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In this work, the containment control problem for a quadrotor team is addressed in the presence of multiple dynamic leaders with unknown
bounded time-varying inputs. Both safety-critical constraints and input constraints are considered. Specifically, a linear extended state
observer (ESO) is employed to handle the uncertainty and disturbance. A distributed fixed-time observer is designed to estimate the reference
signal requiring no global information. The proposed nominal controller can guarantee the formation geometric constraint in steady states.
Moreover, safety certificates for collision-free in transient states is enforced by using exponential control barrier functions (ECBFs). A real-
time quadratic programming (QP) problem is constructed to modify the nominal controller such that both safety constraint and input
constraint can be satisfied. Finally, simulations and experiments illustrate the effectiveness of the algorithm.
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1. Introduction

Over the past few decades, there has been a growing
interest in the research of multi-agent systems (MAS) [1, 2].
The theory of MAS has been successfully employed in au-
tonomous unmanned systems [3] like unmanned surface
vehicles (USVs) [4], mobile robots [5], unmanned aerial
vehicles (UAVs) [6]. Specifically, owing to the superiority in
efficiency and robustness, the collaboration of UAV teams
has various applications in military or civilian fields such as
air combat [7], transportation [8], detection and forest fire
monitoring [9]. Especially, quadrotor is a type of vertical
take-off and landing (VTOL) UAV with the ability of agile
flight [10]. Based on the above analysis, we can find several
benefits and great potential of the coordinated control for
quadrotors. Therefore, it’s meaningful for people to give
further investigation.

Through reviewing relevant works from control com-
munity, we summarize the following challenging issues:

. Formation maneuver for quadrotor teams. Since the
UAVs always work in urban or wild environments, they
should change the formation pattern in real time to adapt
to the highly constrained environment.

. The existence of external disturbances and system
uncertainties. These factors will affect the control per-
formance of quadrotors.

. Multiple constraints on quadrotors especially safety
constraint. In reality, the limitations of resource and ca-
pability make control design difficult. Moreover, we
should ensure the safety of quadrotors strictly.

In earlier studies, formation control problems were dealt
with mainly based on consensus protocols [11, 12]. In these
cases, the formation configuration is time invariant. Then
people started to pay attention to formation maneuver
problem. Dong et al. proposed necessary and sufficient
conditions to achieve the tracking of a predefined time-
varying configuration subjected to switching topologies
[13]. In [14], the time-varying formation problem of UAV
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swarms was investigated, and a swarm platform
experiment was presented. Recently, some new methods to
achieve formation maneuver have been developed, which
includes stress matrices [15, 16] and complex Laplacians
[17, 18]. Zhao [19] employed affine transformations like
scaling, shearing etc. to generate configurations with time-
varying geometric properties, then the tracking control
scheme was designed integrated with stress matrices.
Moreover, containment control can be seen as a special type
of formation. In this scenario, the agents not only need to
follow the leaders, they are also steered in a convex hull-
spanned by the leaders. This approach is useful to ensure
the UAVs maneuvering in a safe region [20]. It is note-
worthy that in these works, the leaders’ input signal (e.g.
the acceleration of a second-order system) will always ap-
pear in the control protocol for the followers. Therefore,
people usually make assumptions that leaders’ inputs are
zero or the signals are known to all the followers [21, 22].
However, in most practical cases, leaders’ inputs are time-
varying and cannot been accessed by the followers in real
time. Currently, only a few works consider this case [23].
Inspired by the condition, investigating the containment
control problem with leaders’ inputs unknown is one of the
motivations of our work.

Many existing literature works on MAS investigated the
problem based on an ideal model. However, for robotic
systems like UAVs, etc., the external disturbances cannot be
ignored [24]. A more practical model should be used to
describe the dynamic. Thus, this work aims at tackling the
negative affects of lumped disturbances for better perfor-
mance of UAV teams.

In reality, there are always multiple constraints on the
MAS. For instance, communication constraints, connectivity
constraints, state constraints, energy constraints, etc. There
are methods to deal with these constraints, respectively.
Dynamic event-triggered (ET) mechanism was employed in
MAS formation to reduce redundant data exchanges [25].
In [26, 27], distributed controller was designed for MAS
subject to input constraints. Prescribed performance (PPC)
[28] and barrier Lyapunov function (BLF) [29] can be used
to guarantee the state constraints. Moreover, model pre-
dictive control (MPC) [30, 31] is a good strategy for MAS to
achieve optimal performance while handling constraints.
On the other hand, robotic systems like UAV teams are
typical safety-critical systems, which means collision with
obstacles or collision between agents should be avoided to
ensure the safety. For quadrotors, downwash has consid-
erable effects on their safety too [32]. Artificial potential
field (APF) is popular in collision avoidance for UAVs, USVs
[33]. However, APFs always have the problem of local op-
tima, which reveals the limitation of this approach. It can be
found that there are very few works simultaneously
consider multiple constraints in one problem. On the other

hand, the multiple constraints may contradict with each
other. Therefore, the problem on how to realize a trade-off
between the constraints appropriately is still open. Our
work is motivated by this challenge.

Compared with the aforementioned methods, control
barrier functions (CBFs)-based safety certificate is a novel
and powerful one. Safety is ensured through enforcing the
forward invariance of the safety set. Reciprocal control
barrier functions (RCBFs) and zeroing control Barrier
functions (ZCBFs) were investigated by Ames et al. in [34].
In their work, a CBF-based QP optimization framework was
constructed and has been successfully applied in adaptive
cruise control (ACC). Employing ZCBF, collision avoidance
and connectivity maintenance were achieved for second-
order MAS in [35]. The safety control for USVs using CBFs
with disturbance has been studied in [36]. However, we
find that there is little research on exponential control
barrier functions (ECBFs) [37], which is more powerful for
high order systems. In our work, we will try to apply this
method on quadrotor teams for ensuring safety.

Based on the above analysis, this work aims at the
containment control for quadrotor teams. Key problems
considered are summarized as follows. The first problem is
how to realize the control objective when leaders’ control
input is unknown. The second one is how to tackle the
negative affects of disturbances and uncertainties to main-
tain system performance. The final one is how to ensure
that the multiple constraints especially safety constraints
are satisfied for the quadrotors. Main contributions are
listed in the following:

. Containment formation maneuver can be achieved in the
presence of leaders with unknown time-varying accel-
erations. There is no need for acceleration measurements
and acceleration feedback. A fixed time observer is con-
structed for controller design. Moreover, disturbance and
uncertainties will be estimated and compensated in this
problem.

. Multiple constraints are handled such as safety-critical
constraints and input constraints. Besides the distance-
based collision-free constraints [35], the effects of
downwash are also considered in the work for the safety
of quadrotors.

. A decentralized CBF-based QP method is proposed for
the optimal controller, which makes a trade-off between
soft constraints and hard constraints. Compared with the
existing algorithms commonly used [38], an ECBF rather
than a ZCBF is employed for the quadrotor team.

The remaining part of this paper is organized as follows.
In Sec. 2, preliminaries and problem formulation are given,
including models, control objectives and lemmas. In Sec. 3,
we propose the nominal controller and modified controller
to handle the problems. Simulations and experiments are
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shown in Secs. 4 and 5, respectively. Finally, we give the
conclusion and discussion of this work in Sec. 6.

2. Preliminaries and Problem Formulation

2.1. Notations

First, we will introduce the mathematical symbols used
throughout this paper. Let 1n ¼ ½1; 1; . . . ; 1�T 2 Rn for sim-
plicity, while In represents an nth order identity matrix
and O is a zero matrix. A ½j� means the jth row of
matrix A. sgnð�Þ is the sign function. When c ¼ ½c1; c2; . . . ;
cn�T 2 Rn, sigaðcÞ ¼ ½sigaðc1Þ; . . . ; sigaðcnÞ�T 2 Rn. Specifi-
cally, sigaðciÞ ¼ jcijasgnðciÞ, where the superscript a 2 R

means a power exponent. diagfq1; . . . ; qNg is a diagonal
matrix and q1; . . . ; qN are entries on its principal diagonal.
� is the symbol of Kronecker product. �maxð�Þ and �minð�Þ
denote the maximum and minimum eigenvalues of a matrix,
respectively.

2.2. Quadrotor dynamics

The quadrotor can be treated as a 6-degree-of-freedom (DoF)
rigid. Its motion can be defined in a inertial frame W and a
body-fixed frame B. Denote R 2 SOð3Þ as the rotation matrix
from B toW . x, v 2 R3 are position and linear velocity of the
center ofmass (CoM) inW .� 2 R3 is angular velocity defined
inB. Then for the ithquadrotor in the setF ¼ f1; 2; . . . ;Ng,we
have a nominal model in the following [39]:

x
:
i ¼ vi

miv
:
i ¼ fiRie3 �mige3

R
:
i ¼ Ri�

^
i

Ji�
:
i ¼ � i � �i � Ji�i; i 2 F;

ð1Þ

where mi 2 R and Ji 2 R3�3 are total mass and inertial
matrix, respectively. e3 represents a direction vector
½0; 0; 1�T . The direction of gravity is along �ZW . g denotes
the gravity acceleration. ð�Þ^ is a map: R3 ! SOð3Þ. fi and
� i are the thrust and torque generated by the propellers
which can be seen as the control inputs, where fi aligns
the body axis ZB .

It can be seen that quadrotor has underactuated and
highly coupled dynamic. A quadrotor is equipped with four
motors which means only 4 DoF can be considered simul-
taneously. Generally, people focus on the translation control
for quadrotors in formation. Moreover, the yaw angle  can
be set independently for quadrotor during flight. Therefore,
� ¼ ½xT ;  �T 2 R3 � SOð2Þ are chosen as the 4 DoF to be
controlled [10].

Specifically, from the ideal model in (1), a more realistic
one can be constructed for the quadrotor’s
translation dynamic

x
:
i ¼ vi
v
:
i ¼ ui þ �g þ �i vi þ Δ i; i 2 F;

ð2Þ

where �g ¼ ½0; 0;�g�T , �i vi represents modeled the aero-
dynamic drag effect. �i ¼ diagf�i;1; �i;2; �i;3g, and the para-
meters can be identified through experiment data. Δ i

denotes the lumped uncertainties and disturbance. For the
convenience of analysis, we organize the variables as a
compact form. Let x ¼ ½xT

1 ; x
T
2 ; . . . ; x

T
N�T 2 R3N , v ¼ x

: ¼ ½vT
1 ;

vT
2 ; . . . ; v

T
N�T 2 R3N .

In (2), we define a control input ui. From ui, one can
derive the desired thrust f id , respectively. In the following,
we introduce how to compute the desired attitude [39].
First, the Z axis of B can be directed derived via f id

Z id ¼
f id

kf idk
: ð3Þ

Next, for a given yaw angle  id , we construct a vector
X ic ¼ ½cos id; sin id;0�T . Then we have

Y id ¼
Z id � X ic

kZ id � X ick
;

X id ¼ Y id � Z id:

ð4Þ

The desired attitude is Rid ¼ ½X id Y id Z id�: Assuming that the
quadrotor has a underlying controller for the attitude
control [40]. In this paper, we will not discuss the rotation
control, i.e. how to design the torque.

2.3. Leaders’ signal

There will be multiple leaders in the containment-formation
scenario. Their dynamics are generated by a double
integrator [23]

p
:
jðtÞ ¼ qjðtÞ

q
:
jðtÞ ¼ rjðtÞ; j 2 L;

ð5Þ

where L ¼ fN þ 1; . . . ;N þMg is the set of leaders.
pjðtÞ and qjðtÞ are position and velocity signal. While rjðtÞ is
an unknown bounded signal. krjðtÞk1 � �r , �r is a
constant known to the followers. Similarly, let p ¼ ½pT

Nþ1;
pT
Nþ2; . . . ; pT

NþM�T 2 R3M , q ¼ ½qT
Nþ1; q

T
Nþ2; . . . ; q

T
NþM�T

2 R3M , respectively.

Remark 2.1. The leaders’ signal will generate a safe zone
in a convex hull for the follower quadrotors. In this paper,
there are virtual leaders. Compared with zero acceleration
or constant acceleration, leaders with time-varying
unknown inputs are more general. It allows formation
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maneuver such that the quadrotors can adapt to the
changing environment.

Remark 2.2. Unless otherwise stated, the signals in this
paper which represent coordinate, velocity, input, distur-
bance, etc. are all time-varying. However, for the brevity, we
will omit the time argument ðtÞ in most cases.

2.4. Control objective

In the containment control problem of this paper, the
multiple constraints to be satisfied are described in the
following.

2.4.1. Geometric constraints

The quadrotors are contained in the convex hull spanned by
leaders, which can be formulated as

lim
t!1

����xi � XNþM

j¼Nþ1

kij pj

���� � "i; i 2 F; ð6Þ

where the coefficients kij � 0, and
PNþM

j¼Nþ1 kij ¼ 1. "i > 0 is
a small scalar.

2.4.2. Safety-critical constraints

The inter-collision between the quadrotors should be
avoided while flying or transforming the formation.

k��1ðxi � xjÞk � Ds; i; j 2 F; ð7Þ

where � is a scaling matrix [32], � ¼ diagf1;1; lg, l > 1. Ds

denotes the safety distance between 2 quadrotors i and j.

2.4.3. Input constraints

Actually, there is always a limit on a quadrotor’s maneuver
capability and control input. That is

kuik1 � �i; i 2 F; ð8Þ
where �i is a positive constant.

Remark 2.3. Let us consider the downwash effects gener-
ated by the rotors. Inspired by H€onig et al. [41], the collision
volumeofaUAV isexpanded intoaellipsoid in thevertical axis.
In this way, the safety of a quadrotor can be guaranteed when
flying underneath another, as shown in Fig. 1.

Remark 2.4. Among the above constraints, the latter two
are considered as hard constraints which should be strictly
satisfied at all time. While the first one is a soft constraint.

We hope that the containment error is small as possible. It
can be violated sometimes when contradicting the hard
constraints.

2.5. Graph theory

A graph GðV; E;AÞ will be used to describe the communi-
cation topology [42]. V ¼ f1; 2; . . . ;N þMg is the node set,
E is the edge set and A ¼ ½aij� 2 RðNþMÞ�ðNþMÞ denotes the
adjacency matrix of G. If node i can receive information
from node j, j is a neighbor of i. We have ði; jÞ 2 E, aij > 0.
Otherwise, aij ¼ 0. di ¼

PNþM
j¼1 aij is called indegree.

We have the indegree matrix D ¼ diagfd1; . . . ; dNþMg. Then
the Laplacian matrix of G is given by L ¼ D�A.

In this paper, the leaders only send information and
don’t receive information. The interactions between fol-
lower quadrotors are undirected. Assuming that for each
quadrotor, there exists at least one virtual leader which has
a path to it. Then the Laplacian matrix L can be divided into
blocks, which can be written as

L ¼ T1 T2
O1 O2

� �
2 R

ðNþMÞ�ðNþMÞ;

whereT1 2 RN�N , T2 2 RN�M ,O1 2 RM�N ,O2 2 RM�M . Here,
we have the following properties [43]. T1 is a symmetric and
positive definite matrix. The entries of �T�1

1 T2 are nonnega-
tive. In each row of�T�1

1 T2, the sum of the entries is 1. That is

�T�1
1 T½j�

2 � 1M ¼ 1; j ¼ 1; . . . ;N: ð9Þ

2.6. Lemmas

Aiming at the control objectives above, some useful lemmas
are introduced in this subsection.

Lemma 2.5. Consider an affine dynamic system [34, 37]
as follows:

x
: ¼ f ðxÞ þ gðxÞu ð10Þ

Fig. 1. Ellipsoid volume for quadrotors.
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where x 2 Rn, u 2 Rm. Given a safety set

C ¼ fx 2 R
njhðxÞ � 0g; ð11Þ

which is defined on the function h : Rn ! R. The function h
has a relative degree of s. hðxÞ is a exponential control
barrier function (ECBF) defined on C if we can find K 2 R1�s

which satisfies

sup
u2U

½Ls
f hðxÞ þ LgL

s�1
f hðxÞ þ K�� � 0 ð12Þ

and hðxÞ � CseAst�ðx0Þ � 0 when hðx0Þ � 0, where As ¼
Fs � GsK, Cs ¼ ½1; 0; . . . ;0�, � ¼ ½hðxÞ; h: ðxÞ; . . . ; hðs�1ÞðxÞ�T .
The matrices Fs 2 Rs�s, Gs 2 Rs�1 are derived from the
controllable canonical form

Fs ¼

0 1 � � � 0

..

. . .
. . .

. ..
.

0 . .
.

1
0 � � � 0

2
666664

3
777775; Gs ¼

0

..

.

1

2
664

3
775: ð13Þ

The vector K should be selected to ensure that As is
Hurwitz. For the ECBF, the admissible control space UðxÞ is
defined as

UðxÞ ¼ fujLs
f hðxÞ þ LgL

s�1
f hðxÞ þ K� � 0g; x 2 C: ð14Þ

For the safety set (11) and an associated ECBF h, with the
system’s initial state, x0 2 C. The forward invariance of C
can be rendered using any controller u 2 UðxÞ.

This lemma is about safety control. It will be used for
ensuring the collision avoidance for quadrotors.

Lemma 2.6. For any �1; �2; . . . ; �N � 0 [44], if 0 < p � 1,
we have

XN
i¼1

�pi �
�XN

i¼1

�i

�
p

if p > 1, the following inequality holds:

XN
i¼1

�pi � N1�p

�XN
i¼1

�i

�
p:

These inequalities will be utilized in the process of
Lyapunov function for proof.

Lemma 2.7. ([45]) Consider the following system:

x
: ¼ f ðt; xÞ; xð0Þ ¼ x0

If there exists a continuous function VðxÞ : Rn ! Rþ [ f0g,
which satisfies

. VðxÞ ¼ 0 () x ¼ 0;

. V
: ðxÞ � �k�V l1ðxÞ � k�V l2ðxÞ,

where k�; k� > 0, l1 > 1, 0 < l2 < 1. Then the system is glob-
ally fixed-time stable. The settling time has an upper bound:

T � Tmax ¼
1

k�ðl1 � 1Þ þ
1

k�ð1� l2Þ
: ð15Þ

In this work, we will design an observer with faster con-
vergence rate based on this lemma.

3. Main Results

3.1. ESO design for estimation

Since the lumped uncertainties and disturbances have
physical limitations, it is reasonable to assume that Δ i and
Δ
:
i are bounded. Namely,

kΔ ik � �Δ ; kΔ: ik � �
Δ
:
: ð16Þ

Now, we can extend Δ i as an additional state for the system.
Motivated by Yue et al. [46], we will use an ESO to estimate
the unknown item. The design is given below, in which ð �̂Þ
represents the estimation value

x̂
:
i;	 ¼ v̂ i;	 þ 3!i;	ðxi;	 � x̂ i;	Þ

v̂
:
i;	 ¼ ui;	 þ �g	 þ �i;	vi;	 þ Δ̂ i;	 þ 3!2

i;	ðxi;	 � x̂ i;	Þ
Δ̂
:

i;	 ¼ !3
i;	ðxi;	 � x̂ i;	Þ: 	 ¼ 1; 2; 3: i 2 F;

ð17Þ

where the subscript 	 denotes the 	th entry of a vector.
!i ¼ diagf!i;1; !i;2; !i;3g is the adjustable parameter of the
ESO. We obtain the dynamics of estimation error ~ð�Þ,

~x
:
i;	 ¼ ~vi;	 � 3!i;	~xi;	;

~v
:
i;	 ¼ ~Δ i;	 � 3!2

i;	~xi;	;

~Δ
:

i;	 ¼ Δ
:
i;	 � !3

i;	~xi;	:

ð18Þ

Furthermore, let 
i;	 ¼ ½~xi;	; ~vi;	!i;	
;
~Δ i;	

! 2
i;	
�T , then



:
i;	 ¼ !i;	

�3 1 0
�3 0 1
�1 0 0

� �
|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}

Ae


i;	 þ
0
0
1

2
4

3
5 Δ
:
i;	

!2
i;	

: ð19Þ

The system matrix Ae is Hurwitz and Δ
:
i;	 is bounded.

According to Cao et al. [47], the estimation error is
bounded. There will be a finite time T1 such that

k ~¢k � �1; t � T1; ð20Þ
where ~¢ ¼ ½ ~Δ T

1 ; . . . ; ~Δ
T
N�T , and the upper bound �1 will

decrease through increasing !i;	.
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3.2. Fixed-time observer design

According to the property of communication graph in (9),
we can find that if the following condition holds:

lim
t!1kx � ð�T�1

1 T2 � I3Þpk � "; ð21Þ

the containment control objective (6) will be achieved.
Here, we denote

xd ¼ ð�T�1
1 T2 � I3Þp; ð22Þ

which means xd ¼ ½xT
1d; x

T
2d; . . . ; x

T
Nd�T is the desired trajec-

tory for the following quadrotors in the containment con-
trol. However, the reference signal xd contains global
information such as topology matrix T1, T2, and leaders’
location p. Moreover, the leaders’ dynamics (5) also have
uncertainties. In other words, in the distributed framework,
the reference trajectories (22) cannot be employed in the
controller design directly.

Considering the above problem, here we design a fixed-
time observer (FTO) for the following quadrotors to esti-
mate the desired signal in a distributed way. From (22), we
construct vd ¼ x

:
d ¼ ½vT

1d; v
T
2d; . . . ; v

T
Nd�T . Define v̂ id as the

estimation of vid . Synchronization error of the estimation is
given by

ei ¼
X
j

aijðv̂ id � v̂ jdÞ; i 2 F; j 2 L [ F: ð23Þ

Remark 3.1. For j 2 L, v̂ jd ¼ qj .

Then the FTO for quadrotor i is designed as

v̂
:
id ¼ �k1sig

aðeiÞ � k2sgnðeiÞ; i 2 F; ð24Þ
where a > 1, and k1; k2 are positive parameters to be
designed. Denote v̂d ¼ ½v̂ T

1d; v̂
T
2d; . . . ; v̂

T
Nd�T .

Let e ¼ ½eT1 ; eT2 ; . . . ; eTN�T . By using the property of com-
munication topology, we can obtain

e ¼ ðT1 � I3Þv̂d þ ðT2 � I3Þq
¼ ðT1 � I3Þ½v̂d � ð�T�1

1 T2 � I3Þq�
¼ ðT1 � I3Þðv̂d � vdÞ
¼ ðT1 � I3Þ~vd; ð25Þ

where ~ºd ¼ v̂d � vd represents the estimation error.
Then we give the design of parameters and stability

analysis in the following theorem.

Theorem 3.2. By choosing k1 > 0, k2 > �r, the desired signal
can be estimated accurately in fixed-time.

Proof. Construct a Lyapunov function:

V1 ¼ 1
2
~v T
d ðT1 � I3ÞT~vd: ð26Þ

By invoking (24) and (25), the time derivative of V1 is

V
:
1 ¼ ~v T

d ðT1 � I3ÞT~v
�
d

¼ ~v T
d ðT1 � I3ÞTð�k1sig

aðeÞ � k2sgnðeÞ � v
:
dÞ

¼ �k1e
TsigaðeÞ � k2e

TsgnðeÞ þ eTðT�1
1 T2 � I3Þq:

¼ �k1
X
i

je ½i�jaþ1 � k2kek1 þ eTðT�1
1 T2 � I3Þq: : ð27Þ

The following inequality of vector norms always holds:

kek2 � kek1 ð28Þ

eTðT�1
1 T2 � I3Þq: � kek1 � kðT�1

1 T2 � I3Þq: k1
¼ �r � kek1: ð29Þ

By considering (28), (29), we can obtain

V
:
1 � �k1N

1�a
2 kekaþ1

2 � ðk2 � �rÞkek1;
� �k1N

1�a
2 kekaþ1

2 � ðk2 � �rÞkek2: ð30Þ

Furthermore,

V1 ¼
1
2
~v T
d ðT1 � I3ÞT~vd

� 1
2
�maxðT1Þk~vdk2

2; ð31Þ
kek2 ¼ kðT1 � I3Þ~vdk2

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
~v T
d ðT1 � I3ÞTðT1 � I3Þ~vd

q
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2
minðT1Þk~vdk2

2

q

� �minðT1Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2
�maxðT1Þ

s
V

1
2
1 : ð32Þ

By substituting into (30), one has

V
:
1 � �k1N

1�a
2 �aþ1

min ðT1Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2
�maxðT1Þ

s aþ1

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
�1

V
aþ1
2

1

� ðk2 � �rÞ�minðT1Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2

�maxðT1Þ

s
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

�2

V
1
2
1

¼ ��1V
aþ1
2

1 � �2V
1
2
1 : ð33Þ

According to Lemma 2.7, the estimation error will converge
to zero in fixed time, with the settling time

T2 ¼ 2
�1ða� 1Þ þ

2
�2
: ð34Þ

We have k~vdk � �2. For t > T2, k~vdk ¼ 0. This completes
the proof.
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3.3. Nominal controller design

The quadrotors can estimate the reference signal precisely
using the FTO, and the uncertainties can be estimated and
compensated via the ESO. Based on the two observers, we
first design a nominal controller to guarantee the control
objective (21) at steady states. The backstepping-based
scheme has the following steps:

Step 1: Define the tracking error z1i ¼ xi � xid , and
z1 ¼ ½zT11; zT12; . . . ; zT1N�T . Just like ei given above,
define

z2i ¼
X
j

aijðxi � xjÞ; i 2 F; j 2 L [ F; ð35Þ

where xj ¼ pj (j 2 L). Let z2 ¼ ½zT21; zT22; . . . ; zT2N�T .
Similar to (25), we have

z2 ¼ ðT1 � I3Þx þ ðT2 � I3Þp
¼ ðT1 � I3Þ½x � ð�T�1

1 T2 � I3Þp�
¼ ðT1 � I3Þðx � xdÞ
¼ ðT1 � I3Þz1: ð36Þ

We know T1 is nonsingular, which means the
boundedness of z1 and z2 is equivalent.

Step 2: Construct a Lyapunov function of z1 as follows:

V2 ¼ 1
2
zT
1ðT1 � I3ÞTz1; ð37Þ

and one has

V
:
2 ¼ z T

1ðT1 � I3ÞTz: 1
¼ z T

2ðx: � x
:
dÞ

¼ z T
2ðv � vdÞ: ð38Þ

Step 3: Based on the analysis of V2 and V
:
2, here we design

a virtual velocity signal v	 ¼ ½v 	
1
T
; v 	

2
T
; . . . ; v 	

N
T �T ,

v	 ¼ �k3z2 þ v̂d: ð39Þ
with k3 > 0 as a parameter to be designed.

Step 4: Then define another error variable z3 ¼ ½zT31;
zT32; . . . ; z

T
3N�T ,

z3 ¼ v � v	: ð40Þ
Finally, we give the nominal controller
�u ¼ ½�uT

1 ; �u
T
2 ; . . . ; �u

T
N�T . For quadrotor i:

�ui ¼ ��g � �i vi � Δ̂ i � z2i � k4z3i þ v
: 	
i ; ð41Þ

where k4 > 0 is a parameter to be given.

Remark 3.3. Only vid and not xid is estimated. For
quadrotor i, z1i is still unknown while z2i is available in
the controller design.

Now, we show the parameters’ selection and stability
analysis of the controller in the following theorem.

Theorem 3.4. The objective of containment control (21)
can be achieved via the proposed nominal controller if we
choose the parameters satisfying


1; 
2 > 0;

k3 >
1
2

1;

k4 >
1
2

2:

ð42Þ

Proof. The third Lyapunov function is constructed
as follows:

V3 ¼ V2 þ
1
2
z T
3z3: ð43Þ

By taking the derivative, substitute (38), (39) and (41)
into it

V
:
3 ¼ zT

2ðz3 � k3z2 þ ~vdÞ þ zT
3 ð ~¢ � z2 � k4z3 þ v

: 	 � v
: 	Þ

¼ zT
2ðz3 � k3z2Þ þ z T

2~vd þ zT
3ð�z2 � k4z3Þ þ z T

3
~¢

¼ �k3z
T
2z2 þ z T

2~vd � k4z
T
3z3 þ zT

3
~¢

� �k3z
T
2z2 þ


1
2
z T
2z2 þ

1
2
1

~v T
d~vd � k4z

T
3z3 þ


2
2
zT
3z3

þ 1
2
2

~¢
T ~¢:

¼ �ðk3 �

1
2
Þz T

2z2 � ðk4 �

2
2
Þz T

3z3 þ
1
2
1

k~vdk2

þ 1
2
2

k ~¢k2:

ð44Þ

By invoking (36), one has

z T
2z2 ¼ zT

1 ðT1 � I3ÞTðT1 � I3Þz1
¼ zT

1 ðTT
1T1 � I3Þz1

� �2
minðT1ÞzT

1z1

¼ �2
minðT1Þ

�maxðT1Þ
�maxðT1ÞzT

1z1

� �2
minðT1Þ

�maxðT1Þ
zT
1 ðT1 � I3Þz1

¼ 2
�2
minðT1Þ

�maxðT1Þ
V2: ð45Þ

Now (44) becomes

V
:
3 � �%V3 þ �; ð46Þ
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where

% :¼ minfð2k3 � 
1Þ�2
minðT1Þ=�maxðT1Þ; 2k4 � 
2g

� :¼ 1
2
1

� 21 þ
1
2
2

� 22:
ð47Þ

From [48], we know z1 and z3 are bounded. This completes
the proof.

3.4. Modified controller for safety certificates

Quadrotor team is a safety-critical system. The proposed
nominal controller has achieved tracking performance at
steady states. However, the system’s safety at transient
state cannot be guaranteed. Moreover, the control input
constraint (8) is not considered in (41) too. In this section,
we design a scheme based on ECBF such that the con-
straints (7) and (8) are strictly enforced.

From safety constraint (7), we can derive

xT
ij ð��1Þ2xij � D2

s � 0; ð48Þ

where xij ¼ xi � xj is the relative position for a pairwise
UAVs. Then we can define a pairwise safety set

Cij ¼ fxi 2 R
3jxT

ij ð��1Þ2xij � D2
s � 0g: 8j 6¼ i: ð49Þ

The overall safety space C of the system is

C ¼
Y
i

\
j 6¼i

Cij
( )

ð50Þ

where the product represents the Cartesian product.
Now, the collision avoidance between the pairwise

quadrotors can be enforced through the forward invariance
of the safety set. Denote hij ¼ xT

ij ð��1Þ2xij � D2
s , and we

choose hij as an ECBF candidate. For the dynamic sys-
tem (2), the control input ui appears as the second deriv-
ative of xi. Therefore, the relative degree of hij is 2. By
combining (12), there are constraints the candidate func-
tion needs to satisfy

h
::

ij þ K ½hij; h
:
ij�T � 0: ð51Þ

According to (13), the closed loop matrix As of a second-
order system is given by

As ¼
0 1
0 0

� �
� 0

1

� �
K ð52Þ

where K can be calculated through placing the poles of As to
negative real parts.

By taking the derivative of hij , we have

h
:
ij ¼ 2xT

ij ð��1Þ2vij: ð53Þ
h
::

ij ¼ 2vT
ij ð��1Þ2vij þ 2xT

ij ð��1Þ2v: ij; ð54Þ
where vij ¼ vi � vj is the relative velocity. Furthermore, we
have

v
:
ij ¼ v

:
i � v

:
j

¼ ðui þ �g þ �i vi þ Δ iÞ � ðui þ �g þ �j vj þ Δ jÞ
¼ ðui � ujÞ þ ð�i vi � �j vjÞ þ ðΔ i � Δ jÞ: ð55Þ

We can find that h
::

ij is affine in ui, uj . By substituting (53)
and (54) into (51), we obtain

Aijðui � ujÞ � bij; j 6¼ i; ð56Þ
where Aij ¼ �2xT

ij ð��1Þ2, and
bij ¼ K ½hij; h

:
ij�T þ 2vT

ij ð��1Þ2vij � Aijð�ivi � �j vjÞ
� AijðΔ i � Δ jÞ: ð57Þ

Owing to the existence of bounded uncertainty and distur-
bance, we denote

�bij ¼ K ½hij; h
:
ij�T þ 2vT

ij ð��1Þ2vij � Aijð�i vi � �j vjÞ
� 2kAijk �Δ : ð58Þ

According to (20), after finite time T1, �Δ can be replaced
by �1.

Then we modify (56) into

Aijðui � ujÞ � �bij; j 6¼ i: ð59Þ
Obviously, bij � �bij , Aij ¼ �Aji, �bij ¼ �bji. We can partition
the coupled pairwise constraint (59) into a decentralized
form for each individual quadrotor

Aijui �
�i

�i þ �j

�bij;

Ajiuj �
�j

�i þ �j

�bji:
ð60Þ

In this paper, we suppose that all quadrotors are ho-
mogeneous with the same maneuver capabilities. Therefore,
we have �i ¼ � � � ¼ �j ¼ � � � ¼ �. Then (60) becomes

Aijui �
1
2
�bij;

Ajiuj �
1
2
�bji:

ð61Þ

Based on the safety constraint (61), the nominal controller
should be modified for the safety certificates. We hope that
the modification has minimal violation of �ui. In the sense of
least squares, the optimal control input u	

i can be obtained
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through solving a quadratic programming (QP) problem, in
which the input constraint (8) is also considered.

Based on the above statement, the methodology is
summarized and given in the following algorithm.

Algorithm 3.5. The controller based on ECBF-QP can be
obtained in the following:

u	
i ¼ argmin

ui
kui � �uik2

s:t: Aijui �
1
2
�bij; i; j 2 F; 8j 6¼ i

kuik1 � �; i 2 F:

ð62Þ

Through this algorithm, the modified control input u	
i

guarantees the hard constraints (7) and (8) strictly. If there
is contradiction between hard constraints and tracking
constraint, the optimal controller’s deviation form �ui is as
small as possible. That is a trade-off.

4. Simulation Examples

In this section, numerical simulation examples are given
to illustrate the effectiveness of the proposed control
scheme.

We construct a system consisting of 3 quadrotors
(labeled as 1, 2, 3) and 3 virtual leaders (labeled as 4, 5, 6),
the communication topology is described in Fig. 3.

4.1. Case 1: The nominal controller

In the first simulation example, the nominal controller is
applied on the quadrotors. Leaders’ formation keeps ma-
neuvering in the environment. The formation will recon-
figure when in need. It can scale down to across a narrow
corridor and then recover. The quadrotors should follow
the leaders, track the desired trajectory to stay in the con-
vex hull.

The parameters of quadrotors are set as mi ¼ 0:3 kg,
g ¼ 9:8m/s2, �r ¼ 3:5. Parameters to be designed are given
by k1 ¼ 1, k2 ¼ 4, a ¼ 2, 
1 ¼ 
2 ¼ 1, k3 ¼ 3, k4 ¼ 3.
The initial conditions are set as x1ð0Þ ¼ ½7; 0:1; 9:8�T ,
x2ð0Þ ¼ ½4:5; 0:1; 9:8�T , x3ð0Þ ¼ ½1;�0:1; 10:1�T . p4ð0Þ ¼
½14; 0; 10�T , p5ð0Þ ¼ ½4; 0; 10�T , p6ð0Þ ¼ ½�4;0; 10�T .
v1ð0Þ ¼ v2ð0Þ ¼ v3ð0Þ ¼ q4ð0Þ ¼ q5ð0Þ ¼ q6ð0Þ ¼ ½0; 0; 0�T .

For simplicity, only the trajectories and formations in x–y
plane are shown in Fig. 2. We can find that the quadrotors’
formation maneuver control is achieved through the
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Fig. 2. View of the trajectories and formations in x-y plane.

Fig. 3. Communication topology.
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Fig. 4. Collision detection at (a) t ¼ 0, (b) t ¼ 19:75s, (c) t ¼ 46s, (d) t ¼ 95s.
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containment of the virtual leaders. Three quadrotors form a
queue to pass through the narrow corridor successfully.
The tracking errors for 3 quadrotors are shown in Fig. 5,
respectively.

It can be seen the errors will converge and remain close
to 0 after formation maneuver such that the constraint (6)
is satisfied.

4.2. Case 2: Modified controller with safety certificates

Based on the first example, we add safety-critical constraint
to the nominal controller. The parameters and initial con-
ditions are the same as those in case 1. In (52), by placing
the eigenvalues of As at �1, �2, we have K ¼ ½2; 3�. Then we
construct a QP problem (62), in which the safety distance
Ds ¼ 2 m, scaling matrix � ¼ diagf1; 1; 1:5g.

After employing the modified controller, we detect the
potential collision in the whole simulation process,
the results are shown in Fig. 4. The collision between the
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Fig. 7. Control input of (a) quadrotor 1; (b) quadrotor 2; (c)
quadrotor 3.

Fig. 8. Experiment setup.

Fig. 9. Flight trajectories.
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quadrotors is successfully avoided such that the control ob-
jective (7) is achieved. Figure 6 shows the tracking error of
quadrotors using new controllers. It can be seen that al-
though the nominal controller is modified, the tracking per-
formance can still be guaranteed, whichmeans constraint (6)
still holds.

Finally, we make a comparison of the two proposed
controllers, which is shown in Fig. 7. We can see that the
nominal controller may violate the limit of control input
sometimes, the input constraint can be satisfied using the
modified controller.

5. Experiment

We test our algorithm through a actual flight experiment.
Setup of the indoor experiment is displayed in Fig. 8.

Similar to simulation examples, we use 3 Pixhawk
quadrotors (quad1, quad2, quad3) for formation maneu-
vering. Indoor positioning is realized via a motion capture
system. Computation of the algorithm is running on a
ground station PC in real time. The signals are transmitted
through wireless communication.

Admissible flight space in our lab is 8m 	 8m.
Safety distance Ds is set as 0.8m and the input constraint
� ¼ 1:5.

Three quadrotorswere arranged randomly on the ground.
At the beginning, they took off vertically and assembled to

form a straight line pattern. Then they started to move for-
ward and maneuver into a triangular pattern. In the end, the
quadrotors’ configuration changed back to the straight line
and landed. During the experiment, we also turned on the fan
in the room to simulate the external disturbance.

The trajectories during the flight process are displayed
in Fig. 9.

We also take a video to record the experiment. Then we
extract 6 key frames from the video and demonstrate them
in Fig. 10.

It can be seen that the quadrotors complete the task
successfully. The result is generally satisfactory, which
shows the effectiveness of our algorithm.

6. Conclusion

This work aims at the containment control for quadrotor
teams under multiple constraints. The proposed algorithm
can be summarized as 2 steps. One is an ESO and FTO-based
backstepping nominal controller, another one is an ECBF-
QP-based optimization. Some simulation examples and
flight experiment are presented to validate the proposed
control scheme. In future work, we will study the hetero-
geneous system and conduct our experiment in a more
complex environment. How to avoid the deadlock phe-
nomenon of ECBF is also a challenge, which deserves more
attention.

(a) (b)

(c) (d)

(e) (f)

Fig. 10. Key frames in experiment.
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