Unmanned Systems, Vol. 14, No. 2 (2026) 341-356
(© World Scientific Publishing Company
DOI: 10.1142/S2301385026500032

UNMANNED

https://www.worldscientific.com/worldscinet/us

\\’e UNMANNED SYSTEMS -

A Multi-Agent Visibility-Based Persistent Monitoring
Method Using a KAN-Mix Network

Jun Luo, Xi Chen, Junye Wu, Wenbo Hui, Bowen Yang, Yangmin Xie @~

Shanghai Key Laboratory of Intelligent Manufacturing and Robotics
Shanghai University, No. 99 Shangda Road, Shanghai 200444, P. R. China

To address the Multi-agent Visibility-based Persistent Monitoring (MVPM) problem using clustered unmanned systems, we propose an
enhanced Q-value mixing network named KAN-Mix, which incorporates Kolmogorov-Arnold networks. Additionally, we design the MVPM
reward based on information entropy, introducing information dynamics and probability theory into the framework. Comprehensive
experiments validate the performance of KAN-Mix, demonstrating significant improvements in both coverage rate and intruder detection
rate compared to the original QMIX method. Our algorithm demonstrates a performance improvement of 6-12.3% in the coverage rate of
maps compared to the QMIX algorithm across three distinct maps. Additionally, it exhibits a significantly higher catch rate than both
learning-based and traditional algorithms, with some maps achieving success rates of up to 100%. The average number of catch steps
required to capture intruders ranks among the top two on all maps. The entropy-based reward outperforms the traditional coverage-
based reward by 6.4-58.3% in coverage and by 6-61.9% in the number of catch steps. The entropy-based reward is shown to be more
effective than the traditional coverage-based rewards. Combining these advantages, KAN-Mix delivers superior results compared to all
standard Q-value strategies.

Keywords: Multi-agent visibility-based persistent monitoring (MVPM); multi-agent reinforcement learning (MARL); Q-value mixing net-
work enhanced by KANs (KAN-Mix).
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1. Introduction PM, VPM, and MVPM can be illustrated in Fig. 1. VPM builds
upon the concepts of PM and extends them to accommodate
Standard Persistent Monitoring (PM) problem traditionally the challenges posed by limited visibility. MVPM allows a

involves patrolling agents visiting a predetermined se-  cooperative working manner for VPM, thus offering a more
quence of locations. This approach is well-suited for sce- efficient solution for monitoring large areas by unmanned
narios with fixed monitoring stations. However, in cases  systems.

where full coverage of an area is required, yet visibility is In the past few decades, researchers have extensively

limitfed for the. agents, a Va{"iant named Visibi.lity-bas.ed explored the solutions for MVPM [2, 3]. The primary goal of
Persistent Monitoring (VPM) is proposed [1]. With the in-  MyPM is to maximize the possibility of discovering any
creasing integration of unmanned systems into various  yroets that invaded a specified area by planning the tra-

autonolm(l)lus tasks, SlfCh as coordllnated reigllonal 1ockd0\;vn jectories of multiple robots cooperatively. The area under
control, the opportunity arises to leverage these systems for monitoring is usually considered with distributed obstacles,

executing organized and strategic VPM missions. This is the and is modeled in two wavs. the topolo ranh or erid
Multi-agent Visibility-based Persistent Monitoring (MVPM) map. Th Y, p &y grap g
. ; . . . p. The topology map encodes environmental locations
problem discussed in this paper. The relationship between o ) ) )
within maps using nodes and edges, with directed connec-
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Fig. 1. MVPM, VPM, PM relationship diagram.

solved it with tools including linear optimization control [4],
Kalman filtering [5], and Markov chains [6, 7]. However,
they usually did not emphasize the node distribution with
visibility issues, and due to the inherent NP-hard com-
plexity, the number of nodes is limited. The second way to
use a grid map addresses the visibility by relating it to the
grid size. In this case, the environment data is more struc-
tured, and MVPM is turned to be a Multi-agent Coverage
Path Planning (MCPP) problem. There are mainly two MCPP
solutions. The first one is the Divide Areas Based on Robots
Initial Positions (DARP) algorithm, which distributes areas
among multiple agents iteratively and uses Spanning Tree
Coverage (STC) to construct a minimum spanning tree and
the corresponding path within each section[8]. The second
method is the Glasius Bio-inspired Neural Network (GBNN)
algorithm, which is a biologically inspired neural network
that generates coverage paths by adjusting neuron activity
values[9].

In recent years, machine learning techniques have
gained significant traction across a wide array of practical
applications (such as the neural network [10-12], Gaussian
process regression [13-15] and graphical technique [16]),
with reinforcement learning emerging as a key subfield.
Reinforcement learning, in particular, plays a crucial role in
decision-making and planning tasks, where an agent learns
to optimize its behavior through interactions with an en-
vironment (such as MVPM problem). The aforementioned
works employ centralized approaches, requiring decision-
making and data management at a central location. How-
ever, as the number of nodes increases, the complexity of
these centralized approaches escalates, making rapid solu-
tions challenging, particularly for multi-objective optimiza-
tion problems. Consequently, decentralized reinforcement
learning methods have garnered research interest in recent
years. The dominant solution for decentralized implemen-
tation is Multi-Agent Reinforcement Learning (MARL).
Various MARL frameworks, such as MAPPO [1], IQL [17],
QMIX [18], have been proposed to address the MVPM
problem. MAPPO is a typical policy optimization method.
The latter two, IQL and QMIX, are Q-value-based methods.

IQL disregards the coupled relationships among agents,
while QMIX improves performance by training the agent Q-
value networks using a hyper-mixing network that captures
these relationships. Generally speaking, Q-value-based
methods are more sample-efficient and more suitable with
discrete state space [19], which are two common features in
MVPM problems.

The application of MARL to MVPM problems presents
three key challenges: (1) The investigation into the impact
of recent advancements in novel neural network archi-
tectures on the performance of MARL in the past two years
is insufficiently explored. (2) There is a lack of appropriate
indicators used for reward function design to assess MVPM
problem effectively. Designs such as GBNN and DARP,
which utilize coverage as an evaluation metric, are limited
in their ability to detect intruders effectively. (3) There is an
absence of comprehensive data comparisons between tra-
ditional algorithms and learning-based algorithms in
addressing MVPM problems.

In this paper, to solve an MVPM problem in a complex
environment we propose an enhanced QMIX method,
named KAN-Mix, to improve dynamic patrolling perfor-
mance in MVPM problems. This work makes three key
contributions:

e QMIX network enhanced by Kolmogorov-Arnold net-
works (KANs): This is the first work to apply the KAN
network to reinforcement learning tasks and evaluate its
performance. The Multi-Layer Perceptron (MLP) in the
action-value network of traditional Q-Mix is replaced
with KAN which possesses fewer parameters and exhibits
superior fitting performance [20]. Some researchers have
initiated the application of KAN within the realm of Deep
Learning (DL), such as KCN [21], and GKAN [22]. How-
ever, the utilization of KAN in reinforcement learning is
still unexplored. We integrate KAN in QMIX to capture the
nonlinear relationship between state, action, and Q-value.
The experimental results demonstrate that the resulting
KAN-Mix framework outperforms the original QMIX
across all test metrics.

e Reward function formulated by information entropy: In-
spired by Shannon’s information entropy theory, we have
formulated a reward function specifically for the MVPM
problem. This design tackles the issues of reward sparsity
and information dynamics. By nonlinearly adapting to
variations in environmental information during moni-
toring, it effectively enhances area coverage and improves
intruder catch rates.

e Comparison of traditional methods and various Q-value-
based MARL methods: We conducted comparisons
among traditional methods, such as GBNN and DARP, and
typical Q-value-based methods, including IQL, VDN,
QMIX, and KAN-Mix, to analyze the adaptability and



effectiveness of different Q-value architectures in the
MVPM task under the same reward function and scenario
settings. To achieve this, we designed three types of maps
with varying levels of complexity and performed com-
prehensive analyses and evaluations with varying num-
bers of agents.

This paper is arranged as follows. Section 2 provides an
overview of the research background regarding the MVPM
problem. In Sec. 3, we introduce the modeling work of the
MVPM problem, and Sec. 4 elaborates on the network
details of the KAN-Mix. Section 5 presents experimental
designs conducted in different maps, alongside comparative
and ablation experiments. Finally, Sec. 6 offers a summary
of the entire paper.

2. Related Works

The problem of MVPM has been investigated significantly in
recent years, and its literature presents a wide range of
methods. In [2, 3, 23], surveys of MVPM strategies are
studied where strategies are evaluated based on agent
perception, communication, coordination, and decision-
making capabilities at different times. In this research, nu-
merous scholars have concentrated on MVPM problems,
establishing diverse evaluation metrics to assess perfor-
mance across various dimensions. These metrics signifi-
cantly influence the research emphasis of each investigator
when addressing MVPM problems. Following the selection
of suitable evaluation criteria, researchers typically explore
algorithms for MVPM problem-solving through three prin-
cipal methodologies: planning-based algorithms, heuristic
algorithms, and learning-based algorithms.

A MVPM Method Using a KAN-Mix Network 343

2.1. Evaluation metrics

As is shown in Fig. 2, evaluation metrics for MVPM problem
are mainly categorized into intrinsic and extrinsic evalua-
tions. Intrinsic metrics assess the internal state of a multi-
agent system during task execution, emphasizing the qual-
ity, efficiency. Extrinsic metrics evaluate the system’s ex-
ternal objectives or outcomes, focusing on the interactions
between the system and its environment. Intrinsic metrics
gage the internal characteristics of the system’s patrol
strategy, such as idleness, node visitation rates,
and environmental uncertainty. For instance, the authors of
[2, 24-33] employ worst-case/average idleness as a metric,
aiming to reduce the time agents spend returning to the
same state or agent, thus enhancing patrol efficiency and
quality. The authors of [26, 32, 34-39] consider node visi-
tation frequency to enhance the multi-agent system'’s utili-
zation rate by increasing the average visitation frequency
per node or the frequency of specific nodes, thereby
obtaining efficient patrol strategies. The authors of [40]
optimize Mean First-Passage Time (MFPT) to balance the
overall time consumption of different agents’ corresponding
strategies, thereby improving the efficiency of the strate-
gies. Another approach uses environmental uncertainty as a
metric, measured by the entropy or entropy rate of node
return times [6, 7]. In terms of extrinsic metrics, they typ-
ically pertain to indicators related to the detection of
intruders (maximizing the probability of detecting intruders
[41, 42] or maximizing the number of intruders detected
[43]). Since our MVPM task scenario utilizes griding maps
and rewards designed based on information entropy, we
employ coverage rate and total rewards as intrinsic metrics.
To reflect the capability of unmanned systems in capturing
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Fig. 2. A mind map on metrics classification. The second level involves the two primary categories of metrics, while the third level
delineates the four existing intrinsic and extrinsic indicators. The fourth level provides illustrative examples to explain these indicators,
and the fifth level offers a more detailed classification of the indicators discussed in the third level.
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intruders, we use the catch rate and the catch step of
intruders as external metrics of MVPM.

2.2. Planning-based algorithms

Planning-based algorithms systematically explore all pos-
sible states to find the optimal solution, typically solving
only once. This category generally encompasses two re-
search directions: offline or online planning. Offline plan-
ning based on specific rules or specified sequence orders
[29], often modeled as a multi-agent optimization problem
based on global goals [24, 37] or decomposed into multiple
discrete single-agent goal optimization problems [27, 28,
33, 34, 39, 40, 44-46] for subsequent resolution. It for-
mulates the MVPM problem into the mathematical optimi-
zation framework [47]. Online planning based on real-time
environments usually requires large computing power. The
authors of [24, 48] attempt to achieve large-scale real-time
decision-making with smaller computing power around
receding horizon optimization tools. The authors of [24]
show that partitioning the MVPM area and applying the tree
traversal approach can achieve similar performance to the
unpartitioned case up to a certain number of robots but
requires less optimization time for online planning in the
MVPM problem. The authors of [48] use the matroid con-
straint approach to design its suboptimal submodular-
based policy. This overcomes the challenge that the
assigned policy per each mobile agent over the receding
horizon is a vector rather than a point.

2.3. Heuristic algorithms

Heuristic algorithms [26, 32, 38, 43, 49-51] are constructed
based on intuition or experience and do not guarantee an
optimal solution. However, they provide an MVPM solution
within acceptable time and space costs, often applied to NP-
hard problems or those lacking known efficient algorithms.
The authors of [26] present four strategies that consider
important aspects of the patrolling movement, such as time,
uncertainty, and communication. These strategies improve
the centralized version of the NC-Drone by considering the
uniform distribution of visits and drastically reducing the
standard deviation, thereby making the algorithm more
stable. The authors of [32] propose three decentralized
techniques that use only local information written on the
nodes and can be implemented in simple robots.

2.4. Learning-based algorithms

Learning-based algorithms, which typically translate mul-
tiple optimization objectives into rewards and optimize

using Markov chains or various neural network structures.
Depending on the solution logic, these algorithms are di-
vided into reinforcement learning [17] and multi-agent
learning [1]. The authors of [18] achieved relatively good
results by specifically designing MVPM-related rewards and
using QMIX to learn the monitoring strategy. However,
when the complexity of MVPM increases, the effectiveness
of this design and method remains to be verified. To en-
hance the performance of QMIX, we introduced KAN and
designed task scenarios with varying levels of difficulty.
Through extensive comparative algorithm experiments, we
verified that the incorporation of KAN significantly
improves the capabilities of QMIX.

Existing intrinsic metrics mainly focus on improving
performance by increasing coverage or balancing execution
time. However, the MVPM problem requires quick identifi-
cation of potential intruders through effective strategies,
which necessitates accurate modeling of intruder behavior.
In the MVPM context, agents are unaware of intruder
locations. Planning-based algorithms are limited by offline
planning and poor robustness, while heuristic algorithms
are constrained to small subsets of nodes for online plan-
ning. The KAN-Mix algorithm presented here overcomes
these challenges by using intruder presence probability to
calculate information entropy. Additionally, it leverages
learning-based algorithms for improved robustness in
solving the MVPM problem. A detailed description of the
algorithm follows.

3. Problem Statement and Settings
3.1. Problem statement for MVPM

This section defines the MVPM problem in a reinforcement
learning manner. We propose a patrolling environment G
and subject it to grid-based processing G = {G1.1), G12),
Ga3) -+ G }» where H represents the side length of the
map. There are obstacles distributed on the map, and
intruders are set to appear randomly within the area.

The MVPM problem in this paper is established as a
partially observable Markov game model represented by
the tuple (M,A,U,R,S,0,7,v,T), where M = {my, m,, m3,
...,m,} represents n monitoring agents, S = {S;,5,,S3,...
,St} describes the true state of the environment, O =
{01,0%,03,...,0"} describes the individual observations
of each agent and T represents the duration of monitoring.
At each time step, each agent receives an observation 0’;,
and gets available action directions u{, which constitutes all
available action sets at all time, Ul = {u’i,u’é,ué,...,uiT}.
Then available action sets of N agents U= {U',U?,
U3,...,UN}. Then each agent selects an action a! based on
the information within the monitoring range, where a, € u,,



and all agents’ actions at the same time constitute a joint
action A, = {a},a? a},... a?}, where A, € 4, and 4 is the
set of actions within N time steps, A = {41,4,,43,...,Ar}.
All agents execute the joint action A, and extend their paths,
which leads to a change in the global state S, x 4, — S;.
The state transition function Z : S x U — P(S) defines the
transition probabilities of possible states. All agents receive
a monitoring reward R; : S x U — R, R, € R after executing
the joint action A;. Each agent executes a monitoring
strategy 7' : 0" — P(U'), which maps the observations of
each agent to a distribution over its available action set.
Each agent has an action-observation history
i €] = (0 x U)*. After numbers of iterations, each agent
learns a monitoring strategy 7! to maximize its expected
discounted return, Q'(w') = E(gi s avorvsz) [Doic0 VTt
(S,at,...,al)], where v € [0, 1]. Since all agents share the
same monitoring reward computation function, we consider
the area monitoring as a fully cooperative partially ob-
servable Markov game.

Although training is centralized, execution is decen-
tralized, and the learning algorithm has access to all local
action observation histories 7 and global state S, each
agent’s learned policy can condition only on its action ob-
servation history 7'

3.2. Environmental setup and action space design

We discretize the environment using an occupancy grid
map of patrolling areas. Taking the diameter of the agent
detection as a reference, calculate the unit length, discretely
represent the patrol scene, and grid-model the spatial co-
ordinate system. As shown in Fig. 3, the side length a of a
grid is set to be one-third of the diameter of the agent’s

(l‘ d

A
\

[0 agent position
a grid cell size

d detection diameter !
f available move direction

Fig. 3. Action space definition.
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detection circle:

a=—d, (1)

where d represents the detection diameter. If a grid length
greater than the detection diameter is employed, it becomes
challenging to determine whether the agent has success-
fully detected all relevant information within that range.
Conversely, while reducing the grid size could improve
detection accuracy, it may lead to a decrease in the overall
detection efficiency of the agent.

Without considering motion constraints, we discretize
the action space of the agent, where each agent can move in
nine directions (forward, backward, left, right, left front,
right front, left back, right back, and stay put), as shown in
Fig. 3. We define a! to represent the action taken by the
agent i at time t.

3.3. State space design

The global state space S is crucial for the cluster to un-
derstand the information of the map. We design coverage
information maps and monitoring information maps, which
together constitute the cluster’s global state space. That is,
the global state at time ¢, denoted as S;, is composed of the
coverage state S, and the monitoring information state S,¢,.

St = <Sc7 Sinf0>' (2)

3.3.1. Coverage state

The coverage state is S.= {S(11),5(1,2),S(1,3)s - »S(HH)}»
where H represents the side length of the map, consists of
grids of size H x H. Figure 4 is an example of the coverage
state map at time t. The state of each grid is denoted as s; ),
representing the state of the grid at coordinates (j, k):

0  grid (j, k) if the grid has not been detected,

0.5 grid (j, k) is detected and not an obstacle,
1 grid (j, k) is detected and is an obstacle.

(3)

When the patrol task has not yet begun, as the area
information is unknown, the state of all grids S 1S 0. After
the patrol task commences, the information state of grids
within the detection range will change.

SGik) =

3.3.2. Monitoring information state

The monitoring information state is defined as

Sinfo = 1A1,1)(£); A1.2)(€); A\1,3)(E), - - -, Ay (t) }, used for
calculating  information  entropy. The monitoring
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unknown 0
[0 detected 0.5
B obstacle 1

Map

Fig. 4. The illustration of the coverage state.

information state of each grid is denoted as Ay (t),
representing the intruder’s existence probability at the grid
with coordinates (j, k):

0 if grid (j, k) € Agent(t),
r .
gt —1) + T if grid (j, k) & Agent(¢t),

(4)

where \j ;) (0) is set to be 0.5 so that the probability of each
grid containing or not containing an intruder is initialized to
be equal. T represents the maximum patrol time. grid (j, k)
denotes the grid corresponding to coordinates (j, k), Agent
(t) represents the detection range of the agent. Figure 5 is
an example of the monitoring information map at time
t=0.

Ao (£) =

3.4. Observation space design

The observation space consists of two parts: the patrol path
LL of the ith agent, denoted as L} = {I},I5,... IL,... I}},
and the historical turning angles 6! of the ith agent, denoted
as 0L = {04,0%,...,0%, ...,0%}. Accordingly, o} = (LL, 6%, 1)
represents the individual observation space of the ith agent
at time t. Additionally, each agent has access to the

0 obstacles or detected
0 ~ 0.5 probability of intruders existing

0.50.50.5 0.5
M 05050505

Bl os o5
N o5 0.5

Sinfo

Map

Fig. 5. The illustration of the monitoring information state. “0”
denotes the detection or presence of an obstacle, while values
ranging from “0” to “0.5” represent the probability of an intruder
potentially being present. Given the inherent uncertainty regard-
ing the intruder’s presence, the highest probability is limited to
0.5, indicating that the likelihood of the intruder’s presence is
equally uncertain, analogous to the binary presence or absence of
the intruder.

observation space of other agents, collectively forming a
combined observation space 0% = (ol,02™"), where o2t
represents the collection of observation states of other

agents.

3.5. Reward function design

MVPM is a problem that involves inferring the potential
location of an intelligent agent through environmental
monitoring. This process leads to dynamic updates in the
agent’s known information of the environment. Inspired by
Shannon’s information theory, we designed the reward
function based on information entropy. The function of in-
formation entropy evaluates uncertainties, and we utilize it
to describe the uncertainty regarding the existence condi-
tion of the intruder in a certain grid.

The reward calculation process of a single intelligent
agent is shown in Fig. 6. With X\ (t) being treated as the
probability mass function, the amount of information
present in a single grid is denoted as I; ;) (t):

0 if Ajp(t) =0,

Ljp(t) = (k)
' _)\U;k)(t) lOg /\(j,k)(t) if >\(1k)(t) # 0.
Assuming the presence of intruders in each grid is a Ber-

noulli distribution, the information entropy corresponding
to each grid is

(5)

eGa) () = Ljp (£). (6)

The single-agent reward is defined as the information gain
at time t:

ri(6) = =) leult) — gult —1)], (7)

where grid(j, k) have been searched by agent i.

AGiw (= 1) AGik) (2) ejr(t—1) ej.k(t)
/ / /

7 7 7 7
05]03]05 olofo 1 ]o.8g| 1 ofojfo
05105 0s o | o[ o |caculate entropy 20r ololo
040305 ojojo ‘ 0.97/0.88] 1 ofofo

t-1 t t-1 t

l caculate reward

eji(t) — eju(t—1)
/
4
-1 1-0.88 -1

7i(t) = [+ (-0.88) + (-1)
+ (1) + (1) +(-1)
+(-0.97) + (-0.88) + (-1)]

= B.73

]

-0.97}-0.88} -1

Fig. 6. The illustration of reward calculate. Each agent calculates
the probability of potential intruders within each grid cell of its
monitoring domain. Based on these probabilities, the agent then
calculates the information entropy for each grid. Finally, the agent
evaluates its performance by calculating a reward functions.



The multi-agent monitoring reward is the sum of all
single-agent rewards at time ¢t

Rt:Zri(t)a (8)

where N is the total number of agents.

4. QMIX Network Enhanced by KANs

This section details the Q-value mixing network enhanced
by KANs (KAN-Mix). KAN-Mix adheres to the QMIX frame-
work, employing Centralized Training and Decentralized
Execution (CTDE). The KAN-Mix consists of a mixing net-
work and KAN action-value networks, as shown in Fig. 7.
The mixing network serves the purpose of training the KAN
networks during the training phase. Once trained, only the
KAN networks are required for task execution in subse-
quent phases. Appendix A describes the pseudocode of this
algorithm and the specific details of the algorithm process.

4.1. KAN action-value network

As shown in Fig. 7(c), we employ KANs as the agents’ ac-
tion-value network to accommodate a vast state space.
KAN, inspired by the Kolmogorov-Arnold representation
theorem, is an advanced type of neural network featuring
learnable activation functions on edges of the neurons, as
opposed to the fixed activations on nodes in traditional
MLPs [20]. These activation functions are parameterized by
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B-splines, which are piecewise polynomial functions de-
fined by control points and knots. The Kolmogorov-Arnold
representation theorem states that any multivariate con-
tinuous function can be represented as a composition of
univariate functions and the addition operation.

2n+1

f(X17~~vXn) = Zq)q(z¢q,p(xp)>’ (9)
qg=1 p=1

where ¢, , are univariates’ functions that map each input
variable (x,) such ¢, , : [0,1] — Rand ¢, : R — R. Since all
functions to be learned are univariate functions, we can
parametrize each 1D function as a B-spline curve, with
learnable coefficients of local B-spline basis functions. The
key insight comes when we see the similarities between
MLPs and KANs. In MLPs, a layer includes a linear trans-
formation followed by nonlinear operations, and you can
make the network deeper by adding more layers. Let us
define what a KAN layer is

¢ = {¢q.p}7

where ¢,, are parametrized function of learnable para-
meters. In the Kolmogorov-Arnold theorem, the inner
functions form a KAN layer with n;, = n and ny,, = 2n+ 1,
and the outer functions form a KAN layer with n;, = 2n + 1
and n,,; = 1. So, the Kolmogorov-Arnold representations in
Eg. (10) are simply compositions of two KAN layers. Now it
becomes clear what it means to have deep Kolmogorov-
Arnold representation. Taking the notation from [20] let us
define a shape of KAN [ng,nq,...,n;], where n; is the
number of nodes in the ith layer of the computational
graph. We denote the ith neuron in the Ith layer by (1, i), and

p=1,2,...,ny, q=1,2...,np (10)

170+ > [l — Quot (7, 4, 5:0))°]

Qtot(T, 1) .
Qtat(Tv u) \ B Koss )
Qi (TZ~ aﬁ)

h, g, Mixing Network — S @ | kan |

w, &;

St Ql(Tl ul)

h, 5,

W, g KAN 1

Ql(leul)'" Qn(Tnvun) (O}.(l,l71)
(a) (b) ()

Fig. 7.

(a) Mixing network, (b) the main framework of KAN-Mix, (c) KAN action-value network.
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the activation value of the (I, i) neuron by x;;. Between layer
[ and layer [+ 1, there are n;n;, activation functions: the
activation function that connects (I,i) and (I+ 1,j) is
denoted by

¢I‘j‘i7

j:1,...,n1+1.

1=0,...
(11)

The pre-activation of ¢;;; is simply x; ;; the post-activation of
¢y is denoted by X;;; = ¢;;(x;;). The activation value of
the (I + 1,j) neuron is simply the sum of all incoming post-
activations:

n n
Xiy1)j = qu,i = Z Gyixi), J=1,...myq. (12)
i1 i1

Rewriting it under the matrix form will give

@1.11%') ?Ll.z(‘% : 6?1‘1.»11(‘)
Xp1 = ?1’1.2‘1 ) 50122( ?ﬁlAz.m() x,, (13)
Bnpas() Phmaza()  Plagin ()
2,

where @, is the function matrix corresponding to the Ith
KAN layer. A general KAN network is a composition of L
layers: given an input vector X, € R™, the output of KAN is

KAN(X) = ((}L—l o QL—Z Q-+-0 @1 o ‘I>0)X (14‘)
Concatenate 0! and a!_; into x:

x = (0p,a;4). (15)

At this point, x serves as the input of the KAN network and
the output obtained is the g of each agent. The Q-value of
each agent is

Qi(Tia alt) = KAN( {‘a (1{»,1) o 7j, (16)

where 0! represents the observation of agent i at time ¢,
al | represents the action at t — 1, m; represents the set of
optional actions for agent i in the current time, and 0! is the
value set of movable directions in the current time. Each
agent’s learned policy can condition only on its action ob-
servation history 7.

As illustrated in Fig. 8, during task execution, (0%, al ;)
serves as the input to the action value network of each
agent, which computes the action value for each possible
direction. The agent then selects the direction with the
highest action value for its subsequent move.

4.2. Mixing network

As shown in Fig. 7(a), we employ a hypernetwork as a
mixing network. The operational principle of this network
adheres to Eq. (17). The hypernetwork utilizes the global

0.65 |0.15 10.025

0.027) 0 |0.023

0.025(0.015}0.085

f move direction
[0 agent position
0.65 action-value

Fig. 8. Explanation of action selection in KAN.

state and the action value of individual agents as inputs, and
it nonlinearly fits the joint action value Q. through the
hypernetwork.

argrnaxat1 Ql (Tga al})
argmax Qtot(T>At> = ) (17)

A
argmax, Q, (7, ay)

and the mixing network employs two sets of identical net-
work structures, namely, estimation network and target
network, to respectively, obtain Qt, and y {yrger- KAN-Mix is
trained end-to-end to minimize the following loss:

b
,C(Q) = Z[ }Ot - Qtot(T’Aivs; 0))2]’ (18)
i=1

I

where b is the batch size sampled from the replay buffer,
and 6 represents the parameters of the network. yirger =
r+ymaxy, Qu: (7',Ai’,S’;07) and 6~ are the parameters
of a target network as in KANs. Since Eq. (18) holds, we can
perform the maximization of Q. in time linear in the
number of agents (as opposed to scaling exponentially in
the worst case).

5. Experiments

5.1. Experiment settings

We designed three 50 x 50 maps for algorithm validation,
each with distinct features: a barrier-free map, a complex ob-
stacle map, and a connected six-room map (as shown in Fig. 9).
We tested scenarios with 3, 6, and 9 agents on these maps for
the MVPM task. Intruders randomly appear at any position,
and detection by monitoring is considered as being caught.

The parameter settings related to KAN-Mix can be found
in Table 1. The KAN-Mix and comparison algorithms are
trained under a distributed training framework with 12
CPU cores and 2 NVIDIA GeForce RTX 3090 GPUs.
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Fig. 9. Three different maps: (a) Map 1: barrier-free, (b) Map 2:
complex obstacle, (¢) Map 3: connected six-room. The black region
denotes the impassable zones and obstacles, whereas the white
region represents the traversable areas.

Table 1. The parameter settings of KAN-Mix.

Parameters Settings

Monitoring step 1000,1000,400

Learning rate 0.001
Batch size 128
Training iterations 25K
Testing iterations 10K
KAN Layer number 3
Mixing network layer number 4

5.2. The output trajectories of KAN-Mix

KAN-Mix is designed to train multi-agent systems to gen-
erate cooperative PM trajectories. To demonstrate its ef-
fectiveness in improving monitoring coverage, we
compared the initial trajectories (before training the KAN)
with the stable trajectories (after training the KAN). The
visualizations of these trajectories are shown in Fig. 10. To
compare the effectiveness of the patrol strategy, we also
presented the results of the well-trained agents in Fig. 10.

First, we analyzed the impact of KAN-Mix before and
after training by depicting the trajectories of nine agents on
each map, as shown in Fig. 10. The untrained agents exhibit
numerous repetitive paths and often get stuck in place on
maps with obstacles. In contrast, the trained agents show
reduced path repetition, employ proactive obstacle avoid-
ance strategies, and maximize the MVPM effect. Finally, we
visualized the trajectory of the agent’s continuous moni-
toring process. The results demonstrate that the nine in-
telligent agents have achieved near-complete coverage of
the three maps. This demonstrates the significant im-
provement in monitoring coverage and efficiency achieved
by training the agents with KAN-Mix.

5.3. Comparison with traditional algorithms and
Q-value-based MARL algorithms

To more effectively highlight the advantages of the KAN-Mix
algorithm, we conducted a comparative analysis with

A MVPM Method Using a KAN-Mix Network 349

{
{

LT

I E

/
|

~ RN B -
v - S
\ | oy
7Y
</
/\\/w %&
(a) Mapl (b) Map2 (c) Map3

Fig. 10. The output trajectories of KAN-Mix (nine agent). The
colored square represents the current position of the agent, and
the arrow indicates the direction of movement. The first line
shows the trajectories of the untrained agents (the first 10 step),
and the second line shows the trajectories of the trained agents
(the first 10 step), and the third line shows the trajectories of the
well-trained agents.

traditional algorithms, such as Divide Areas based on
Robots Initial Positions (DARP) and Glasius bio-inspired
neural networks (GBNN), as well as conventional MARL
algorithms based on Q-value optimization, including Inde-
pendent Q-Learning (IQL), VDN, and QMIX. The training
iterations for the conventional MARL algorithms are set to
25K, while the testing iterations are configured to 10K for
all algorithms. The training results of conventional MARL
algorithms algorithm are recorded in Fig. 11, and the testing
results are recorded in Tables 2-4.

In all scenarios shown in Fig. 11, VDN, which merely
sums the Q-values, did not outperform IQL which does not
sum Q-values in experimental outcomes. In fact, on most
maps, it converged more slowly and the rewards of the
trained strategies were notably lower than those achieved
by IQL. The QMIX and KAN-Mix, which engage in the non-
linear aggregation of Q-values, demonstrate notably
superior training performance compared to IQL, and VDN.
Within the initial 1K training iterations, they surpassed the
performance of the aforementioned three algorithms. Fur-
thermore, in the subsequent iterations, they yielded cu-
mulative rewards that were significantly greater than those
achieved by the other algorithms.

To evaluate the performance of the models trained by
each algorithm, we selected the top 20% of the MARL
models based on their total reward as the test models,
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Fig. 11.

constituting a 10K test dataset. The test results are pre-
sented in Tables 2-4. We have placed the monitoring in-
formation entropy results of the final step of nine agents on
different maps and algorithms in Fig. 12. Due to the com-
putation dead loop of GBNN on MAP 3, the information
entropy visualization of GBNN is not shown in Fig. 12.

As shown in Fig. 12, the random distribution of policy
information entropy is disordered, whereas MARL levera-
ges learned policies to render the information entropy of
the environment more ordered. Although the information
entropy of traditional algorithms has been significantly re-
duced, DARP’s limitation of not revisiting previously ex-
plored areas results in an increase in the information
entropy of regions explored earlier. Nevertheless, the
overall environmental knowledge acquired by DARP is
substantially superior to that of random, IQL and VDN. The
information entropy of the strategies learned by QMIX
across the entire map is significantly lower than that of IQL
and VDN (lighter blue indicates higher environmental
knowledge). In contrast, KAN-Mix exhibits only a small
number of grids in dark blue, indicating that the strategies
learned by KAN-Mix possess a higher level of environmental
knowledge compared to other algorithms.

training iteration

training iteration

Training results across various maps, algorithms, and agent numbers (averaged every 100 episodes).

Since the GBNN and DARP algorithms do not require
rewards for iteration, this item is crossed out by a “/” in
the table. First, we analyze the performance of each al-
gorithm on the different maps individually. As shown in
Table 2, for the accessible MAP 1, both GBNN and DARP
exhibit high coverage. However, the probability of suc-
cessfully capturing intruders is approximately 10% lower
for these two algorithms compared to other methods.
While MARL-based approaches may not perform as well
in GBNN and DARP, they maintain a capture probability
exceeding 95%. In this accessible map, traditional algo-
rithms are insufficient for efficiently detecting intruders,
suggesting that a higher coverage rate correlates with
improved performance in solving the MVPM problem.
This result further confirms that rewards based on in-
formation entropy are more effective than rewards based
on coverage.

In Table 3, for MAP 2, which contains several significant
obstacles, GBNN and DARP still achieve 100% coverage, but
the probability of intruder detection has decreased, partic-
ularly for the GBNN algorithm. Although GBNN demon-
strates a faster intruder capture rate in the data, this is
primarily due to a lower number of intruder captures.
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Table 2. Comparison across different algorithms on Map 1. Table 3. Comparison across different algorithms on Map 2.
Total Coverage Catch Catch Total Coverage Catch Catch

N_agent Algorithm  reward rate rate step N_agent Algorithm  reward rate rate step
3 Random 623.14 0.622 0.995 100 3 Random 466.6 0.547 0.99 99
GBNN \ 1 0.904 78 GBNN \ 1 0.817 69

DARP \ 1 0.865 263 DARP \ 1 0.793 232

IQL 829.96 0.767 0.989 106 IQL 550.42 0.681 0.989 117

VDN 594 0.465 0.989 130 VDN 384 0.491 0.989 142

QMIX 918.21 0.741 0.99 122 QMIX 790.59 0.856 0.99 102

KAN-Mix  1299.9 0.929 1 127 KAN-Mix  1028.5 0.938 1 103

6 Random 959.67 0.794 0.981 48 6 Random 740.34 0.742 0.982 51
GBNN \ 1 0.817 69 GBNN \ 1 0.74 69

DARP \ 1 0.87 131 DARP \ 1 0.795 114

IQL 1029.52 0.631 0.983 58 IQL 853.32 0.657 0.982 59

VDN 818.77 0.596 0.984 51 VDN 1225.7 0.802 0.983 36

QMIX 859.7 0.67 0.986 54 QMIX 1176.25 0.824 0.993 50

KAN-Mix  1249.1 0.88 0.988 53 KAN-Mix  1245.4 0.876 1 48

9 Random 1252.18 0.721 0.973 32 9 Random 989.4 0.696 0.972 33
GBNN \ 1 0.989 106 GBNN \ 1 0.465 11

DARP \ 1 0.87 89 DARP \ 1 0.788 75

IQL 801 0.677 0.973 58 IQL 448 0.466 0.949 45

VDN 677.35 0.493 0.975 46 VDN 1184 0.838 0.972 39

QMIX 1273 0.812 0.975 33 QMIX 1206.43 0.877 0.974 39

KAN-Mix 1471 0.915 0.98 40 KAN-Mix 1299 0.94 0.981 25

Table 4 highlights the performance on a connected six-room
map, where GBNN encounters a computational deadlock,
leading to the exclusion of its results, marked with a “-”. In
contrast, QMIX and KAN-MIX consistently maintain a cap-
ture probability exceeding 97% while ensuring high cov-

Table 4. Comparison across different algorithms on Map 3.

Total Coverage Catch Catch

erage and faster intruder detection. The results of these two N.agent Algorithm  reward rate rate  step
maps also indicate that GBNN and DARP ensure high cov-
erage, but are prone to missing intruders in the maps. 3 Random 77592 077 0.983 49
Overall, as shown in Tables 2-4, in completely accessible GBNN — - - —
Map 1 and connectivity-rich Map 3, while both GBNN and DARP \ 1 0.782 219
DARP are capable of ensuring complete coverage during the {,%LN igi;g 8223 gggi 3(7)
exploration of the entire map, their trajectories exhibit a high QMIX 623.52 0.751 0.983 49
degree of regularity, making them susceptible to evasion by KAN-Mix 869.54 0.958 0.991 48
intruders. Consequently, their probability of capturing 6 Random 775.75 0.773 0.982 50
intruders is lower than that of other methods. Notably, DARP GBNN — — — _
requires considerably more time to capture intruders com- DARP \ 1 0774 111
pared to alternative algorithms. As the map’s complexity IQL 391.54 0.539 0.982 46
increases, particularly with more intricate obstacles, the VDN 191 0.39 0.98 35
performance of both methods declines significantly. Specifi- QMIX 652.85 0.828  0.992 42
cally, the probability of intruder capture for GBNN decreases KAN-Mix 823 0.94 0.993 39
by approximately 48.57%, while DARP’s decreases by 10%. 9 ggl;\]dl\?m 103673 0.773 0.973 32
The random strategy does not perform worse than IQL DARP \ 1 0.783 74
and VDN. On the contrary, due to its complete randomness, 1QL 741.88 0577 0.968 41
it demonstrates a faster intruder capture capability in cer- VDN 454.79 0.459 0973 35
tain map scenarios (several scenarios in Map 1, achieving QMIX 1154.12 0.827 0.976 33
approximately 10% faster catch step). However, as maps KAN-Mix 1182 0.902 0.977 31

grow more complex, such as with the appearance of larger
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obstacles in Map 1 that obstruct feasible paths, their
effectiveness noticeably diminishes. In the test results, the
simple summation of Q-values in VDN does not outperform
IQL, which does not aggregate Q-values. Across most map
scenarios, IQL exhibits superior coverage and catch step
performance compared to VDN by approximately 20%. Only
in the 6-agent scenario of Map 2 does VDN demonstrate
better effectiveness than IQL. The QMIX method, which
employs nonlinear aggregation of Q-values, significantly
outperforms random, IQL, and VDN strategies. QMIX
achieves rewards and coverage rates that are at least 30%
higher compared to these methods. In various testing sce-
narios, KAN-Mix exhibits the highest rewards and the
highest coverage, along with the fastest intrusion detection
capabilities in most environments. In a few specific sce-
narios (e.g. Map 1), it slightly underperforms compared to
random within the catch step metric (within 10 steps). This
highlights the strong comprehensive capability of KAN-Mix,
especially when considering its reward effectiveness
designed in conjunction with information entropy.

To further evaluate the effectiveness of QMIX and KAN-
Mix, which both utilize nonlinear additive Q-values, we
initially compared their parameter counts and memory
usage, as illustrated in Fig. 13. KAN-Mix exhibits a decision-
making speed that is approximately 16.32% slower than
that of QMIX. KAN-Mix has 2.49% fewer parameters but
1.65% greater memory usage compared to QMIX, suggest-
ing that the activation function in KAN consumes more
memory. Despite the increased memory usage during

Information Entropy

I Obstacle

(e) QMIX (f) KAN-Mix

Testing results about information entropy across various map, and algorithms (nine agents).

Parameters | 2.49%

. QMIX
Memory Size 1 1.65% KAN-Mi
Runtime 1 16.32% R

5.56ms
S01K 488.5K 4.24MB 431MB
4.78ms

Parameters Memory Size Runtime

Fig. 13. Comparison of parameters, memory size, runtime.
training, KAN-Mix converged faster than QMIX and achieved
significantly higher rewards across all scenarios, justifying
the use of KAN to optimize QMIX.

During the testing phase, KAN-Mix demonstrated super-
ior performance over QMIX, achieving coverage improve-
ments of at least 10% and securing cumulative rewards that
were 10-30% higher across specific scenarios. Notably, in
extensive testing scenarios encompassing 10,000 testing
iterations on varied maps, KAN-Mix consistently achieved a
100% capture rate, a feat unattained by QMIX.

5.4. Ablation study on reward function

To verify the impact of reward design, we compared the
information-entropy-based reward (named reward type 1)



Table 5. Performance comparison between reward designs.
Reward Coverage
Map N_agent type rate Catch rate  Catch step
1 3 1 0.929 1 127
2 0.616 0.991 131
6 1 0.88 0.988 53
2 0.813 0.991 60
9 1 0.915 0.98 40
2 0.88 0.978 43
2 3 1 0.938 1 103
2 0.692 0.982 121
6 1 0.876 1 48
2 0.819 0.988 59
9 1 0.94 0.981 25
2 0.883 0.976 37
3 3 1 0.958 0.991 48
2 0.607 0.989 126
6 1 0.94 0.993 39
2 0.815 0.978 52
9 1 0.902 0.977 31
2 0.856 0.987 33

with the traditional coverage-based reward (named reward
type 2) on KAN-Mix in ablation experiments. We conducted
a comprehensive testing regimen comprising 10,000 itera-
tions on KAN-Mix models selected from the top 20% in
terms of coverage achieved during training based on re-
ward type 1 and reward type 2. The results, shown in
Table 5, indicate that the KAN-Mix network designed with
information-entropy-based rewards achieves higher cover-
age, cumulative rewards, and faster intruder detection
compared to the traditional coverage-based reward.

6. Conclusion

In this paper, we introduce the KAN-Mix network, an en-
hanced version of the QMIX network that incorporates
KANs to address the MVPM problem. Our approach includes
an information entropy-based reward system designed to
improve the efficiency of multi-agent systems in promptly
detecting intruders while ensuring comprehensive regional
monitoring coverage. The KAN component in KAN-Mix
demonstrates superior fitting capabilities compared to the
traditional MLP used in QMIX, enabling sustained high
coverage and detection rates even in complex environ-
ments. Ablation studies confirm that rewards based on in-
formation entropy are well-suited for MVPM problems.
The results across all experimental scenarios indicate
that KAN-Mix, characterized by enhanced Q-value fitting
and nonlinear aggregation capabilities, surpasses alterna-
tive algorithms in overall performance when guided by
rewards derived from information entropy principles. This
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study presents a practical implementation of KAN within
MARL frameworks, suggesting novel avenues for optimizing
MARL methodologies. Furthermore, the design of rewards
based on information entropy theory introduces a more
theoretically robust optimization criterion for investigating
MVPM challenges.

While KAN-Mix has demonstrated strong performance in
addressing the MVPM problem, its decision-making time is
slower compared to QMIX. Additionally, this study explores
the MVPM problem without accounting for agent dynamics
and energy consumption constraints. Future research could
focus on integrating capability constraints and energy
consumption considerations into the reward design to fur-
ther optimize performance.

Acknowledgments

This research was funded by the National Key Research and
Development Program of China, grant number
2021YFC2803003, and the National Natural Science Foun-
dation of China, grant number 62173220.

Appendix A. Pseudocode

The details of our algorithm are given in Algorithm A.1.

Algorithm A.1. KAN-Mix.

1: Input: Environment £, Number of agents IV, Discount
factor 7, Learning rate o, Number of episodes M, Re-
play buffer D, Target network update frequency T'

2: Output: Policy mp

3: Initialize KAN networks @; for each agent i, with pa-
rameters 6;

4: Initialize mixing network Qiot, with parameters oy

5: Initialize target networks Qi and Qtot

6: for episode m =1,2,..., M do

7

8

. Initialize state Sp and agent states Of) = @
: for time step t =0, 1,2,... do
9: for each agent ¢ do
10: Select action al ~ 7y, (s*) using epsilon-greedy policy
11: end for
12: Execute actions {al}, observe next state s;11, and re-
wards 7‘?1
13: Store transition (s, {al}, 7+, st+1) in replay buffer D
14: Sample a mini-batch of transitions {(s¢, {al}, ¢, st41)}
from D .
15: Compute values of each KAN network Q;
16: Compute values of mixing network:

(Qtot) = QMIX(Q1, Q2; ..., @nN)
17: Compute target value for mixing network:
(Yrot = Re +ymax Qi(se41,0'))

18: Update parameters 6; and 60,4 by minimizing the loss:
L= ”Qtot - ytotHQ
19: if ¢ mod T'== 0 then
20: Update target networks:
Qi — Qintot — Qtot
21: end if

22: end for
23: end for
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