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This paper studies two pursuit-evasion problems under distance conditions in frame of differential game. In particular, a zero-sum
differential game with the objective of distance and a nonzero-sum differential game with objective of both distance and azimuth
adjustment are presented. The two players in the games are described by a nonlinear dynamics model subject to both speed and
acceleration constraints in the two-dimensional plane. Instead of numerical solutions, the explicit equilibrium solutions of these two
differential games are given under the condition that the distance between two players is larger than a certain value. Finally, the
simulation results of these two differential games under typical cases demonstrate the effectiveness of our method.
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1. Introduction

Trajectory planning problems have received plenty of re-
search interests for decades in many fields, such as aero-
space [1, 2], autonomous vehicle [3, 4] and robotics [5].
Existing methods for trajectory planning problems include
game theory [6], the optimal control approach [7], artificial
potential field [8], genetic algorithm [9], simulated anneal-
ing [10], etc. Among these methods, differential game (DG)
theory [11] is an effective method to tackle the trajectory
planning problems.

In fact, trajectory planning in pursuit-evasion (PE) pro-
blems using DG theory have been broadly studied for dec-
ades. In [12], a complex PE game with state variable
inequality constraints was investigated. The numerical
solutions were obtained by multiple shooting methods.

Turetsky and Shinar [13] considered a PE problem in a
linear quadratic DG form, where two cases that control with
and without boundary were considered and compared.
Reference [14] investigated a PE game with two pursuers
and one evader and the construction of the barrier that
separates the state zone into capture zone and escape zone.
In [15], a target defense game with two defenders and a
faster intruder is solved based on the classic DG theory.
Jagat and Sinclair [16] considered a spacecraft PE game and
derived feedback control law using state-dependent Riccati
equation method. In [17], Lin and Qu studied a PE game
with multiple pursuers and one evader. The pursuers had
limited observation ability and consequently they needed to
cooperate in order to capture the evader. In [18], a PE game
with switched linear system was investigated. Two cases of
complete and incomplete information were discussed. Tang
and Ye [19] investigated the problem of spacecraft inter-
ception game with incomplete information and a new game
switching strategy method for spacecraft with incomplete-
information is presented. In [20], a PE game with N
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pursuers and M evaders ðN � MÞ was considered and the
optimal task assignment algorithm was given. Zhou and
Shewchuk [21] studied so-called lion man PE problem in a
closed, bounded, two-dimensional arena, which can include
obstacles. In [22], amulti-agent PE gamewith limited sensing
capabilities was investigated. A graph-theoretic approach
was employed and Nash equilibrium was obtained by using
the solutions of the Hamilton–Jacobi–Isaacs equations of the
game. Wang and Dong [23] considered a PE problem with
multiple pursuers and one evader bymeans of reinforcement
learning. Some other learning-based methods for DGs can be
found in [24, 25].

Generally speaking, there are two classes of analysis
results in the existing research on PE problems. First, PE
problems can use simple dynamic models, such as linear
models [17, 22, 25], or models in which players have fixed
speed [20, 26]. When the model is simple, the explicit
strategies can usually be obtained. However, the simple
dynamic models are difficult to apply in practice. Second, PE
problems also can use complex kinetics [12] and the nu-
merical solutions can be obtained [27, 28]. However, the
explicit solutions of PE problems with complex kinetics are
usually hard to obtain and the numerical solutions have
high computational complexity. The learning-based
approaches require a lot of training, which also have high
computational cost. Instead of that, this paper obtains the
explicit strategies of two PE games under a more practical
nonlinear model. Specifically, the main contributions of this
paper are summarized in the following:

. A model of PE problem is established with nonlinear ki-
nematics. In particular, compared with the existing lit-
erature that can obtain explicit solutions but applies
simpler dynamics, we use the players’ normal and tan-
gential acceleration as control inputs to establish a model
of more practicality.

. The explicit equilibrium solutions for the nonzero-sum
DG with the objective of distance and azimuth adjustment
time (OD & AAT) are presented under distance condi-
tions. It is proven that the equilibrium strategy of the
purser can be given explicitly and the equilibrium strat-
egy of the evader is determined by the switching time of
its control input.

. The equilibrium solutions for the zero-sum DG with the
OD are also presented under distance conditions. It is
shown that the equilibrium strategies of both pursuer
and evader are determined by the switching times of
their control inputs. The simulation results under typical
scenarios show the effectiveness of our methods.

The rest of this paper is organized as follows. Section 2
explains the notations used in this paper. Section 3 is on the
model description and the formulation of the DGs we

consider. Section 4 investigates the properties of the Nash
equilibrium of these games. Section 5 shows the simulation
results and Sec. 6 draws a conclusion. Besides, some lem-
mas and their proofs are given in the appendices.

2. Notations

In this paper, two confrontation scenarios of player 1 and
player 2 on a two-dimensional plane are considered. Player 1
is the evader and player 2 is the pursuer. For the convenience
of discussion, the subsequent subscripts satisfy i 2 f1; 2g,
j 2 f1; 2g and i 6¼ j. The following denotations are given:

ðxi; yiÞ: the coordinate of player i.
vi; vi: the velocity vector and speed of player i, respec-

tively. vi , ðvix; viyÞT and vi ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v 2
ix þ v 2

iy

q
.

hðx; yÞ: a function to calculate the angle between a vector
ðx; yÞT and the positive direction of x-axis.

hðx; yÞ,

arc tan
y
x

� �
if x > 0;

arc tan
y
x

� �
þ � if x < 0 and y > 0;

arc tan
y
x

� �
� � if x < 0 and y < 0;

�

2
if x ¼ 0 and y > 0;

� �

2
if x ¼ 0 and y < 0:

8>>>>>>>>>>>>><
>>>>>>>>>>>>>:

�i: the velocity direction angle of player i. �i ¼ hðvix; viyÞ.
aiT , aiN: the tangential and accelerations of player i. The

positive direction of aiT is the same with vi. The positive
direction of aiN is perpendicular to vi and points to its left.

For aircraft, aiT can be considered as the accelerations
provided by thrust and air resistance to increase or de-
crease the speeds and aiN can be regarded as the accel-
erations provided by lateral force to turn the aircraft left or
right. Although using aiT and aiN as control inputs will make
the system nonlinear, it will be closer to reality. The relation
between vi, �i, aiT and aiN is shown in Fig. 1, where �i > 0,
aiT > 0 and aiN > 0.

t0; tf : the initial time and the terminal time.
dðtÞ: the distance between ðx1ðtÞ; y1ðtÞÞT and

ðx2ðtÞ; y2ðtÞÞT .
�dijðtÞ: the distance between ðxiðtÞ; yiðtÞÞT and

ðxjðtf Þ; yjðtf ÞÞT , i.e. the distance between the position of
player i at the current time and the position of player j at
the terminal time.

Taking player 1 as an example, the difference between
dðtÞ and �d12ðtÞ is shown in Fig. 2.

�i: the real-time line-of-sight (RTLOS) angle of player i.
�iðtÞ, hðxjðtÞ � xiðtÞ; yjðtÞ � yiðtÞÞ:
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�i: the terminal-time line-of-sight (TTLOS) angle of
player i. �iðtÞ, hðxjðtf Þ � xiðtÞ; yjðtf Þ � yiðtÞÞ:

’i: the real-time azimuth (RTA), i.e. the angle between
RTLOS and vi. ’i satisfies

’i ¼
�i � �i if �i � �i 2 ½��; ��;
�i � �i � 2� if �i � �i > �;

�i � �i þ 2� if �i � �i < ��:

8<
:

 i: the terminal-time azimuth (TTA), i.e. the angle
between TTLOS and vi.  i satisfies

 i ¼
�i � �i if �i � �i 2 ½��; ��;
�i � �i � 2� if �i � �i > �;

�i � �i þ 2� if �i � �i < ��:

8<
:

Taking player 1 as an example, the difference and rela-
tionship between these real-time and terminal-time angles
are illustrated in Fig. 2.

Remark 2.1. The reason why we consider the azimuth, i.e.
’i and  i, is that the range of azimuth has practical
significance. For example, many players in a game, such as
aircraft, can only detect targets within a certain angle range
in front of themselves in the actual scenario. Besides, some
airborne weapons can only achieve optimal attack effect at
specified azimuth angle ranges. These detection or attack
ranges can be described by the azimuth defined above.

3. Problem Formulation

The dynamics of these two players is described by the fol-
lowing nonlinear dynamic model:

x
:
i ¼ vix;

y
:
i ¼ viy;

v
:
ix ¼ aiT cos �i � aiN sin �i;

v
:
iy ¼ aiT sin �i þ aiN cos �i;

8>>>><
>>>>:

ð1Þ

where both aiT and aiN are the strategies of player i. The
state variables and strategies of player i satisfy the fol-
lowing constraints:

vi 2 ½vi; �vi�;
aiT 2 ½aiT ; �aiT �;
aiN 2 ½��aiN; �aiN�;

8<
: ð2Þ

where �vi > vi > 0, �aiT > 0 > aiT and �aiN > 0 are constants.
According to the definitions of aiT and aiN , there hold v

:
i ¼

aiT and �
:
i ¼ aiN=vi. Thus we can transform the speed con-

straint into the acceleration constraint, i.e.

aiT 2 ½aiT ; �aiT � if vi 2 ðvi; �viÞ;
aiT 2 ½0; �aiT � if vi ¼ vi;

aiT 2 ½aiT ; 0� if vi ¼ �vi:

8<
: ð3Þ

Equation (3) means that the player can only accelerate or
keep constant speed when the speed reaches the minimum
and can only decelerate or keep constant speed when the
speed reaches the maximum. Then, the condition (2) can be
satisfied by the following assumptions.

Assumption 3.1. aiT satisfies (3) and aiN satisfies

aiN 2 ½��aiN; �aiN�:
Furthermore, if one wants the strategies to be physically

implementable, two adjacent discontinuous points of the
strategies cannot be too close in time, i.e. the strategies
cannot be switched too fast. Taking this fact into account,
define t kiT and t kiN , k ¼ 1; 2; . . ., as the discontinuities of aiT

Fig. 1. The relation between vi, �i, aiT and aiN .

(a) The relationship between d, �1, �1 and ’1. (b) The relationship between �d12, �1, �1 and  1.

Fig. 2. The difference and relationship between d, �d12, �1, �1, ’1, �1 and  1.
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and aiN , respectively. Suppose the players’ strategies satis-
fies the following assumption.

Assumption 3.2. t kiT and t kiN satisfy

min
k

t kþ1
iT � t kiT > Δ t; min

k
t kþ1
iN � t kiN > Δ t;

where Δ t is a constant.

Then, the admissible strategy sets are defined as follows:

UiT , aiT
aiTðtÞ satisfies Assumption 3:1 and

Assumption 3:2 for t 2 ½t0; tf �

�����
( )

;

UiN , aiN
aiNðtÞ satisfies Assumption 3:1 and

Assumption 3:2 for t 2 ½t0; tf �

�����
( )

:

Regarding player 1 as the evader and player 2 as the
pursuer, consider the following two DGs shown in Tables 1
and 2. DG with OD in Table 2 is a zero-sum game in which
two players, respectively, try to maximize and minimize the
distance between each other. In DG with OD & AAT in
Table 1, while player 1 tries to maximize the distance from
player 2, given a terminal azimuth constraint ’2ðtf Þ ¼ ’f ,
player 2 tries to minimize the adjustment time. The reason
why we consider this objective of player 2 is that the pur-
suer sometimes needs to adjust its attitude with respect to
the evader as soon as possible to gain advantages
(see Remark 2.1). For example, the pursuer will try to ad-
just its azimuth in order to detect the evader or launch
weapons.

Then, the Nash equilibrium of a DG and the necessary
conditions of the equilibrium are introduced. In general, for
a nonzero-sum DG (zero-sum DG is a special case of non-
zero-sum DG when J1 ¼ �J2).

x
: ¼ f ðx; u1; u2Þ; xðt0Þ ¼ x0;

min
ui

Ji ¼ kiðxðtf ÞÞ þ
Z tf

t0

liðx; u1; u2Þdt;

8><
>: ð4Þ

the Nash equilibrium is defined as follows.

Definition 3.3. The strategies of player i, u �
i ð�Þ, and of

player j, u�
j ð�Þ are said to be in a Nash equilibrium, if for any

other admissible strategy uið�Þ and ujð�Þ, the following

inequality holds:

Jiðu�
i ; u

�
j Þ � Jiðui; u�

j Þ;
Jjðu�

i ; u
�
j Þ � Jjðu�

i ; ujÞ:

The authors of [29] and [30] present the necessary
conditions for the Nash equilibrium of a nonzero-sum DG. If
the trajectory corresponding to ðu�

1; u
�
2Þ is x� and Hamil-

tonian is

Hi ¼ �liðx; u1; u2Þ þ �T
i � f ðx; u1; u2Þ;

then �i, x� and u�
i must satisfy

�
:
i ¼ �@Hiðx�; u�

1; u
�
2; �iÞ=@x;

�iðtf Þ ¼ �@kiðx�ðtf ÞÞ=@x;
u�
i ¼ argmax

ui
Hiðx�; ui; u�

j ; �iÞ:

8>><
>>: ð5Þ

However, it is quite difficult to obtain the optimal strategies
for the DG in Tables 1 and 2 by using the necessary con-
ditions directly because it needs to solve two-point
boundary value problems. Instead of that, we will show the
properties of the equilibrium strategies of these two
problems under some certain conditions in the following
section.

4. Main Results

4.1. Explicit solutions of DG with OD & AAT

Suppose the equilibrium solutions of DG in Table 1 are a�
iT

and a�
iN . Theorem 4.1 provides the properties of a �

1T

and a �
1N .

Theorem 4.1. Consider the DG with OD & AAT in Table 1. Let

�d12ðtÞ > �v1ðtf � t0Þmax
1

j 1ðt0Þj
;

2 �v1
�a1N Δ t

� �
ð6Þ

holds. Then, a �
1T and a�

1N satisfy

a �
1TðtÞ ¼

a1T if v1 2 ðv1; �v1� and t 2 t0; ts1
� 	

;

0 if v1 ¼ v1 and t 2 ½t0; ts1Þ;
�a1T if v1 2 ½v1; �v1Þ and t 2 ½ts1 ; tf �;
0 if v1 ¼ �v1 and t 2 ½ts1 ; tf �;

8>>><
>>>:

ð7Þ

Table 1. DG with objective of distance and azimuth adjustment
time (OD & AAT).

Optimization objective maxa1T ;a1N dðtf Þ, mina2T ;a2N tf

State equations (1) for i ¼ 1; 2
Admissible strategies set UiT and UiN for i ¼ 1; 2
Terminal constraint ’2ðtf Þ ¼ ’f

Remark The terminal time is free

Table 2. DG with OD

Optimization objective maxa1T ;a1N mina2T ;a2N dðtf Þ

State equations (1) for i ¼ 1; 2
Admissible strategies set UiT and UiN for i ¼ 1; 2
Remark The terminal time is fixed
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a�
1NðtÞ ¼

�signð 1ðt0ÞÞ�a1N if j 1ðtÞj < �;

0 if j 1ðtÞj ¼ �;

�
ð8Þ

where ts1 is an undetermined time and ts1 2 ½t0; tf �.
The proof of Theorem 4.1 is in Appendix A.

Remark 4.2. Equation (7) indicates that when t 2 ½t0; ts1Þ,
player 1 should decelerate if its speed did not reach the
lower bound v1, otherwise maintain the speed at v1.
In other words, player 1 should minimize v1 when
t 2 ½t0; ts1Þ. Similarly, player 1 should maximize v1 when
t 2 ½ts1 ; tf �. Equation (8) shows that the equilibrium strategy
for a1N is to turn round with maximum normal acceleration
until j 1j ¼ � and then keeps j 1j � �, i.e. player 1 (the
evader) keeps moving with its back to player 2.

Next, we will discuss the equilibrium strategies for the
pursuer with azimuth adjustment objective. For the
convenience of subsequent discussion, we define A2T ¼
maxf�a2T ; ja2T jg and

�2ðtÞ ¼
’2ðtÞ � ’f if ’2ðtÞ � ’f 2 ½��; ��;
’2ðtÞ � ’f þ 2� if ’2ðtÞ � ’f < ��;
’2ðtÞ � ’f � 2� if ’2ðtÞ � ’f > �;

8><
>:

where �2 2 ½��; �� represents the gap between current TTA
and desired TTA. The constraint ’2ðtf Þ ¼ ’f is equivalent to
�2ðtf Þ ¼ 0.

Then, Theorem 4.3 shows the explicit equilibrium
strategies of player 2 in DG with OD & AAT.

Theorem 4.3. Consider DG with OD & AAT in Table 1. Let

dðtÞ > max
ffiffiffi
2

p
ð �v1 þ �v2Þ

tf � t0
�� j�2ðt0Þj

�

�v2 exp
A2T

v2
ðtf � tÞ


 �
�v2
�a2N

þ tf � t


 ��
; ð9Þ

holds. Then

a�
2T ¼ a2T if v2 2 ðv2; �v2�;

0 if v2 ¼ v2;

�
ð10Þ

a�
2NðtÞ ¼ signð�2ðt0ÞÞ�a2N: ð11Þ

The proof of Theorem 4.1 is in Appendix B.

Remark 4.4. The equilibrium solutions given in Theorem
4.1 and Theorem 4.3 require the distance between two
players to be larger than a certain value. In practice, many
scenarios need to consider themanoeuvring strategies under
such distance conditions due to the large detection range
(compared to the speed of the player) of existing radar.

4.2. Explicit solutions of DG with OD

Suppose the equilibrium solutions of DG in Table 2 are a �
iT

and a�
iN , which can beobtainedby the following two theorems

Theorem 4.5. Consider the DG with OD. Let (6) hold, then,
a�
1T and a�

1N are exactly the same as Theorem 4.1.

Theorem 4.6. Consider the DG with OD in Table 2. Let

�d21ðtÞ > �v2ðtf � t0Þmax
1

�� j 2ðt0Þj
;

2 �v2
�a2N Δ t

� �
:

Then, a �
2T and a�

2N satisfy

a�
2TðtÞ ¼

a2T if v2 2 ðv2; �v2� and t 2 ½t0; ts2Þ;
0 if v2 ¼ v2 and t 2 ½t0; ts2Þ;
0 if v2 ¼ �v2 and t 2 ½ts2 ; tf �;
�a2T if v2 2 ½v2; �v2Þ and t 2 ½ts2 ; tf �;

8>>>>><
>>>>>:

a �
2NðtÞ ¼

signð 2ðt0ÞÞ�a2N if j 2ðtÞj > 0;

0 if j 2ðtÞj ¼ 0;

(

where ts2 2 ½t0; tf � is an undetermined time.

Proof of Theorem 4.5 and 4.6. Theorem 4.5can be
proven in exactly the same way as Theorem 4.1. Consider
Theorem 4.6. Due to the performance index of player 2 in DG
with OD (see Table 2) is minimization instead of maximiza-
tion, the sign of a�

2T and a�
2N should be the same as the sign of

theirs coefficients in the Hamiltonian, while the sign of a �
1T

and a�
1N should be opposite to the sign of theirs coefficients in

theHamiltonian. Taking this into account, the rest of the proof
of Theorem 4.6 is similar to the proof of Theorem 4.1

Remark 4.7. Note that the only opponent’s information
required in the proposed strategies is positions, which are
used to calculate some relevant angles.

Remark 4.8. The intuitive understanding of the distance
conditions in theorems is that they allow a relatively long
distance between two players, which reduces the impact of
opponents’ decisions on the player. Similarly, the distance
conditions will also reduce the influence of observation
errors on the problems, which will be explained in Sec. 5.3.

5. Cases Study

In this section, numerical solutions for special cases are
given to verify validity of the theoretical results. According
to Definition 3.3, given a pair of strategies ðu�

1; u
�
2Þ, one can

solve the following two optimal control problems (OCPs) to
validate that ðu�

1; u
�
2Þ is the equilibrium solution of DG (4).

x
: ¼ f ðx; u1; u�

2Þ; xðt0Þ ¼ x0;

min
u1

J1 ¼ k1ðxðtf ÞÞ þ
Z tf

t0

l1ðx; u1; u�
2Þdt;

8><
>: ð12Þ
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x
: ¼ f ðx; u�

1; u2Þ; xðt0Þ ¼ x0;

min
u2

J2 ¼ k2ðxðtf ÞÞ þ
Z tf

t0

l2ðx; u�
1; u2Þdt:

8><
>: ð13Þ

Specifically, suppose the solutions of (12) and (13) are u 0
1

and u 0
2, respectively. If u

0
1 ¼ u�

1 and u 0
2 ¼ u�

2, then ðu�
1; u

�
2Þ

is exactly the Nash equilibrium. Numerical solutions of the
OCPs are obtained by a MATLAB software, GPOPS, using a
pseudospectral method. The parameters used in this section
are listed in Table 3.

5.1. Simulation results of DG with OD & AAT

The explicit expressions of a�
2T and a�

2N are already
obtained in Theorem 4.3. Note that TTA,  1ðtÞ, needs the
terminal position of player 2, which is difficult to obtain at
the initial time. For implementation, one can replace  1ðtÞ

with RTA, ’1ðtÞ, in (8) to get an approximate equilibrium
strategy under the distance condition. In fact, j 1ðtÞ �
’1ðtÞj is small enough when distance conditions hold, which
can be obtained by the following proposition.

Proposition 5.1. If dðtÞ > �vjðtf � tÞ, then the error
between ’iðtÞ and  iðtÞ satisfies

j iðtÞ � ’iðtÞj � arcsin
�vjðtf � tÞ
dðtÞ

����
����: ð14Þ

Proposition 5.1 is proved in Appendix E.
As for a�

1T , according to Theorem 4.1, ts1 can be deter-
mined by discretizing the time interval and using the tra-
versal method to find the time that makes objective optimal.
Then, we use a iterative algorithm based on explicit

Table 3. Simulation setup.

Parameters Values

ðx1ðt0Þ; y1ðt0ÞÞ (0,0)m
ðx2ðt0Þ; y2ðt0ÞÞ (1000,0)m
ðv1xðt0Þ; v1yðt0ÞÞ (10,10)m/s
ðv2xðt0Þ; v2yðt0ÞÞ in DG with OD & AAT (0,30)m/s
ðv2xðt0Þ; v2yðt0ÞÞ in DG with OD (0,10)m/s
vi; �vi 10m/s, 40m/s
aiT ; �aiT �3m/s2, 4m/s2

�aiN 5m/s2

’f 30�

t0 0 s
tf of DG with OD 10 s

(a) The trajectories of two players. (b) The azimuths of two players.

Fig. 3. Simulation results of DG with OD & AAT.
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expression (IABEE) shown below to obtain equilibrium
solutions ða�

iT ; a
�
iNÞ.

After generating ða�
iT ; a

�
iNÞ by IABEE, two OCPs, i.e.

Eqs. (12) and (13), are solved and compared to validate
ða�

iT ; a
�
iNÞ is exactly the Nash equilibrium. The simulation

and comparison results are shown in Fig. 3.
From Fig. 3, one can see that the optimal solutions of the

OCPs and the equilibrium solutions generated by Theo-
rems 4.1 and 4.3 approximately coincide. Figure 3(b) shows
that player 2 in DG with OD & AAT has reached its expected
RTA ð’f ¼ 30�Þ which indicates the effectiveness of (7), (8),
(10) and (11). Note that player 2’s equilibrium solution and

the solution from OCP are exactly the same because
Theorem 4.3 gives directly the explicit expressions of a �

2T

and a �
2N .

5.2. Simulation results of DG with OD

In this section, we also use IABEE to obtain the equilibrium
solutions, except that ða�

1T ; a
�
1NÞ and ða�

2T ; a
�
2NÞ are obtained

from Theorems 4.5 and 4.6, respectively.
The simulation and comparison results of DG with OD

are shown in Fig. 4. From Fig. 4, although both player 1 and

(c) The strategy of player 1. (d) The strategy of player 2.

Fig. 3. (Continued )

(a) The trajectories of two players. (b) The azimuths of two player.

Fig. 4. Simulation results of DG with OD.
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player 2 use approximate method to get explicit equilibrium
strategies, the optimal solutions of the OCPs and the
equilibrium solutions generated by IABEE approximately
coincide.

5.3. Algorithm robustness analysis

In this section, we investigate the impact of different initial
conditions on algorithm results. While keeping other con-
ditions unchanged compared to parameters in Table 3,
Table 4 presents objective values of DG with OD & AAT
under different initial velocity direction angles and under
the scenarios where random disturbances are added to
observations at the opponent’s position, following a nor-
mal distribution with a mean of 0 and a standard deviation
of 8. It implies that while being insensitive to disturbances,
the performance is greatly affected by initial velocity
direction.

6. Conclusions

This paper studies two PE problems with distance objective
and AAT objective using the DG method. The equilibrium
strategies are given explicitly under certain distance
conditions without complicated calculations. In order to
demonstrate the validity of the theoretical results, the nu-
merical solutions of these optimal control problems are
solved and confirm the effectiveness of our equilibrium
strategies. In the future, the scenarios with multi-pursuer
and multi-evader will be further studied.
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(c) The strategy of player 1. (d) The strategy of player 2.

Fig. 4. (Continued )

Table 4. Objective of DG with OD & AAT under different conditions.

Without observation error With observation error

Player 1 Player 2 Player 1 Player 2

�1ðt0Þ ¼ 45�

�2ðt0Þ ¼ 90�
975.5m 4.78 s 975.3m 4.75 s

�1ðt0Þ ¼ 0�

�2ðt0Þ ¼ 90�
937.1m 4.84 s 939.4m 4.78 s

�1ðt0Þ ¼ 45�

�2ðt0Þ ¼ 45�
1087.6m 6.74 s 1087.2m 6.72 s
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Appendix A

Proof of theorem 4.1

In order to prove Theorem 4.1, two lemmas and their
proofs are introduced in Appendices C and D, respectively.

First, consider the Hamiltonian of player 1 in this
problem, i.e.

H1 ¼ �11v1x þ �12v1y þ �13ða1T cos �1 � a1N sin �1Þ
þ �14ða1T sin �1 þ a1N cos �1Þ
þ �15v2x þ �16v2y þ �17ða2T cos �2 � a2N sin �2Þ
þ �18ða2T sin �2 þ a2N cos �2Þ; ðA:1Þ

where �1k , k ¼ 1; . . . ; 8 represent the components of co-state
of player 1, i.e.�1. Let f1ðtÞ andg1ðtÞ represent the coefficients
of a1T and a1N in the Hamiltonian, respectively, i.e.

f1ðtÞ ¼ �13 cos �1 þ �14 sin �1;

g1ðtÞ ¼ ��13 sin �1 þ �14 cos �1:

Since the performance index of player 1 in DGwith OD&AAT
ismaximization insteadofminimization, according to (5), one
can easily obtain that if f1ðtÞ > 0, then a�

1TðtÞ takes value at
the lower bound of (3); if f1ðtÞ < 0, then a�

1TðtÞ takes value at
the upper bound of (3). a�

1NðtÞ have similar results about
g1ðtÞ.

Besides, according to (5), �
:
11 ¼ �@H1=@x1 ¼ 0 and

�11ðtf Þ ¼ �@dðtf Þ=@x1 ¼ �@ �d12ðtf Þ=@x1 ¼ cos �1ðtf Þ. Thus
�11ðtÞ � cos �1ðtf Þ. Similarly we have �12ðtÞ � sin�1ðtf Þ.
For �13, one can obtain that �13ðtf Þ ¼ �@dðtf Þ=@v1x ¼ 0 and

�
:
13ðtÞ ¼ � @H1

@v1x

¼ ��11 �
@ cos �1
@v1x

ð�13a1T þ �14a1NÞ

� @ sin �1
@v1x

ð��13a1N þ �14a1TÞ; ðA:2Þ

@ sin �1
@v1x

¼ � cos �1 sin �1
1
v1
: ðA:3Þ

@ cos �1
@v1x

¼ �sin �1
@

@v1x
arctan

v1y
v1x


 �

¼ sin2�1
1
v1
; ðA:4Þ

By substituting (A.4) and (A.3) into (A.2), we have

�
:
13 ¼ �cos �1ðtf Þ � ð�13a1T þ �14a1NÞ

sin2�1
v1

;

þ ð��13a1N þ �14a1TÞ
cos �1 sin �1

v1
: ðA:5Þ

Similarly, �14ðtf Þ ¼ 0 and

�
:
14 ¼ �sin�1ðtf Þ þ ð�13a1T þ �14a1NÞ

cos �1 sin �1
v1

� ð��13a1N þ �14a1TÞ
cos2�1
v1

: ðA:6Þ

Thus f1ðtf Þ ¼ g1ðtf Þ ¼ 0. By taking the derivative of f1ðtÞ
and g1ðtÞ with respect to time, substituting (A.5), (A.6) and
�
:
1 ¼ a1N=v1, it yields that

f
:
1 ¼ � cosð�1 � �1ðtf ÞÞ þ g1ðtÞ

a1N
v1

; ðA:7Þ

g
:
1 ¼ sinð�1 � �1ðtf ÞÞ � g1ðtÞ

a1T
v1

: ðA:8Þ

Second, set

U 0
1N ¼ fa1Nja1NðtÞ ¼ 	�a1N or 0: And a1NðtÞ 2 U1Ng:

We will prove that a �
1N 2 U 0

1N , a1NðtÞ � �aN decreases  1ðt0Þ
to  1ðtÞ ¼ �� fastest and a1NðtÞ � ��aN increases  1ðt0Þ to
 1ðtÞ ¼ � fastest among all of strategies belonging to U 0

1N .
One can obtain that a�

1NðtÞ 2 U 0
1N . In fact, ignoring the

isolated zero points of g1ðtÞ, a1NðtÞ ¼ 	�a1N when g1ðtÞ 6¼ 0.
Suppose there exists a time interval ½t 0; t 00� 
 ½t0; tf � such that
g1ðtÞ � 0. Thus g

:
1ðtÞ ¼ g1ðtÞ ¼ 0. Note that (A.8) holds. As a

result, sinð�1 � �1ðtf ÞÞ � 0, �
:
1ðtÞ � 0 and a1NðtÞ ¼ 0 for t 2

½t 0; t 00� because �: 1 ¼ a1N=v1. Thus a
�
1NðtÞ 2 U 0

1N .
Suppose t1 is the first time that satisfies  1ðt1Þ ¼ � (if it

exists, otherwise t1 ¼ tf ). It follows immediately from
LemmaC.1 (shown in Appendix C) that for t 2 ½t1; tf �, 1ðtÞ ¼
� under a �

1NðtÞ. That means a�
1NðtÞ ¼ 0 for t 2 ½t1; tf � because

it makes  
:
1 � 0 when  1ðtÞ ¼ �. Let

â1NðtÞ � ��a1N; t 2 ½t0; t1�;

â 0
1NðtÞ ¼

â1NðtÞ if t 2 ½t0; t2Þ \ ðt2 þ Δ t2 ; t1�;
�a1N if t 2 ½t2; t2 þ Δ t2 �;

(

u1ðtÞ ¼ ða1TðtÞ; â1NðtÞÞT ;
u 0
1ðtÞ ¼ ða1TðtÞ; â 0

1NðtÞÞT ;
where t2 is any fixed time in ½t0; t1 � Δ t2 � and a1TðtÞ is any
admissible strategy belonging to U1T . Δ t2 denotes the length
of changed interval and Δ t2 � Δ t because of the definition of
U1N . It is easy to get that the trajectories under u1ðtÞ and u 0

1ðtÞ
have the same speed and we denote it as v1ðtÞ for conve-
nience.

Let  1ðtÞ and  0
1ðtÞ be the TTAs corresponding to u1 and

u 0
1, respectively. From (6), 9" > 0, s.t.

�v1
�d12ðtÞ

< " < 2
Δ t

tf � t0

�a1N
�v1

: ðA:9Þ
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According to Lemma D.1 (shown in the Appendix D),
j�1
: j < ". Obviously,  1ðtÞ �  0

1ðtÞ when t 2 ½t0; t2Þ. Con-
sider the interval ½t2; t1�. Since  

:
i ¼ �

:
i � �

:
i, there holds that

�"þ �a1N
v1ðtÞ

<  
:
1ðtÞ < "þ �a1N

v1ðtÞ
;

�"� �a1N
v1ðtÞ

<  
: 0
1ðtÞ < "� �a1N

v1ðtÞ
;

when t 2 ½t2; t2 þ Δ t2 � and

�"þ �a1N
v1ðtÞ

<  
:
1ðtÞ;  

: 0
1ðtÞ < "þ �a1N

v1ðtÞ
;

when t 2 ½t2 þ Δ t2 ; t1�. Then, for t 2 ½t2 þ Δ t2 ; t1�,

 1ðtÞ ¼
Z t

t2

 
:
1ð�Þd� þ  1ðt2Þ

> �a1N

Z t

t2

1
v1ð�Þ

d� � "ðt � t2Þ þ  1ðt2Þ;

 0
1ðtÞ ¼

Z t2þΔ t2

t2

þ
Z t

t2þΔ t2

 
: 0
1ð�Þd� þ  0

1ðt2Þ

< ��a1N

Z t2þΔ t2

t2

d�
v1ð�Þ

þ "Δ t2

þ �a1N

Z t

t2þΔ t2

d�
v1ð�Þ

þ "ðt � t2 � Δ t2Þ þ  0
1ðt2Þ;

 1ðtÞ �  0
1ðtÞ > 2�a1N

Z t2þΔ t2

t2

d�
v1ð�Þ

� 2"ðt � t2Þ

> 2�a1N
Δ t

v1
� 2"ðtf � t0Þ: ðA:10Þ

From (A.9) and (A.10), we have  1ðtÞ �  0
1ðtÞ > 0: Simi-

larly, it can be proved that if

â 0
1NðtÞ ¼

â1NðtÞ if t 2 ½t0; t2Þ \ ðt2 þ Δ t2 ; t1�;
0 if t 2 ½t2; t2 þ Δ t2 �;

�

then  1ðtÞ �  0
1ðtÞ > 0 also holds. That means if we make a

small deviation belonging to U 0
1N from â1NðtÞ, then â1NðtÞ

increases  1ðt0Þ to  1ðtÞ ¼ � the fastest. Similarly, one can
prove that a1NðtÞ ¼ �a1N decreases  1ðt0Þ to  1ðtÞ ¼ �� the
fastest.

Third, we prove the equilibrium strategy of a1NðtÞ is (8).
Note the relationship between �dijðtÞ and  iðtÞ revealed in
Lemma C.1. If we can prove a1NðtÞ ¼ ��a1N increase j 1ðt0Þj
to j 1ðtÞj ¼ � faster than a1NðtÞ ¼ �a1N when  1ðt0Þ > 0 and
a1NðtÞ ¼ �a1N increase j 1ðt0Þj to j 1ðtÞj ¼ � faster than a1N

ðtÞ ¼ ��a1N when  1ðt0Þ < 0, then the equilibrium strategy
of a1NðtÞ is exactly (8).

Take  1ðt0Þ ¼  0 > 0 as an example. In fact, from (6),
9" 0 > 0, s.t.

�v1
�d12ðtÞ

< " 0 <
 0

tf � t0
: ðA:11Þ

Denote  1 and  00
1 as the TTAs when a1NðtÞ � ��a1N and

a1NðtÞ � �a1N , respectively. They satisfy

�" 0 þ �a1N
v1ðtÞ

<  
:
1ðtÞ < " 0 þ �a1N

v1ðtÞ
; ðA:12Þ

�" 0 � �a1N
v1ðtÞ

<  
: 00
1ðtÞ < " 0 � �a1N

v1ðtÞ
ðA:13Þ

and  1ðt0Þ ¼  00
1ðt0Þ ¼  0 > 0, which means  1 increases

from  0 to � and  00
1 decreases from  0 to ��. Let

Δ
 
:
1
¼ j : 001ðtÞj � j : 1ðtÞj. From (A.12) and (A.13), Δ

 
:
1
< 2" 0.

However, there holds

j � ��  00
1ðt0Þj � j��  1ðt0Þj ¼ 2 0

> ðtf � t0Þ � 2" 0
> ðtf � t0ÞΔ 

:
1
:

It implies that a1NðtÞ ¼ ��a1N increase j 1ðtÞj to � faster
than a1NðtÞ ¼ �a1N when  1ðt0Þ > 0. Similarly, one can ob-
tain a1NðtÞ ¼ �a1N increase j 1ðtÞj to � faster than a1NðtÞ ¼
��a1N when  1ðt0Þ < 0. Furthermore, a1NðtÞ ¼ 0 makes j 1

ðtÞj � � when j 1ðtÞj ¼ �. Thus, (8) is exactly the equilib-
rium strategy of a1N according to Lemma C.1.

Fourth, we prove a�
1T is (7). By taking derivatives of

(A.7) and substituting (8) into it, one can obtain that

f
::

1 ¼ 2g
:
1
a�
1N

v1
: ðA:14Þ

Taking  1ðt0Þ ¼  0 > 0 as an example, it can be proved that
there does not exist t 0 2 ½t0; tf � s.t. f1ðt 0Þ ¼ 0 and f

:
1ðt 0Þ > 0.

In other words, f1ðtÞ cannot cross the x-axis from below to
above.

In fact, suppose there exists t 0 2 ½t0; tf �, s.t. f1ðt 0Þ ¼ 0 and
f
:
1ðt 0Þ > 0. When  1ðt0Þ ¼  0 > 0, it can be obtained from
the third step that 8t 2 ½t0; tf �, g1ðtÞ � 0, a�

1NðtÞ � 0 and  1

increases from  0 > 0 to � (if tf is large enough). Note
(A.11), j�1ðtÞ � �1ðtf Þj < "ðtf � t0Þ <  0 and

�1 � �1ðtf Þ ¼ � 1ðtÞ þ �1ðtÞ � �1ðtf Þ:
As a result, �1 � �1ðtf Þ is less than 0 at t0
and decreases monotonically with time. Thus sinð�1 �
�1ðtf ÞÞ < 0 and � cosð�1 � �1ðtf ÞÞ increases monotonically
with time.
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Consider the sign of f1, f
:
1, f

::

1, g1 and g
:
1 in the neigh-

borhood of t 0, i.e. ðt 0 � 	; t 0 þ 	Þ, 	 0 is small enough.
8 t 2 ðt 0; t 0 þ 	Þ, it can be proved that f

:
1 > 0, g

:
1 < 0 and

a�
1N � 0. From (A.14), f

::

1 � 0, 8t 2 ðt; t 0 þ 	Þ. In addition,
8 t 2 ðt; t 0 þ 	Þ, f1 > 0, f

:
1 > 0. Therefore, f1 will keep in-

creasing and then a1T � 0, g
:
1 < 0, f1

::
> 0, f

:
1 > 0; . . . As a

result, f1 monotonic increases in ðt 0; tf �. However,
f1ðt 0Þ ¼ f1ðtf Þ ¼ 0. This leads to contradiction, which means
that there does not exist a time t 0 2 ½t0; tf �, s.t. f1ðt 0Þ ¼ 0 and
f
:
1ðt 0Þ > 0.
Note that f

:
1 exists and therefore f1 is continuous.

Consequently, there are only three cases of f1ðtÞ: f1ðtÞ > 0,
f1ðtÞ < 0 or f1ðtÞ is first greater than 0 and then less than 0.
Suppose ts1 is the time that f1 crosses x-axis from above to
below (let ts1 ¼ tf in the first case and ts1 ¼ t0 in the second
case). Then a�

1T takes value at the lower bound for t 2 ½t0; ts1Þ
and a�

1T takes value at the upper bound for t 2 ½ts1 ; tf �.
The same result can be obtained when  1ðt0Þ ¼  0 < 0.
Therefore, (7) is exactly the expression of a�

1T . The proof
of Theorem 4.1 is completed. W

Appendix B

Proof of theorem 4.3

The Hamiltonian of player 2 is

H2 ¼ �21v1x þ �22v1y þ �23ða1T cos �1 � a1N sin �1Þ
þ �24ða1T sin �1 þ a1N cos �1Þ
þ �25v2x þ �26v2y þ �27ða2T cos �2 � a2N sin �2Þ
þ �28ða2T sin �2 þ a2N cos �2Þ � 1; ðB:1Þ

where �2k , k ¼ 1; . . . ; 8 represent the components of co-state
of player 2, i.e. �2. Denote f2ðtÞ ¼ �27 cos �2 þ �28 sin �2 and
g2ðtÞ ¼ ��27 sin �2 þ �28 cos �2 as the coefficients of a2T and
a2N inH2, respectively. According to (5), one can obtain that if
f2ðtÞ > 0, then a �

2TðtÞ takes value at the upper bound of (3); if
f2ðtÞ < 0, then a�

2TðtÞ takes value at the lower bound of (3).
a�
2NðtÞ have similar results about g2ðtÞ.
Note that (B.1) has the similar form with (A.1). Thus the

derivative of �1k and �2k , k ¼ 1; 2; . . . ; 8, has similar form
except for different terminal conditions. Specifically,

�25ðtf Þ ¼ �
 @’2ðtf Þ
@x2

¼ �
 @

@x2
arctan

y1 � y2
x1 � x2


 � ����
t¼tf

¼ � 


dðtf Þ
sin�2ðtf Þ; ðB:2Þ

�26ðtf Þ ¼ �
 @’2ðtf Þ
@y2

¼ 


dðtf Þ
cos�2ðtf Þ; ðB:3Þ

�27ðtf Þ ¼ �
 @’2ðtf Þ
@v2x

¼ �
 @

@v2x
� arctan

v2y
v2x


 � ����
t¼tf

¼ � 


v2ðtf Þ
sin �2ðtf Þ; ðB:4Þ

�28ðtf Þ ¼ �
 @’2ðtf Þ
@v2y

¼ 


v2ðtf Þ
cos �2ðtf Þ; ðB:5Þ

�21ðtf Þ ¼



dðtf Þ
sin�1ðtf Þ; �22ðtf Þ

¼ � 


dðtf Þ
cos�1ðtf Þ; ðB:6Þ

�23ðtf Þ ¼ �24ðtf Þ ¼ 0; ðB:7Þ

where 
 is an undetermined constant. It can be proved that

�25 � � 


dðtf Þ
sin�2ðtf Þ; �26 �




dðtf Þ
cos�2ðtf Þ;

�
:
27 ¼ 


dðtf Þ
sin�2ðtf Þ � ð�27a2T þ �28a2NÞsin2�2

1
v2

þð��27a2N þ �28a2TÞ cos �2 sin �2
1
v2
;

�
:
28 ¼ � 


dðtf Þ
cos�2ðtf Þ þ ð�27a2T þ �28a2NÞ cos �2

� sin �2
1
v2

� ð��27a2N þ �28a2TÞcos2�2
1
v2
;

ðB:8Þ

f
:
2 ¼ � 


dðtf Þ
sinð�2 � �2ðtf ÞÞ þ g2ðtÞ

a2N
v2

;

f2ðtf Þ ¼ 0;

8<
: ðB:9Þ

g
:
2 ¼ � 


dðtf Þ
cosð�2 � �2ðtf ÞÞ � g2ðtÞ

a2T
v2

;

g2ðtf Þ ¼ 
=v2ðtf Þ:

8<
: ðB:10Þ

Besides, owing to the terminal time is free, H2ðtf Þ ¼ 0. By
substituting (B.2)–(B.7) into H2ðtf Þ ¼ 0, it yields that 
 6¼ 0.
Denote

pðtÞ, exp
Z tf

t

a2Tð�Þ
v2ð�Þ

d�


 �
:

Obviously pðtÞ satisfies pðtÞ > 0 and

max pðtÞ; 1
pðtÞ

� �
< exp ðtf � tÞ A2T

v2


 �
: ðB:11Þ
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Note that (B.10) is a first-order linear ordinary differential
equations. Thus

g2ðtÞ ¼ pðtÞ C þ 


dðtf Þ
Z tf

t
cosð�2ð�Þ � �2ðtf ÞÞ

1
pð�Þ d�

� 

ðB:12Þ

and we have C ¼ 
=v2ðtf Þ when t ¼ tf .
In order to obtain the sign of g2ðtÞ, consider the fol-

lowing inequality:

1
dðtf Þ

Z tf

t
cosð�2ð�Þ � �2ðtf ÞÞ

1
pð�Þ d�

����
����

� ðtf � t0Þ
dðtf Þ

exp ðtf � tÞ A2T

v2


 �

<
1
�v2
<

1
v2ðtf Þ

; ðB:13Þ

where the penultimate inequality sign holds because of (9).
As a result, the sign of g2ðtÞ is the same with 
 since
v2ðtf Þ > 0, pðtÞ > 0, which means a �

2N has no switching
time due to 
 6¼ 0 and thus a �

2NðtÞ � �a2N or a�
2NðtÞ � ��a2N .

From the first result of Lemma D.1 and (9), one can
obtain similarly to the third step of the proof of Theorem
4.1 that under the distance condition (9), a2NðtÞ � �a2N
decreases j�2ðt0Þj to �2ðtÞ ¼ 0 faster than a2NðtÞ � ��a2N if
�2ðt0Þ > 0; a2NðtÞ � ��a2N decreases j�2ðt0Þj to �2ðtÞ ¼ 0
faster than a2NðtÞ � �a2N if �2ðt0Þ < 0; Therefore,
a�
2NðtÞ ¼ signð�2ðt0ÞÞ�a2N .
Consider (B.9). By substituting (B.12) into (B.9), one can

obtain that

f
:
2 ¼ � 


dðtf Þ
sinð�2 � �2ðtf ÞÞ þ


a �
2N

v2
pðtÞ 1

v2ðtf Þ
�

þ 1
dðtf Þ

Z tf

t
cosð�2ð�Þ � �2ðtf ÞÞ

1
pð�Þ d�




¼ 


v2ðtf Þ
a �
2N

v2
pðtÞ þ 


dðtf Þ
� sinð�2 � �2ðtf ÞÞ
�

þ a�
2N

v2
pðtÞ

Z tf

t
cosð�2ð�Þ � �2ðtf ÞÞ

1
pð�Þ d�



:

In order to obtain the sign of f
:
2, let f

:
2 be multiplied by

v2=ða �
2NpðtÞÞ. We have

f
:
2v2

a�
2NpðtÞ

¼ 


v2ðtf Þ
þ 


dðtf Þ
� sinð�2 � �2ðtf ÞÞ

pðtÞ
v2
a �
2N

�

þ
Z tf

t
cosð�2ð�Þ � �2ðtf ÞÞ

1
pð�Þ d�




, 


v2ðtf Þ
þ 
qðtÞ: ðB:14Þ

Note that (B.11) andZ tf

t
cosð�2ð�Þ � �2ðtf ÞÞd�

����
���� � ðtf � tÞ:

As a result,

jqðtÞj < 1
dðtf Þ

exp ðtf � tÞ A2T

v2


 �
�v2
�a2N

þ ðtf � tÞ
� 
����

����
<

1
dðtf Þ

exp ðtf � tÞ A2T

v2


 �
�v2
�a2N

þ ðtf � tÞ

 �����

����
<

1
v2ðtf Þ

; ðB:15Þ

where the last inequality sign holds because of (9). Equa-
tions (B.14) and (B.15) indicate that the sign of f

:
2 is the

same with 
a�
2N . From (B.12) and (B.13), it is clear that the

sign of 
 is the same with g2ðtÞ, so is a�
2N . As a result,


a�
2N > 0 and f

:
2 > 0. Note that f2ðtf Þ ¼ 0. Then we

have f2ðtÞ < 0 for t 2 ½t0; tf Þ, which means a �
2T takes value

at the lower bound of (3). The proof of Theorem 4.3 is
completed. W

Appendix C

Lemma C.1 and its proof

Suppose there exist two strategies of player 1. The corre-
sponding trajectories are denoted by X1ðtÞ and X 0

1ðtÞ. The
corresponding TTAs are  1ðtÞ and  0

1ðtÞ. The correspond-
ing distances between player 1 and ðx2ðtf Þ; y2ðtf ÞÞ are �d12

ðtÞ and �d 0
12ðtÞ, respectively. Suppose X1ðtÞ and X 0

1ðtÞ have
the same speed and �d12ðt0Þ ¼ �d 0

12ðt0Þ. The following
lemma reveals the relationship between distance and TTA.
Player 2 has a similar result.

Lemma C.1. If j 1ðtÞj � j 0
1ðtÞj holds for t 2 ½t0; tf �, then

�d12ðtÞ � �d 0
12ðtÞ holds for t 2 ½t0; tf �.

Proof. Discretize the time interval with 	t . Then one can
obtain a series of discrete times tk ¼ t0 þ k	t , k ¼ 0; 1; 2; . . .
Suppose the lemmaholds at the discrete times t0; t1; . . . ; tk , i.e.
j 1ðtnÞj � j 0

1ðtnÞj and thus �d12ðtnÞ � �d 0
12ðtnÞ, n ¼ 1; 2; . . . ;

k. Figure C.1 illustrates the discrete case at tk .

Fig. C.1. The discrete case at tk .
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Then, one can get

�d12ðtkþ1Þ2 ¼ �d12ðtkÞ2 þ v1ðtkÞ2	 2t
� 2 cos 1ðtkÞ �d12ðtkÞv1ðtkÞ	t: ðC:1Þ

�d 0
12 satisfies a similar equation. Consequently, if j 1ðtkÞj �

j 0
1ðtkÞj and �d12ðtkÞ � �d 0

12ðtkÞ, then �d12ðtkþ1Þ � �d 0
12ðtkþ1Þ.

Let 	t ! 0 and the proof is completed.

Lemma C.1 implies that if there exists a strategy which
maximizes (minimizes) j ij during ½t0; tf �, then this strategy
can maximizes (minimizes) dðtf Þ.

Appendix D

Lemma D.1 and its proof

Note that  
:
i ¼ �

:
i � �

:
i, ’
:
i ¼ �

:
i � �

:
i. Lemma D.1 explains the

properties of �
:
i and �

:
i.

Lemma D.1. For any " > 0,

(1) if d >
ffiffiffi
2

p ð �v1 þ �v2Þ=", then j�: ij < ";
(2) if �dij > �vi=", then j�: ij < ".

Proof. One can obtain

�
:
i ¼

@

@t
arctan

yjðtÞ � yiðtÞ
xjðtÞ � xiðtÞ


 �

¼ 1
d2

½ðvjy � viyÞðxj � xiÞ � ðvjx � vixÞðyj � yiÞ�

¼ 1
d
½ðvjy � viyÞ cos�i � ðvjx � vixÞ sin�i�; ðD:1Þ

�
:
i ¼

@

@t
arctan

yjðtf Þ � yiðtÞ
xjðtf Þ � xiðtÞ


 �

¼ 1
�d 2
ij

½�viyðxjðtf Þ � xiÞ þ vixðyjðtf Þ � yiÞ�

¼ 1
�dij

½�viy cos �i þ vix sin�i�: ðD:2Þ

The first conclusion of Lemma D.1 derives from

maxfjvjx � vixj; jvjy � viyjg < �v1 þ �v2

and (D.1). The second conclusion of Lemma D.1 comes from
viy ¼ vi sin �i, vix ¼ vi cos �i and (D.2).

LemmaD.1 indicates that�: i ! 0when d ! 1 and �
:
i ! 0

when �dij ! 1.

Appendix E

Proof of proposition 5.1

Due to  iðtÞ � ’iðtÞ ¼ �iðtÞ � �iðtÞ, one needs to consider
the error between �iðtÞ and �iðtÞ. Figure E.1 demonstrates

the case that �iðtÞ and �iðtÞ have the largest difference
under the condition dðtÞ � �vjðtf � tÞ, where the circle
represents the maximum movement range of player j, rj ¼
�vjðtf � tÞ represents the radius of the circle and
" � j�iðtÞ � �iðtÞj. It can be obtained that

" ¼ arcsin
rj

dðtÞ ¼ arcsin
�vjðtf � tÞ
dðtÞ : ðE:1Þ

Thus

j iðtÞ � ’iðtÞj � arcsin
�vjðtf � tÞ
dðtÞ

����
����: ðE:2Þ
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