered Feedback

Optimization Protocols

Following the framework of feedback optimization [25–27],

we design a class of feedback optimization protocols in the

form of

̇𝑟 = −𝜌∇𝑐(𝑦𝑠), (11a)

𝑒𝑗 = 𝑥𝑗 − 𝛼𝑗−1(𝑒𝑗−1), 𝑗 = 1, … , 𝑛, (11b)

𝑢 = 𝛼𝑛(𝑒𝑠
𝑛), (11c)

where 𝜌 > 0 is a design parameter, 𝛼0(𝑒0) = 𝑟, and for

𝑗 = 1, 2, … , 𝑛, 𝛼𝑗 ∶ ℝ𝑚 → ℝ𝑚 denotes a virtual control

law to be determined. The variable 𝑒𝑠
𝑛 ∈ ℝ𝑚 is defined by
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Fig. 1. The diagram of the closed-loop system, including the plant (6),

Event-Triggered Mechanisms (ETMs) in (12) and Feedback Optimization

(FO) protocol (11).

𝑒𝑠
𝑛(𝑡) = 𝑒𝑛(𝑡𝑘) for 𝑡 ∈ [𝑡𝑘, 𝑡𝑘+1). The triggering instants {𝑡𝑘 ∶

𝑘 ∈ ℤ+} and {𝑡𝑘 ∶ 𝑘 ∈ ℤ+} are determined by the following

event-triggering mechanisms:

𝑡𝑘+1 = inf{𝑡 > 𝑡𝑘 ∶ |∇𝑐(𝑦𝑠(𝑡)) − ∇𝑐(𝑦(𝑡))|

> 𝛾𝑐
𝑤(|∇𝑐(𝑦(𝑡))|)}, (12a)

𝑡𝑘+1 = inf{𝑡 > 𝑡𝑘 ∶ |𝑒𝑠
𝑛(𝑡) − 𝑒𝑛(𝑡)| > 𝛾𝑒𝑛

𝑤𝑛
(|𝑒𝑛(𝑡)|)}, (12b)

where 𝛾𝑒𝑛
𝑤𝑛

, 𝛾𝑐
𝑤 ∈ 𝒦∞ are functions to be designed and their

inverses (𝛾𝑒𝑛
𝑤𝑛

)−1 and (𝛾𝑐
𝑤)−1 are locally Lipschitz. The dia-

gram of the closed-loop system is depicted in Fig. 1.

Remark 4.1. This design is inspired by [24, 39–41], which

developed small-gain-based event-triggered controllers for

stabilization problems. Compared with those methods, the

design in (11) and (12) introduces two key differences: (i) it

does not require prior knowledge of the optimal solution;

(ii) the virtual control laws 𝛼1, … , 𝛼𝑛−1, except 𝛼𝑛, are inde-

pendent of sampled data.

Define the sampling errors

𝑤 = ∇𝑐(𝑦𝑠) − ∇𝑐(𝑦), (13a)

𝑤𝑛 = 𝑒𝑠
𝑛 − 𝑒𝑛. (13b)

Then, (11) can be rewritten as

̇𝑟 = −𝜌(∇𝑐(𝑦) + 𝑤), (14a)

𝑒𝑗 = 𝑥𝑗 − 𝛼𝑗−1(𝑒𝑗−1), 𝑗 = 1, … , 𝑛, (14b)

𝑢 = 𝛼𝑛(𝑒𝑛 + 𝑤𝑛). (14c)

4.1. Recursive design and ISS properties

of the subsystems

This section establishes a recursive design procedure for the

virtual control laws 𝛼𝑗’s and derives the ISS properties of all

subsystems in the closed-loop system composed of (6), (13)

and (14).

Lemma 4.2. Consider the system consisting of (6) and (14).

If Assumption 3.2 holds, then for each 𝑗 = 1, 2, … , 𝑛, any
gains 𝛾𝑒𝑏

𝑒𝑗
, 𝛾 ̇𝑟

𝑒𝑗
∈ 𝒦∞ (𝑏 = 1, 2, … , 𝑗 + 1) whose inverses

(𝛾𝑒𝑏
𝑒𝑗

)−1, (𝛾 ̇𝑟
𝑒𝑗

)−1 are locally Lipschitz and linearly bounded

near the origin, and any constant 0 < 𝜇𝑛 < 1, there exist

a locally Lipschitz map 𝜙𝑗 ∶ ℝ𝑚 × ⋯ ℝ𝑚 × ℝ𝑝̄𝑗 → ℝ𝑚 with

̄𝑝𝑗 = ∑𝑗
𝑏=1 𝑝𝑏, functions 𝜑𝑒1

𝑗 , … , 𝜑𝑒𝑗+1
𝑗 , 𝜑 ̇𝑟

𝑗 ∈ 𝒦∞ that are

locally Lipschitz and linearly bounded near the origin, and a

continuously differentiable virtual controller 𝛼𝑗 ∶ ℝ𝑚 → ℝ𝑚

with 𝛼𝑗(0) = 0, such that∶

(1) the time-derivative of 𝑒𝑗 satisfies∶

̇𝑒𝑗 = 𝛼𝑗(𝑒𝑗 + 𝑎𝑗𝑤𝑛) + 𝑒𝑗+1 + 𝜙𝑗(𝑒1, … , 𝑒𝑗, 𝑟, ̇𝑟, ̄𝑑𝑗),
(15)

where 𝑒𝑛+1 = 0, 𝑎𝑖 = 0 for 𝑖 = 1, … , 𝑛 − 1, 𝑎𝑛 = 1,
̄𝑑𝑗 = [𝑑𝑇

1 , … , 𝑑𝑇
𝑗 ]𝑇, and

|𝜙𝑗(𝑒1, … , 𝑒𝑗, 𝑟, ̇𝑟, ̄𝑑𝑗)| ≤
𝑗

∑
𝑏=1

𝜑𝑒𝑏
𝑗 (|𝑒𝑏|) + 𝜑 ̇𝑟

𝑗(| ̇𝑟|), (16)

for all 𝑒1, … , 𝑒𝑗, ̇𝑟 ∈ ℝ𝑚 and 𝑑𝑗 ∈ ℝ𝑝𝑗;
(2) the 𝑒𝑗-subsystem is ISS, i.e.

|𝑒𝑗(𝑡)| ≤ max
𝑏=1,2,…,𝑗+1

{𝑒−𝑙𝑗𝑡|𝑒𝑗(0)|, 𝛾𝑒𝑏
𝑒𝑗

(‖𝑒𝑏‖∞),

𝛾 ̇𝑟
𝑒𝑗

(‖ ̇𝑟‖∞), 𝛾𝑤𝑛
𝑒𝑗

(‖𝑤𝑛‖∞)}, (17)

for all 𝑡 ∈ ℝ+,where 𝑙𝑗 is a positive constant, 𝛾𝑤𝑛
𝑒𝑛

= 1
𝜇𝑛

Id

and 𝛾𝑤𝑛
𝑒𝑖

= 0 for 𝑖 = 1, … , 𝑛 − 1.

Proof. We first establish Item (1) by induction and then

design the virtual controllers via backstepping and gain

assignment to obtain Item (2).

Step 1. The time-derivative of 𝑒1 along the solutions of (6a)

and (11b) is

̇𝑒1 = ̇𝑥1 − ̇𝑟

= 𝑥2 + 𝑓1(𝑥1, 𝑑1) − ̇𝑟

= 𝛼1(𝑒1) + 𝑒2 − ̇𝑟, (18)

where Assumption 3.2 is used for the last equality. Thus, (15)

holds with 𝜙1(𝑒1, ̇𝑟) = − ̇𝑟, and

|𝜙1(𝑒1, ̇𝑟)| = | ̇𝑟|, (19)

which means that (16) is satisfied with 𝜑𝑒1
1 = 0.1Id and

𝜑 ̇𝑟
1 = Id.

Step 𝑖 (1 ≤ 𝑖 ≤ 𝑛 − 2). Suppose that (15) and (16) hold for

𝑗 = 𝑖, i.e.

̇𝑒𝑖 = 𝛼𝑖(𝑒𝑖) + 𝑒𝑖+1 + 𝜙𝑖(𝑒1, … , 𝑒𝑖, 𝑟, ̇𝑟, ̄𝑑𝑖), (20)
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|𝜙𝑖(𝑒1, … , 𝑒𝑖, 𝑟, ̇𝑟, ̄𝑑𝑖)|

≤
𝑖

∑
𝑏=1

𝜑𝑒𝑏
𝑖 (|𝑒𝑏|) + 𝜑 ̇𝑟

𝑖 (| ̇𝑟|), (21)

for some locally Lipschitz functions 𝜙𝑖 ∶ ℝ𝑚 × ⋯ ℝ𝑚 × ℝ𝑝̄𝑖 →
ℝ𝑚 and 𝜑𝑒1

𝑖 , … , 𝜑𝑒𝑖
𝑖 , 𝜑 ̇𝑟

𝑖 ∈ 𝒦∞.

From (14b) and (20),

̇𝑒𝑖+1 = ̇𝑥𝑖+1 −
𝜕𝛼𝑖(𝑒𝑖)

𝜕𝑒𝑖
̇𝑒𝑖

= 𝑥𝑖+2 + 𝑓𝑖+1(𝑥1, 𝑥2, … , 𝑥𝑖+1, 𝑑𝑖+1) −
𝜕𝛼𝑖(𝑒𝑖)

𝜕𝑒𝑖

× (𝛼𝑖(𝑒𝑖) + 𝑒𝑖+1 + 𝜙𝑖(𝑒1, … , 𝑒𝑖, 𝑟, ̇𝑟, ̄𝑑𝑖))

= 𝛼𝑖+1(𝑒𝑖+1) + 𝑒𝑖+2 + 𝑓𝑖+1(𝑥1, 𝛼1(𝑒1)

+ 𝑒2, … , 𝛼𝑖(𝑒𝑖) + 𝑒𝑖+1, 𝑑𝑖+1) −
𝜕𝛼𝑖(𝑒𝑖)

𝜕𝑒𝑖

× (𝛼𝑖(𝑒𝑖) + 𝑒𝑖+1 + 𝜙𝑖(𝑒1, … , 𝑒𝑖, 𝑟, ̇𝑟, ̄𝑑𝑖)),
(22)

which matches (15) for 𝑗 = 𝑖 + 1 with

𝜙𝑖+1(𝑒1, … , 𝑒𝑖+1, 𝑟, ̇𝑟, ̄𝑑𝑖+1)

= 𝑓𝑖+1(𝑒1 + 𝑟, 𝛼1(𝑒1) + 𝑒2, … , 𝛼𝑖(𝑒𝑖) + 𝑒𝑖+1, 𝑑𝑖+1)

−
𝜕𝛼𝑖(𝑒𝑖)

𝜕𝑒𝑖
(𝛼𝑖(𝑒𝑖) + 𝑒𝑖+1 + 𝜙𝑖(𝑒1, … , 𝑒𝑖, 𝑟, ̇𝑟, ̄𝑑)).

(23)

From (23), it follows that

|𝜙𝑖+1(𝑒1, … , 𝑒𝑖+1, 𝑟, ̇𝑟, ̄𝑑𝑖+1)|

≤ |𝑓𝑖+1(𝑒1 + 𝑟, 𝛼1(𝑒1) + 𝑒2, … , 𝛼𝑖(𝑒𝑖) + 𝑒𝑖+1, 𝑑𝑖+1)|

+ ∣−
𝜕𝛼𝑖(𝑒𝑖)

𝜕𝑒𝑖
(𝛼𝑖(𝑒𝑖) + 𝑒𝑖+1 + 𝜙𝑖(𝑒1, … , 𝑒𝑖, 𝑟, ̇𝑟, ̄𝑑𝑖))∣.

(24)

Using Assumption 3.2 and the monotonicity of 𝜓𝑖+1,𝑏 for all

𝑏 = 2, … , 𝑖 + 1, we have

|𝑓𝑖+1(𝑒1 + 𝑟, 𝛼1(𝑒1) + 𝑒2, … , 𝛼𝑖(𝑒𝑖) + 𝑒𝑖+1, 𝑑𝑖+1)|

≤
𝑖+1

∑
𝑏=2

𝜓𝑖+1,𝑏(|𝛼𝑏−1(𝑒𝑏−1) + 𝑒𝑏|)

≤
𝑖+1

∑
𝑏=2

𝜓𝑖+1,𝑏(|𝛼𝑏−1(𝑒𝑏−1)| + |𝑒𝑏|)

≤
𝑖+1

∑
𝑏=2

(𝜓𝑖+1,𝑏(2|𝛼𝑏−1(𝑒𝑏−1)|) + 𝜓𝑖+1,𝑏(2|𝑒𝑏|)).

(25)

Since 𝛼𝑖 is continuous and satisfies 𝛼𝑖(0) = 0, there exists a
locally Lipschitz function ̆𝛼𝑖 ∈ 𝒦∞ such that

|𝛼𝑖(𝑒𝑖)| ≤ ̆𝛼𝑖(|𝑒𝑖|). (26)

Hence,

|𝑓𝑖+1(𝑒1 + 𝑟, 𝛼1(𝑒1) + 𝑒2, … , 𝛼𝑖(𝑒𝑖) + 𝑒𝑖+1, 𝑑𝑖+1)|

≤
𝑖+1

∑
𝑏=2

(𝜓𝑖+1,𝑏(2 ̆𝛼𝑏−1(|𝑒𝑏−1|)) + 𝜓𝑖+1,𝑏(2|𝑒𝑏|)).

(27)

Moreover, by [21, Lemmas 1 and 2], the properties of 𝛼
and𝜙 in (26) and (21) imply the existence of locally Lipschitz

functions 𝜑̆𝑒1
𝑖+1, …, 𝜑̆𝑒𝑖+1

𝑖+1 , 𝜑̆
̇𝑟

𝑖+1 ∈ 𝒦∞ such that

∣−
𝜕𝛼𝑖(𝑒𝑖)

𝜕𝑒𝑖
(𝛼𝑖(𝑒𝑖) + 𝑒𝑖+1 + 𝜙𝑖(𝑒1, … , 𝑒𝑖, 𝑟, ̇𝑟, ̄𝑑𝑖))∣

≤
𝑖+1

∑
𝑏=1

𝜑̆𝑒𝑏
𝑖+1(|𝑒𝑏|) + 𝜑̆ ̇𝑟

𝑖+1(| ̇𝑟|). (28)

Substituting (27) and (28) into (24) yields

|𝜙𝑖+1(𝑒1, … , 𝑒𝑖+1, 𝑟, ̇𝑟, ̄𝑑𝑖+1)|

≤ |𝑓𝑖+1(𝑒1 + 𝑟, 𝑒2 + 𝛼1(𝑒1), … , 𝑒𝑖+1 + 𝛼𝑖(𝑒𝑖), 𝑑𝑖+1)|

+ ∣−
𝜕𝛼𝑖(𝑒𝑖)

𝜕𝑒𝑖
(𝛼𝑖(𝑒𝑖) + 𝑒𝑖+1 + 𝜙𝑖(𝑒1, … , 𝑒𝑖, 𝑟, ̇𝑟, ̄𝑑𝑖))∣

≤
𝑖+1

∑
𝑏=2

𝜓𝑖+1,𝑏(2 ̆𝛼𝑏−1(|𝑒𝑏−1|)) + ∑
𝑏=2,…,𝑖+1

𝜓𝑖+1,𝑏(2|𝑒𝑏|)

+
𝑖+1

∑
𝑏=1

𝜑̆𝑒𝑏
𝑖+1(|𝑒𝑏|) + 𝜑̆ ̇𝑟

𝑖+1(| ̇𝑟|), (29)

which verifies (16) for 𝑗 = 𝑖 + 1 and some locally Lipschitz

functions 𝜑𝑒1
𝑖+1, …, 𝜑𝑒𝑖+1

𝑖+1 , 𝜑
̇𝑟

𝑖+1 ∈ 𝒦∞.

Step 𝑛: Noting the definition of 𝑢 in (14c), the time-

derivative of 𝑒𝑛 is

̇𝑒𝑛 = ̇𝑥𝑛 −
𝜕𝛼𝑛−1(𝑒𝑛−1)

𝜕𝑒𝑛−1
̇𝑒𝑛−1

= 𝑢 + 𝑓𝑛(𝑥1, … , 𝑥𝑛, 𝑑𝑛) −
𝜕𝛼𝑛−1(𝑒𝑛−1)

𝜕𝑒𝑛−1
(𝛼𝑛−1(𝑒𝑛−1)

+ 𝑒𝑛 + 𝜙𝑛−1(𝑒1, … , 𝑒𝑛−1, 𝑟, ̇𝑟, ̄𝑑𝑛−1))

= 𝛼𝑛(𝑒𝑛 + 𝑤𝑛) + 𝑓𝑛(𝑒1 + 𝑟, 𝛼1(𝑒1) + 𝑒2, … , 𝛼𝑛−1

× (𝑒𝑛−1) + 𝑒𝑛, 𝑑𝑛) −
𝜕𝛼𝑛−1(𝑒𝑛−1)

𝜕𝑒𝑛−1
(𝛼𝑛−1(𝑒𝑛−1) + 𝑒𝑛

+ 𝜙𝑛−1(𝑒1, … , 𝑒𝑛−1, 𝑟, ̇𝑟, ̄𝑑𝑛−1)), (30)

completing Item (1) for all 𝑗 = 1, … , 𝑛.
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Next, we prove Item (2). For 𝑗 = 1, 2, … , 𝑛, define

𝑉𝑗(𝑒𝑗) = |𝑒𝑗|2. (31)

The time derivative of 𝑉𝑗(𝑒𝑗) along the solutions of (15)

satisfies

̇𝑉𝑗(𝑒𝑗) = 2𝑒𝑇
𝑗 ̇𝑒𝑗

= 2𝑒𝑇
𝑗 (𝛼𝑗(𝑒𝑗) + 𝑒𝑗+1) + 2𝑒𝑇

𝑗 𝜙𝑗(𝑒1, … , 𝑒𝑗, 𝑟, ̇𝑟, ̄𝑑𝑗).
(32)

By [21, Lemma 1], there exists a function 𝜅𝑗 ∶ ℝ+ → ℝ+,

which is positive, nondecreasing and continuously differen-

tiable on (0, ∞), such that

𝜅𝑗((1 − 𝜇𝑗)𝜏)(1 − 𝜇𝑗)𝜏

≥ ∑
𝑏=1,…,𝑗+1

𝜑𝑒𝑏
𝑗 ∘ (𝛾𝑒𝑏

𝑒𝑗
)−1(𝜏) + 𝜑 ̇𝑟

𝑗 ∘ (𝛾 ̇𝑟
𝑒𝑗

)−1(𝜏) + 𝑙𝑗𝜏,

(33)

for 𝜏 ∈ ℝ+, where 𝜑𝑒𝑗+1
𝑗 = Id, 𝛾𝑒𝑗

𝑒𝑗
= Id, and 𝜇𝑖 = 0 for

𝑖 = 1, … , 𝑛 − 1.
Choose 𝛼𝑗 as

𝛼𝑗(𝜉) = −𝜅𝑗(|𝜉|)𝜉, (34)

for all 𝜉 ∈ ℝ𝑚. When

𝑉𝑗(𝑒𝑗) ≥ max
𝑏=1,2,…,𝑗+1

{𝑉𝑗 ∘ 𝛾𝑒𝑏
𝑒𝑗

(|𝑒𝑏|), 𝑉𝑗 ∘ 𝛾 ̇𝑟
𝑒𝑗

(| ̇𝑟|),

𝑉𝑗 ∘ 𝛾𝑤𝑛
𝑒𝑗

(|𝑤𝑛|)}, (35)

by (32)–(34), we have

̇𝑉𝑗(𝑒𝑗) ≤ −2𝑙𝑗𝑉𝑗(𝑒𝑗), (36)

which means that

𝑉𝑗(𝑒𝑗(𝑡)) ≤ max
𝑏=1,2,…,𝑗+1

{𝑒−2𝑙𝑗𝑡𝑉𝑗(𝑒𝑗(0)), 𝑉𝑗 ∘ 𝛾𝑒𝑏
𝑒𝑗

(‖𝑒𝑏‖∞),

𝑉𝑗 ∘ 𝛾 ̇𝑟
𝑒𝑗

(‖ ̇𝑟‖∞), 𝑉𝑗 ∘ 𝛾𝑤𝑛
𝑒𝑗

(‖𝑤𝑛‖∞)}, (37)

or, equivalently, (17) is satisfied. Thus Item (2) is satisfied

ending the proof.

Remark 4.3. Unlike the analyses in [39–41], the sam-

pling error affects only the 𝑒𝑛-subsystem; the subsystems

𝑒1, … , 𝑒𝑛−1 are unaffected. Consequently, Lemma 4.2 does

not require the construction of set-valued maps.

Lemma 4.4. Under Assumption 3.3, the event-triggered

mechanisms in (12) have the following bounds for all 𝑡 ≥ 0 ∶

|𝑤(𝑡)| ≤ max{𝛾𝑒1
𝑤 (‖𝑒1‖∞), 𝛾 ̃𝑟

𝑤(‖ ̃𝑟‖∞)}, (38)

|𝑤𝑛(𝑡)| ≤ 𝛾𝑒𝑛
𝑤𝑛

(‖𝑒𝑛‖∞), (39)

where 𝛾𝑒1
𝑤 , 𝛾 ̃𝑟

𝑤 ∈ 𝒦∞ are given by 𝛾𝑒1
𝑤 (𝜏) = 2𝛾𝑐

𝑤(2𝜗𝜏) and
𝛾 ̃𝑟

𝑤(𝜏) = 2𝛾𝑐
𝑤(2𝜗𝜏) for all 𝜏 ∈ ℝ+.

Proof. From (12b)–(12a), we obtain

|𝑤(𝑡)| ≤ 𝛾𝑐
𝑤(|∇𝑐(𝑦(𝑡))|), (40)

|𝑤𝑛(𝑡)| ≤ 𝛾𝑒𝑛
𝑤𝑛

(|𝑒1(𝑡)|), (41)

for all 𝑡 ≥ 0. Using ∇𝑐(𝑦∗) = 0, the Lipschitz continuity of

∇𝑐, and the weak triangle inequality, we have

𝛾𝑐
𝑤(|∇𝑐(𝑦(𝑡))|)

= 𝛾𝑐
𝑤(|∇𝑐(𝑦(𝑡)) − ∇𝑐(𝑟(𝑡)) + ∇𝑐(𝑟(𝑡)) − ∇𝑐(𝑦∗)|)

≤ 𝛾𝑐
𝑤(𝜗|𝑦(𝑡) − 𝑟(𝑡)| + 𝜗|𝑟(𝑡) − 𝑦∗|)

≤ 𝛾𝑐
𝑤(2𝜗|𝑦(𝑡) − 𝑟(𝑡)|) + 𝛾𝑐

𝑤(2𝜗|𝑟(𝑡) − 𝑦∗|)

≤ max{2𝛾𝑐
𝑤(2𝜗|𝑒1(𝑡)|), 2𝛾𝑐

𝑤(2𝜗| ̃𝑟(𝑡)|)}

= max{𝛾𝑒1
𝑤 (|𝑒1(𝑡)|), 𝛾 ̃𝑟

𝑤(| ̃𝑟(𝑡)|)}, (42)

which together with (40), establishes (38).

Lemma 4.5. If 𝑐 satisfies the strong monotonicity condition

(9), the system (14a) is ISS with ̃𝑟 = 𝑟 − 𝑦∗ as the state and

(𝑒1, 𝑤) as the inputs. Moreover, for any ̃𝑟(0) ∈ ℝ𝑚, its trajec-
tories satisfy

| ̃𝑟(𝑡)| ≤ max{𝑒− 1
3 𝜌𝜔𝑡| ̃𝑟(0)|, 𝛾𝑒1

̃𝑟 (‖𝑒1‖∞), 𝛾𝑤
̃𝑟 (‖𝑤‖∞)},

(43)

for all 𝑡 ≥ 0, where 𝛾𝑒1
̃𝑟 = 3𝜗

𝜔
Id and 𝛾𝑤

̃𝑟 = 3
𝜔
Id.

Proof. Define 𝑉𝑟( ̃𝑟) = | ̃𝑟|2. The time derivative of 𝑉𝑟( ̃𝑟)
along the solutions of (14a) satisfies

̇𝑉𝑟( ̃𝑟) = 2 ̃𝑟𝑇 ̇𝑟

= −2𝜌 ̃𝑟𝑇(∇𝑐(𝑦) + 𝑤)

= −2𝜌 ̃𝑟𝑇(∇𝑐(𝑟) + ∇𝑐(𝑦) − ∇𝑐(𝑟) + 𝑤)

= −2𝜌 ̃𝑟𝑇∇𝑐(𝑟) − 2𝜌 ̃𝑟𝑇(∇𝑐(𝑦) − ∇𝑐(𝑟))

− 2𝜌 ̃𝑟𝑇𝑤. (44)

Since 𝑐 satisfies the strong monotonicity condition (9),

−2𝜌 ̃𝑟𝑇∇𝑐(𝑟) ≤ −2𝜌𝜔| ̃𝑟|2. (45)

By the Lipschitz property of ∇𝑐,

−2𝜌 ̃𝑟𝑇(∇𝑐(𝑦) − ∇𝑐(𝑟)) ≤ 2𝜌𝜗| ̃𝑟||𝑦 − 𝑟|, (46)

−2𝜌 ̃𝑟𝑇𝑤 ≤ 2𝜌| ̃𝑟||𝑤|. (47)

Substituting (45), (46) and (47) into (44) yields

̇𝑉𝑟( ̃𝑟) ≤ −2𝜌𝜔| ̃𝑟|2 + 2𝜌𝜗| ̃𝑟||𝑦 − 𝑟| + 2𝜌| ̃𝑟||𝑤|. (48)
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When | ̃𝑟| ≥ max{ 3𝜗
𝜔

|𝑦 − 𝑟|, 3
𝜔

|𝑤|}, we have

̇𝑉𝑟( ̃𝑟) ≤ −2
3

𝜌𝜔| ̃𝑟|2

= −2
3

𝜌𝜔𝑉𝑟( ̃𝑟), (49)

which, together with the definitions of 𝑉𝑟 and 𝑒1, implies the

satisfaction of (43).

Lemma 4.6. For system (14a), if ∇𝑐 is 𝜗-Lipschitz, then

| ̇𝑟(𝑡)| ≤ max{𝛾𝑒1
̇𝑟 (‖𝑒1‖∞), 𝛾 ̃𝑟

̇𝑟(‖ ̃𝑟‖∞), 𝛾𝑤
̇𝑟 (‖𝑤‖∞), (50)

where 𝛾𝑒1
̇𝑟 = 3𝜌𝜗Id, 𝛾 ̃𝑟

̇𝑟 = 3𝜌𝜗Id, and 𝛾𝑤
̇𝑟 = 3𝜌Id.

Proof. From (14a) and (14b), it follows that

| ̇𝑟| = 𝜌|∇𝑐(𝑦) + 𝑤|

≤ 𝜌(|∇𝑐(𝑦)| + |𝑤|)

≤ 𝜌(𝜗|𝑒1| + 𝜗| ̃𝑟| + |𝑤|). (51)

Hence,

| ̇𝑟(𝑡)| ≤ 𝜌(𝜗‖𝑒1‖∞ + 𝜗‖ ̃𝑟‖∞ + ‖𝑤‖∞), (52)

which implies (50). This ends the proof.

4.2. Closed-loop system analysis based on the

small-gain theorem

By Lemmas 4.2–4.6, the closed-loop system consisting of (6),

(13a), (13b) and (14) can be regarded as an interconnec-

tion of ISS subsystems. The interconnection relationships

among these subsystems are illustrated in Fig. 2. Analyzing

the loop gains associated with all simple cycles in the gain

graph yields the following main result.

Theorem 4.7. Consider the system (6) under the feed-

back optimization protocol (11) and the event-triggered

mechanisms in (12), where 𝛼𝑗’s are designed according to

Fig. 2. Interconnection relationships between the ISS subsystems.

Lemma 4.2. If Assumptions 3.2 and 3.3 hold, and if 𝜌, 𝛾𝑒𝑏
𝑒𝑗

, 𝛾 ̇𝑟
𝑒𝑗

,
𝛾𝑤𝑛

𝑒𝑛
, 𝛾𝑒𝑛

𝑤𝑛
, and 𝛾𝑐

𝑤 satisfy the conditions in Lemma 4.2 together

with the small-gain conditions

𝛾𝑒𝜏+1
𝑒𝜏

∘ 𝛾𝑒𝜏+2
𝑒𝜏+1

∘ ⋯ 𝛾𝑒𝜏+𝑖
𝑒𝜏+𝑖−1

∘ 𝛾𝑒𝜏
𝑒𝜏+𝑖

< Id, (53a)

𝛾𝑒1
̇𝑟 ∘ 𝛾𝑒2

𝑒1
∘ ⋯ 𝛾𝑒𝑗

𝑒𝑗−1
∘ 𝛾 ̇𝑟

𝑒𝑗
< Id, (53b)

𝛾 ̃𝑟
̇𝑟 ∘ 𝛾𝑒1

̃𝑟 ∘ 𝛾𝑒2
𝑒1

∘ ⋯ 𝛾𝑒𝑗
𝑒𝑗−1

∘ 𝛾 ̇𝑟
𝑒𝑗

< Id, (53c)

𝛾𝑤
̇𝑟 ∘ 𝛾 ̃𝑟

𝑤 ∘ 𝛾𝑒1
̃𝑟 ∘ 𝛾𝑒2

𝑒1
∘ ⋯ 𝛾𝑒𝑗

𝑒𝑗−1
∘ 𝛾 ̇𝑟

𝑒𝑗
< Id, (53d)

𝛾𝑤
̇𝑟 ∘ 𝛾𝑒1

𝑤 ∘ 𝛾𝑒2
𝑒1

∘ ⋯ 𝛾𝑒𝑗
𝑒𝑗−1

∘ 𝛾 ̇𝑟
𝑒𝑗

< Id, (53e)

𝛾 ̃𝑟
𝑤 ∘ 𝛾𝑤

̃𝑟 < Id, (53f)

𝛾𝑒𝑛
𝑤𝑛

∘ 𝛾𝑤𝑛
𝑒𝑛

< Id, (53g)

for 𝜏 = 1, 2, … , 𝑛 − 1, 𝑖 = 1, 2, … , 𝑛 − 𝜏, and 𝑗 = 1, 2, … , 𝑛,
then the optimization objective (8) is achieved, and the closed-
loop system is free of Zeno behavior.

Proof. ByLemmas 4.4–4.6, the ISS gains 𝛾𝑤
̃𝑟 , 𝛾

𝑒1
̃𝑟 , 𝛾𝑤

̇𝑟 , 𝛾
̃𝑟
̇𝑟 , 𝛾

𝑒1
̇𝑟 ,

and 𝛾𝑤𝑛
𝑒𝑛

are linear functions, while the remaining ISS gains

can be designed as any linear functions. Therefore, the condi-

tions in Lemma4.2 and the small-gain conditions (53) can be

simultaneously satisfied. Applying the cyclic small-gain the-

orem (Theorem 2.1 in this paper) yields

|𝑋(𝑡)| ≤ 𝛽(|𝑋(0)|, 𝑡), (54)

for some 𝛽 ∈ 𝒦ℒ and all 𝑡 ∈ ℝ+, where 𝑋 =
[𝑒𝑇

1 , … , 𝑒𝑇
𝑛, ̃𝑟𝑇, ̇𝑟𝑇, 𝑤𝑇, 𝑤𝑇

𝑛]𝑇. Consequently,

lim
𝑡→∞

𝑦(𝑡) = lim
𝑡→∞

(𝑒1(𝑡) + ̃𝑟(𝑡) + 𝑦∗)

= lim
𝑡→∞

𝑒1(𝑡) + lim
𝑡→∞

̃𝑟(𝑡) + 𝑦∗

= 𝑦∗, (55)

which confirms the convergence result (8).

The proof that there exists no Zeno behavior, i.e.

inf
𝑘,𝑘∈ℤ+

{𝑡𝑘+1 − 𝑡𝑘, 𝑡𝑘+1 − 𝑡𝑘} > 0, (56)

follows arguments similar to those in [39, Theorem 3] and is

therefore omitted.

4.3. Two relaxations of Assumption 3.2

We now consider a more general case in which Assump-

tion 3.2 is relaxed as follows.

Assumption 4.8. For each 𝑗 = 1, … , 𝑛, there exist a setΩ ⊆
ℝ𝑚, nonnegative constants𝑀𝑗1 and𝑀𝑗2, and functions𝜓𝑗𝑏 ∈
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𝒦∞ for 𝑏 = 1, … , 𝑗, which are linearly bounded near zero

and continuously differentiable on (0, ∞), such that 𝑦∗ ∈ Ω,

|𝑓𝑗(𝑦, 0, … , 0)| ≤ 𝑀𝑗1 (57)

and

|𝑓𝑗(𝑥1, 𝑥2, … , 𝑥𝑗, 𝑑𝑗) − 𝑓𝑗(𝑦, 0, … , 0)|

≤ 𝜓𝑗1(|𝑥1 − 𝑦|) +
𝑗

∑
𝑏=2

𝜓𝑗𝑏(|𝑥𝑏|) + 𝜓𝑑
𝑗 (|𝑑𝑗|) + 𝑀𝑗2,

(58)

for all [𝑥𝑇
1 , … , 𝑥𝑇

𝑗 ]𝑇 ∈ ℝ𝑗𝑚, 𝑑𝑗 ∈ ℝ𝑝𝑗 , and 𝑦 ∈ Ω.

Under Assumption 4.8, the functions 𝑓𝑗’s are not

required to vanish at the equilibrium point, making this for-

mulation more general than Assumption 3.2. In this case, we

obtain

|𝑓𝑗(𝑥1, 𝑥2, … , 𝑥𝑗, 𝑑𝑗)|

= |𝑓𝑗(𝑥1, 𝑥2, … , 𝑥𝑗, 𝑑𝑗) − 𝑓𝑗(𝑦, 0, … , 0) + 𝑓𝑗(𝑦, 0, … , 0)|

≤ 𝜓𝑗1(|𝑒1|) +
𝑗

∑
𝑏=2

𝜓𝑗𝑏(|𝑥𝑏|) + 𝜓𝑑
𝑗 (|𝑑𝑗|) + 𝑀𝑗, (59)

where 𝑀𝑗 = 𝑀𝑗1 + 𝑀𝑗2. Following the same reasoning as in

Sec. 4.1, Lemmas 4.2–4.6 remain valid, with (17) replaced by

|𝑒𝑗(𝑡)| ≤ max
𝑏=1,2,…,𝑗+1

{𝑒−𝑙𝑗𝑡|𝑒𝑗(0)|, 𝛾𝑒𝑏
𝑒𝑗

(‖𝑒𝑏‖∞), 𝛾 ̇𝑟
𝑒𝑗

(‖ ̇𝑟‖∞),

𝛾𝑤𝑛
𝑒𝑗

(‖𝑤𝑛‖∞), 𝛾
̄𝑑𝑗

𝑒𝑗
(‖ ̄𝑑𝑗‖∞), 𝛾𝑀̄𝑗

𝑒𝑗
(𝑀̄𝑗)},

(60)

where 𝑀̄𝑗 = ∑𝑏=1,…,𝑗 𝑀𝑏 and 𝛾𝑀̄𝑗
𝑒𝑗

∈ 𝒦∞ is a Lipschitz func-

tion linearly bounded near zero.

Furthermore, by the cyclic small-gain theorem (Theo-

rem 2.1 in this paper), if the conditions of Theorem 4.7 hold

with Assumption 3.2 replaced by Assumption 4.8, then (54)

becomes

|𝑋(𝑡)| ≤ max{𝛽(|𝑋(0)|, 𝑡), 𝛾𝑑
𝑥(‖𝑑‖∞), 𝛾𝑀̄

𝑥 (𝑀̄𝑛)}, (61)

for some 𝛽 ∈ 𝒦ℒ and 𝛾𝑑
𝑥, 𝛾𝑀̄

𝑥 ∈ 𝒦∞. This implies that 𝑦(𝑡)
converges to a neighborhood of 𝑦∗, whose radius depends on

‖𝑑‖∞ and 𝑀̄𝑛. In particular, if lim𝑡→∞ 𝑑(𝑡) = 0 and 𝑀̄𝑛 = 0,
this neighborhood collapses to the single point 𝑦∗.

Assumption 3.2 can also be relaxed to the following case

with unknown parameters.

Assumption 4.9. The function 𝑓1 satisfies all conditions in

Assumption 3.2. For each 𝑗 = 2, … , 𝑛, there exist functions
𝜓𝑗𝑏 ∈ 𝒦∞ for 𝑏 = 2, … , 𝑗, which are linearly bounded near

zero and continuouslydifferentiable on (0, ∞), andunknown

constant 𝜛𝑗 > 0, such that

|𝑓𝑗(𝑥1, … , 𝑥𝑗, 𝑑𝑗)| ≤
𝑗

∑
𝑏=2

𝜛𝑗𝜓𝑗𝑏(|𝑥𝑏|),

for all [𝑥𝑇
1 , … , 𝑥𝑇

𝑗 ]𝑇 ∈ ℝ𝑗𝑚 and 𝑑𝑗 ∈ ℝ𝑝𝑗 .

Under Assumption 4.9, the growth bounds of the uncer-

tain dynamics are scaled by an unknown factor 𝜛𝑗. In this

setting, the small-gain framework developed in this paper

can be combined with adaptive designs as in [38, 47–52].

By introducing suitable adaptive laws, the unknown con-

stant 𝜛𝑗 can be compensated online, and prior knowledge

of the constants 𝜔 (strong monotonicity) and 𝜗 (Lipschitz-

continuous gradient) of the objective function is no longer

required. This integration preserves the small-gain analysis

while enabling fully adaptive implementation.

5. Application to a Source-Seeking Problem

We apply the proposed event-triggered feedback optimiza-

tion method to a two-dimensional source-seeking task. Con-

sider a robot moving in the 𝑋𝑌-plane with dynamics [45]

̇𝑥1 = 𝑥2, (62)

̇𝑥2 = 𝑓2(𝑥2)𝜃 + 𝑢, (63)

𝑦 = 𝑥1, (64)

where 𝑥1 = [𝑥11, 𝑥12]𝑇, 𝑥2 = [𝑥21, 𝑥22]𝑇 and 𝑢 =
[𝑢1, 𝑢2]𝑇 ∈ ℝ2 represent the position, velocity, and control

torque, respectively. The unknown friction coefficient vector

𝜃 = [𝜃1, 𝜃2]𝑇 satisfies 0.01 ≤ 𝜃𝑖 ≤ 0.1 for 𝑖 = 1, 2, and
𝑓2(𝑥2) = diag(𝑓21(𝑥21), 𝑓22(𝑥22)) with 𝑓2𝑖(𝑥2𝑖) = −|𝑥2𝑖|𝑥2𝑖
for 𝑖 = 1, 2.

The robot aims to locate an unknown signal source at an

unknown point 𝑦∗ ∈ ℝ2, that is

lim
𝑡→∞

𝑦(𝑡) = 𝑦∗. (65)

The signal strength at 𝑦 ∈ ℝ2 is modeled by

𝐹(𝑦) =
𝛿1

|𝑦 − 𝑦∗|2 + 𝛿2
, (66)

where 𝛿1, 𝛿2 > 0 are unknown constants determined by the

environment. Although the robot does not know 𝑦∗ or 𝐹(⋅),
it can measure 𝐹(𝑦) and its gradient ∇𝐹(𝑦) in real time.

Define

𝑐(𝑦) =
̄𝛿

𝐹(𝑦)
, (67)

where ̄𝛿 > 0 is a design constant. Then 𝑦∗ is theminimizer of

min 𝑐(𝑦), (68)

and thus the source-seeking objective (65) is equivalent to

the optimization goal (8). From the real-time data 𝐹(𝑦) and
∇𝐹(𝑦), we obtain

∇𝑐(𝑦) = −
̄𝛿

𝐹 2(𝑦)
∇𝐹(𝑦). (69)

For simulation, the parameters are selected as 𝛿1 =
0.0042, 𝛿2 = 0.001, 𝜃 = [0.04, 0.06]𝑇 and 𝑦∗ = [1, 2]𝑇.
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With ̄𝛿 = 0.004, the function 𝑐(𝑦) satisfies the strong mono-

tonicity condition with 𝜔 = 0.8. Assumptions 3.2 and 3.3

hold with 𝜓22(𝜏) = 0.1𝜏2 and 𝜗 = 1 for 𝜏 ∈ ℝ+.

Following the design procedure in Sec. 4, the feed-

back optimization protocol (11) and event-triggering mech-

anism (12) are implemented with

𝜌 = 0.2
𝜗

, (70)

𝛼1(𝜉) = −𝑎1𝜉, (71)

𝛼2(𝜉) = −(𝑎22|𝜉| + 𝑎21)𝜉, (72)

𝛾𝑒2
𝑤2

(𝜏) = 3𝜗
4

𝜏, (73)

𝛾𝑐
𝑤(𝜏) = 𝜔

16𝜗
𝜏, (74)

for 𝜉 ∈ ℝ2 and 𝜏 ∈ ℝ, where 𝑎1 = 1.1 + 𝑙1 + 10
9
max{3𝜌𝜗,

9𝜌 𝜗2

𝜔
},𝑎22 = 20

81
𝑎2

1+0.2,𝑎21 = 10
9

𝑎2
1+𝑎1+𝑙2+ 10

9
𝑎1 max{3𝜌𝜗,

9𝜌 𝜗2

𝜔
}, 𝑙1 = 1, and 𝑙2 = 0.1.
With initial conditions 𝑥1(0) = [0, 4]𝑇, 𝑥2(0) = [0, 0]𝑇,

and 𝑟(0) = [0, 4]𝑇, the trajectories of the robot’s position 𝑦
and control input 𝑢 are shown in Figs. 3 and 4. The results

0 2 4 6 8 10 12 14

time (s)

0

1

2

3

4

Fig. 3. Trajectory of the position 𝑦 of the robot.

0 2 4 6 8 10 12 14

time (s)
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Fig. 4. Trajectory of the control torque 𝑢 of the robot.
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Fig. 5. Trajectory of the sampled gradient ∇𝑐(𝑦𝑠).

0

0.1

0.2

0.3

0.4

0.5

0 2 4 6 8 10 12 14

time (s)

0

4
10-3

0 0.01

0

4
10-3

0.59 0.6

Fig. 6. Evolution of the inter-event times of {𝑡𝑘 ∶ 𝑘 ∈ ℤ+}.
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Fig. 7. Evolution of the inter-event times of {𝑡𝑘 ∶ 𝑘 ∈ ℤ+}.

show that 𝑦(𝑡) converges asymptotically to [1, 2]𝑇, while 𝑢(𝑡)
approaches zero. Figure 5 indicates that the sampled gradi-

ent ∇𝑐(𝑦𝑠) converges to zero, consistent with the fact that

[1, 2]𝑇 corresponds to the source location. As shown in Figs. 6

and 7, the minimum inter-event times of {𝑡𝑘 ∶ 𝑘 ∈ ℤ+}
and {𝑡𝑘 ∶ 𝑘 ∈ ℤ+} are no less than 0.002 and 0.1, respec-
tively. These observations align with Theorem 4.7, confirm-

ing the convergence and Zeno-free behavior of the proposed

design.
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6. Conclusions

This paper has investigated the event-triggered feedback

optimization problem for a class of uncertain nonlinear sys-

tems in strict-feedback form. A novel event-triggered feed-

back optimization protocol was developed that relies on

the sampled system states and the real-time gradients of

the objective function along the system output trajectories.

It was shown that the closed-loop dynamics can be repre-

sented as a feedback interconnection of multiple ISS subsys-

tems. By applying the small-gain theorem, sufficient small-

gain conditions were established to ensure closed-loop sta-

bility and guarantee convergence of the system output to the

optimal solution. Moreover, the proposed design excludes

Zeno behavior. Finally, we discussed two extensions for sys-

tems whose uncertain dynamics are nonvanishing at the

equilibrium point and are bounded by nonlinear functions

involving unknown parameters, thereby demonstrating the

broader applicability of the proposed framework. The pro-

posed approach was further applied to a source-seeking

problem, thereby verifying its effectiveness through simula-

tion results.

The small-gain method established in this work pro-

vides an inherent potential to handle time delays, distur-

bances, and measurement errors systematically. Investigat-

ing these scenarios is therefore a promising direction for

future work.
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