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1. Introduction In the past decades, various cooperative control

problems of MASs have been extensively investigated.
MASs have been used to describe some collective behaviors of These problems include consensus [11-14], synchroniza-
various social animals, such as swarming of bees, schooling of tion [15,16], cooperative output regulation [17-19],
fish, and flocking of birds [1-3], and also some man-made formation [20-22], containment control [23,24] and so on.
systems, such as networked mobile robots, sensor networks There are typically two commonly used approaches to co-

[4-6]. MASs refer to systems composed of a number of indi- operative control: one is the centralized approach, and the
vidual dynamic subsystems named agents, interconnected  other is the distributed approach. The centralized control
through some kind of networks. Compared with single sys-  approach assumes that a central station is sufficiently pow-
tems, MASs have higher efficiency, greater capabilities and  erfy] to control a whole group of agents. In contrast to the
lower cost. Moreover, MASs enjoy appealing properties of ro-  centralized control approach, the distributed control approach

bustness and scalability, which can tolerate failures of agents
and allow addition of new agents. Due to these advantages,
MASs have been widely adopted in many areas including
multiple spacecraft vehicles [7], biological systems [8], mobile
robots [5], sensor networks [6], flocking [9,10] and so on.

does not require a central station, at the cost of complexity in
structure and organization, and thus provides some distinctive
advantages such as low operational cost and flexible scal-
ability. A key to the distributed control approach is to design
distributed controllers for individual agents such that all the
agents can achieve a common goal of interest while each agent
Received 27 July 2021; Accepted 21 October 2021; Published 8 December has only access to the information of its neighboring agents.
20.21. .Thls paper was recommended for publication in its revised form by In cooperative control of real-world MASs, communication
editorial board member, Keyou You. . . . . .

. % §5 1 . time delays often occur when information is transmitted
Email Addresses: *ruohanyang@nwpu.edu.cn, Sluliu45@cityu.edu.hk, o
Imegfeng@cityu.edu.hk among agents due to several reasons, for example limited
SCorresponding author. information transmission speed, extra time for information
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measurement, computation time, and execution time. It
should be noted that time delays are often the main cause for
instability and poor performance of systems, and systems
with time delays are much more complex than nondelay
systems [25,26]. Thus, cooperative control problems of MASs
with communication delays have received increasing atten-
tion recently [21,27-31].

It should also be noted that digital microprocessors be-
come indispensable in practical applications, and therefore,
cooperative control strategies for MASs tend to be imple-
mented on digital platforms. In practice, cooperative control
strategies of MASs, such as communication between
neighboring agents and control law updates, are often
implemented in discrete-time via a periodic sampled man-
ner. To handle the worst scenario, the sampling period
needs to be sufficiently small. Thus, there might be many
unnecessary samplings in typical implementation of coop-
erative control strategies. Compared with the periodic
sampling strategy, the event-triggered strategy executes
sampling only when necessary. Thus, this strategy is able to
reduce the number of samplings while maintaining the
control performance [32-34]. This is particularly important
for cooperative control of MASs when communication be-
tween neighboring agents is required.

In this paper, we aim to provide an overview of the re-
cent advances in distributed coordination of MASs. It should
be pointed out that the literature on distributed coordina-
tion of MASs is so huge that an exhaustive list is impossible.
Instead, only a small set of the list is reviewed in this paper.
Many excellent works are unfortunately left out. A block
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diagram illustrating the structure of this survey is shown in
Fig. 1.

More specifically, this review mainly focuses on the
following topics:

(1) Cooperative control of MASs with various agent dy-
namics. Agent dynamics under review include homoge-
neous and heterogeneous linear dynamics, unknown linear
dynamics, and nonlinear dynamics. Cooperative control
problems under review include consensus, cooperative
output regulation (COR), formation control and contain-
ment control.

(2) Cooperative control of MASs with communication
delays. Various results on cooperative control of MASs with
bounded transmission delays and unbounded transmission
delays between neighboring agents, respectively, are
reviewed.

(3) Event-triggered cooperative control. Various results
on event-triggered cooperative control of MASs are
reviewed. Two approaches to avoid continuous monitoring
of neighboring agents information are highlighted. Fur-
thermore, the issue of avoiding Zeno behavior is also
emphasized.

The rest of the paper is organized as follows. Section 2
introduces some basic graph theory and notations. Sec-
tions 3-5 review the recent advances on cooperative con-
trol of MASs with various agent dynamics, cooperative
control of MASs with communication delays, and event-
triggered cooperative control, respectively. Concluding
remarks and future potential topics of distributed coordi-
nation of MASs are presented in Sec. 6.
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Cooperative control

of MASs with —>|

—>| Consensus of heterogeneous linear MASs I
Cooperative output regulation I

> various agent -
dynamics

—>| Cooperative control of unknown linear MASs I

(Section 3) _’I

Cooperative control of nonlinear MASs I —>|

Methods based on Lyapunov-
Razumikhin functions

—>| Formation control and containment control I

Methods based on Lyapunov-

Krasovskii functionals

—>» Frequency domain methods

Distributed ;
A K Cooperative control
Coordination of MASs with —>| Bounded delays l—
of P communication [
Multi-Agent delgys Unbounded delays I
(Section 4)
Systems

L Contraction methods

Basic event-triggering mechanisms

Advanced event-triggering mechnism

A7

Self-triggering mechanism

Event-triggered
cooperative control
(Section 5)

Adaptive event-triggering mechanism

Fig. 1.

Main structure of this survey.



June 7, 2022

12:12:42pm WSPC/284-US 2150019

ISSN: 2301-3850

2nd Reading

An Overview of Recent Advances in Distributed Coordination of Multi-Agent Systems 309

2. Preliminaries

Consider a graph G = (V,€) with the vertex set V=
{1,...,N} and the edge set £ CV x V. If (i,j) € &, node i
can send information to node j directly, node j is called an
out-neighbor of node i, and node i is called an in-neighbor of
node j. The graph G is undirected, if and only if (i,j) € £
implies that (j, i) € £. The graph G has a directed spanning
tree if and only if there is at least one root, which has no in-
neighbors and has a directed path to every other node in G.
When the graph G is undirected, G is connected if there is a
path between every pair of distinct nodes.

The adjacency matrix of G is defined as A = [a;] € RNV,
where a; >0 if (j,i) €&, else a; =0. The Laplacian
matrix of G is denoted by L =[l;] € R¥*N, where

Iy = {gj’j,&la,j_ ij N;i={jeV,(j,i € &} is the neighbor set
of node i. For undirected graphs, £ is symmetric and positive
semi-definite, i.e. £T =L > 0. For directed graphs, the
Laplacian matrix £ is not necessarily symmetric. For both
directed and undirected graphs, 1y is an eigenvector corre-
sponding to the eigenvalue \{(G) =0, ie. L1y = 0.

If there exists an exosystem, the network topology
among an exosystem and N agents is modeled by a graph
G=(V,€&), where V ={0,1,...,N} with node 0 associ-
ated with the exosystem and & C V x V. Define
D = diag{ayq, . - . ,ang}, where a;y = 1, if agent i has access
to information from the exosystem, and a;y; = 0 otherwise.
The matrix # = £ + D represents the connectedness of the
graph G. Node 0 is said to be globally reachable in G if there
is a path from every agent to node 0.

Given a set of graphs G, = (V,&,), c=1,...,p. The
graph G = (V,€), € =J"_, &, is regarded as the union of
G, o=1,...,p, ie. G=7_,G,. o(t) is the piecewise
constant switching signal at a sequence of switching
instants {t;: 1€ Nt} satisfying ¢ —¢_1>¢>0, ie.
o(t) =p, fort € [t;_1, ) and some integer 1 < p < p. Define
a time-varying graph G, = (V, &) with Eyy SV XV
for all t>0. For any t>0, s>0, let G([t,t+5s)) =
Ueclt.e+5) 9o The time-varying graph G, is said to
be uniformly connected if the union graph G([t,t +s)) is
connected.

Notations: Denote R™*" as the set of m x n real matrices.
N+ represents the set of all positive integers. C, denotes
the closed right-half complex plane. The notations || - || and
® represent Euclidean norm and Kronecker product, re-
spectively. The symbol det(-) denotes the determinant of a
matrix, arg(-) is the phase angle of a complex number,
and A, (1) represents the maximum eigenvalue of a
matrix. y(t) = G(s)[u(t)] represents the output of a system
characterized by a dynamic operator G(s) with input u(t).

3. Cooperative Control of MASs with Various Agent
Dynamics

In this section, recent advances on cooperative control of
MASs with various agent dynamics will be reviewed.

3.1. Consensus of homogeneous linear MASs

Consensus problems of MASs have been extensively studied
in the past decades [35-54]. One reason is that many other
cooperative control problems including COR, containment
control, and formation control can be viewed as extensions
of consensus problems or can be solved by similar con-
sensus protocols.

In early works, many researchers focus on the consensus
problem of homogeneous MASs with simple agent dynamics
such as single- or double-integrator dynamics, see, for ex-
ample, [41-46]. On the basis of these works, the consensus
problem of homogeneous MASs with general linear dy-
namics has been studied [47-50].

Consider a group of N agents with general linear dy-
namics, where single- and double-integrator can be regar-
ded as its special cases. The dynamics of the agents are
described by

%;(t) = Ax;(t) + Bu;(t), yo- N, (1)

where x;(t), y;(t) and u;(t) are the state, output and control
input of agent i, respectively. It is assumed that the pair
(A, B) is stabilizable. The graph G represents the underlying
communication graph between neighboring agents.

The state consensus problem can be stated as follows:
design a distributed control law u;(t) such that for any
initial condition, the states of the agents satisfy

lim () ~x(0) =0, Lj=1..N (2

i=1

In this case, the state consensus is said to be achieved.
In order to solve the consensus problem, the following
distributed consensus control protocol is commonly used:

N
u(t) = pk Y ay(£)(x(t) — x,(0)), (3)
=1

where p is the coupling weight, and K is the controller gain
matrix.

When the communication topology is fixed, the closed-
loop system consisting of the MAS (1) and the controller (3)
can be described by

x(t) = (Iyv® A+ pL ® BK)x(t), (4)
where x(t) = [xT(¢),...,x5(t)]". Define 6(t) = (M @ I,)x(t),
where M = Iy — 1rT and r7 = [ry,...,ry] € RV satisfies
r’L£ =0 and r"1 = 1. Then, it follows from (4) that

5(¢) = (Iy ® A — ul ® BK)S(¢). (5)



June 7, 2022

12:12:44pm WSPC/284-US 2150019

310 R Yang, L. Liu & G. Feng

According to the definition of r, one can obtain that M has
a simple eigenvalue 0 with M1 =0, and N — 1 multiple
eigenvalue 1. Thus, 6 = 0 if and only if x; = --- = xy.

In what follows, we present the results on stability
analysis of the closed-loop MAS suggested in [51,52]. Let
Y € RVx(N-1) 1 ¢ RV-DxN apnd T € RV*N be such that

B [T 1, . [0 0
T=[1Y], T '= [W]’ T LT=]= [0 A}’ (6)

where the diagonal entries of the upper triangular A are the
nonzero eigenvalues of L. Define

e(t) = (T~ @ 1,)6(t), (7)

where ¢(t) = [e](t),...,ek(t)]". Then, (5) can be repre-
sented in terms of £(t) as follows:

£(t) = (Iy® A+ 1 ® BK)e(t). (8)

On the other hand, it can be seen that
£1() = (FT @ Ly)8(8) = 0. (9)
Hence, for i =2,...,N, ¢(t) converges asymptotically to

zero if and only if A + p;BK is Hurwitz. Then, the following
result is readily obtained.

Theorem 3.1 ([51]). Consider MAS (1) with the commu-
nication topology G that contains a directed spanning tree.
The distributed controller (3) solves the consensus problem if
and only if there exists K such that

A+ p\BK, (10)

is Hurwitz for i=2,...,N, where )\; is the nonzero
eigenvalue of its Laplacian matrix.

Remark 3.2. It should be noted that the undirected graph
can be regarded as a special case of the directed graph, and
the eigenvalues of the Laplacian matrix in this case are of
real values.

It is in general difficult to guarantee condition (10) due
to the coupling between the local agent feedback control
design and the graph topological properties. To overcome
this difficulty, a Riccati design approach is proposed in [52],
which provides the following design method for feedback
matrix K in protocol (3) such that K is independent of the
graph topology.

Theorem 3.3 ([52]). Consider MAS (1) with the commu-
nication graph G that contains a directed spanning tree.

Design the distributed control protocol (3) with
K= —-R!BTP, (11)

where P > 0 is a solution to the following algebraic Riccati
equation (ARE):

0=AP+PA" + Q- PBR'B'P, (12)
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with R and Q being positive definite matrices. Then,
consensus will be achieved asymptotically if the coupling
gain satisfies

ot
min Re()\)

i=2,...,

o> (13)

Proof. Let the nonzero eigenvalues of £ be A\, = o; +jf3;,
where «;, 3; € R. Considering (11) and (12), one can obtain
that

(A — p\BK)TP + P(A — u)\;BK)

= —Q — (2ua; — 1)K"RK. (14)

Since P > 0 and Q > 0, by Lyapunov theory, the matrix A —
uX\;BK is Hurwitz if p > m Then, the proof is

completed by invoking the result of Theorem 3.1. O

When the communication topology between neighboring
agents is switched but undirected, under the distributed
controller (3) with K = BTP, the closed-loop system of
agent i can be given by

%(t) = Ax(t) + BBTP Y ay()(x;(t) — x,(t)).  (15)
j=1

Let x.(t) =+ SV x;(t). Since the network graph is un-
directed, from (15), one can obtain that

ke(t) = Ax,(0).

Then, decompose x;(t) into x;(t) = x.(t) + d;(t), where d;(t)
is called the disagreement vector. If lim,_, .. d;(t) = 0, x;(t)
will converge to x.(t), and consensus can be achieved.
Define d(t) = [d] (t),...,dx(t)]". The disagreement vector
d(t) satisfies

d(t) = (Iy® A — L, @ (BBTP))d(t).

(16)

(17)

Choose a Lyapunov function candidate V(d(t)) =
1d7(t)d(t). To analyze the switched system (17), a modified
Barbalat lemma is needed, which is shown as follows.

Lemma 3.4 ([50]). Given the sequence {t;} with t, =0,
t—t_1>1>01eNIfV(t), t € [0,00) is continuous and
satisfies

(1) V(t) is lower bounded;
(2) V(t), [ti—1,t), | € NT is nonpositive and differentiable;
(3) there exists a constant ¢ > 0 such that

sup V()| <c,

tp 1 <t<t;leN+

(18)

then lim,_, . V(t) = 0.

By using Lemma 3.4, one can obtain the following result
under the following two assumptions.
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Assumption 3.5. (4, B) is controllable and there exists a
matrix P > 0 satisfying PA + ATP < 0.

Assumption 3.6. The time-varying graph G,
connected and undirected for any t > 0.

is uniformly

Theorem 3.7 ([50]). Under Assumptions 3.5 and 3.6,
MAS (1) with the distributed controller (3) achieves
consensus asymptotically.

It should be noted that in those earlier results, when de-
signing the coupling weight p, the eigenvalues of the
Laplacian matrix £ need to be known. Thus, the distributed
control protocol (3) depends on the global graph informa-
tion. However, in large-scale systems, it is difficult to obtain
those global graph information. To address this issue, a fully
distributed consensus controller is proposed in [53], de-
scribed as follows:

ui(t) = ci(O)fi(z] ()P2())Kzi(¢),
. — T Z:
¢i(t) = ;(t)l“ i(t), (19)
= ag(xi(t) — x(0)),
j=1

where ¢;(t) is the adaptive coupling weight, which is used to
avoid the knowledge of global graph information. f;(-) is a
smooth and monotonically increasing function. Now, we are
ready to present a consensus result based on the following
quadratic Lyapunov function candidate:

N . ez (t)P1z(t) N
vie =y 1 | fs)ds 20 S e (e). (20)

i=1

where ¢;(t) = ¢;(t) — o, a > 0.

Theorem 3.8 ([53]). Suppose that the graph G contains a
directed spanning tree. Let K= —BTP, I'=P~1BBTP~,
and fi(zI (£)P~1z(t)) = (1 + zT (£)P ' 2(t))3, where P >0
satisfies

AP+ PAT — 2BBT < 0. (21)

The consensus problem of MAS (1) can be solved by the
adaptive control protocol (19). Moreover, the adaptive
parameters c;(t), i=1,...,N converge to some finite
constants.

3.2. Consensus of heterogeneous linear MASs

In many real applications, agent dynamics and even their
state dimensions might be different. Such MASs are referred
to as heterogeneous MASs. In this case, state consensus
becomes meaningless, and thus, output consensus problems
are usually studied. For heterogeneous MASs, output con-
sensus is said to be achieved if all the agents’ outputs reach

a common value or vector. In the case of leader-following
MASs, leader-following output consensus is said to be
achieved if all the agents’ outputs synchronize with the
output of the leader.

Consider a leaderless heterogeneous MAS, which can be
described as follows:

(22)

where (4;, B;) is stabilizable and (C;, 4;) is detectable.
The leaderless output consensus is said to be achieved if

—-y®l=0, ij=1,...,N.  (23)

lim y,(¢)

To deal with the heterogeneity of the MAS (22) under a
directed time-varying graph G,), a distributed controller
based on an internal reference model is developed in [54],
and is shown as follows:

ui(t) = Ki(x,(¢ )—Hmi( )) +Tini(t),
ii(t) = Smi(t Za,, —ni(8)), (24)
Xi(t) = Aixi(t) + Biuy(£) + Hi(9i(t) — yi(t)),

where 9;(t) = Cix;(t), n;(t) is the state of the internal ref-
erence model, S, K;, II;, I'; and H; are all design matrices.

Define the tracking errors X;(t) = x;(t) — IL;n;(t) and the
observer errors X;(t) = x;(t) — X;(t). Then, the closed-loop
system can be expressed as follows:

Xi(t) = (A-+B-K-)>?- — BKX,(t)
7HZ‘11] —ni(t)),
. (25)
xi(t) = (A-+H‘C’)’-( )
ii(t) = Smi(t +Za,, = ni(t)).

One then has the following result.

Theorem 3.9 ([54]). Suppose that the graph Gu) is
uniformly connected. Choose K; and H; such that A; + B;K;
and A; + H;C; are Hurwitz. Assume there exist matrices S
and R, where o(S) C jR, o(S) is the spectrum of S and (S, R)
is observable, and matrices 1I; and T, i=1,...,N
satisfying

AiHi +BiFi = HI'S, (26)
Gll; = R,

i=1 N.

P

Then, under distributed controller (24), the outputs of
heterogeneous MAS (22) uniformly exponentially converge
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to an output trajectory of the virtual exosystem defined by
the pair (S, R), that is, v(t) = Sv(t), yo(t) = Rv(t).

3.3. Cooperative output regulation

COR can be viewed as an extension of consensus of
MASs. The objective is to design a distributed controller
such that each agent can track a class of reference inputs
and at the same time reject a class of external disturbances
while maintaining the closed-loop system stability. In
general, the COR problem is more challenging than the
leader-following consensus problem since it needs to
achieve not only trajectory tracking but also disturbance
rejection. The commonly used methods for solving the COR
problem of MASs are the feedforward design approach and
the internal model approach.

The feedforward design approach to the COR problem is
developed in [55,56]. Consider the following heterogeneous
MAS:

Xi(t) = Aixi(t) + Bju;(t) + Ev(t),
ei(t) = Cix;(t) + Dju;(t) + Fyv(t), (27)
Imi(t) = CuiXi(t) + Dy (£) + Foyv(£),

where ey;(t) € RPi and y,,(t) € RP» are the regulated out-
put and measurement output of agent i, respectively, the
pair (4;, B;) is stabilizable, and v(t) € R is the external
signal representing the reference signal to be tracked and/
or the disturbance to be rejected, which is generated by the
following exosystem:

v(t) = Agv(t), (28)

where 4, is the system matrix of the exosystem.

The graph G represents communication graph between
N agents and an exosystem.

The COR is said to be achieved if

(1) The overall closed-loop system excluding the exosystem
is asymptotically stable.

(2) For any x;(0) and v(0), lim,_, e, (t) = 0.

The following assumptions are made to solve the COR
problem.

Assumption 3.10. A4, has no eigenvalues with negative real
parts.

Assumption 3.11. The following linear matrix equations:

XAy = AiXi + B;U; + E;,

29
0 = CiXi+ DiU; + F;, (29)

have a solution pair (X;, U;).

Assumption 3.12. The graph G contains a directed
spanning tree with the exosystem as the root.
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To deal with the COR problem of the MAS (27), the
distributed controller based on the feedforward design
approach is given as follows [55]:

u;i(t) =Kyx;(t) + Ky vi(t),

Vi(t)=Aovi(t) +p | D ay(7(6) = 9i(6))+an (v(t) - \7f(t))> :

JeN;

(30)

where Ky; and K,; are the gain matrices, and v;(t) is the state
of the distributed observer. Then, the following result can be
obtained.

Theorem 3.13 ([55]). Suppose Assumptions 3.10-3.12
hold. Choose Ki; such that A;+ B;Ky; is Hurwitz, and
K,; = U; — Ky;X;. Under the distributed controller (30) with
sufficiently large positive number u, the COR problem is
solved.

It should be noted that the feedforward design approach
to cooperative control of heterogeneous MASs described
in (30) cannot be utilized to deal with the MASs subject to
parameter uncertainties. In this case, the internal model
principle can be adopted to solve the cooperative control
problem of heterogeneous MASs with structural agent
uncertainties [19,57,58]. Consider an MAS with structural
agent uncertainties as follows:

Xi(t) = (4; + 6A)x;(t) + (B; + 6;B)u;(t)
yi(t) = (G +6;0)x(t), i=1 N

where v(t) is the state of the exosystem defined in (28), 6;4,
0;B, 6;C and §;E are the perturbations of the agent matrices.
The regulated outputs are defined as

eyi(t) :}’i(t) _)’o(t)v i=1

where y,(t) = Fv(t) for some matrix F and the pair (4, F)
is detectable.

Then, the robust COR is said to be achieved if

(1) The nominal closed-loop system excluding the exo-
system is asymptotically stable.

(2) If the perturbations are in the open neighborhood of
the origin, for any x;(0) and v(0), lim,_ ey, (t) = 0.
The following assumptions are standard to solve the problem.

ey 5

N, (32)

yeeey

Assumption 3.14. (4;, B;) is stabilizable.
Assumption 3.15. For all A € o(4,),

A;i— M B;
rank< IC- 0’> =n; + p;. (33)

Let the informed agents that have direct access to the
exosystem be denoted by i = 1,..., M and the uninformed
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agents be denoted by i=M+1,...,N. The distributed

controller is designed as follows [58]:

ui(t) = Kyxi(t) + K ¢i(t),

Gi(t) = G1Gi(t) + Go(Cix; + Divi(t)),

vit) = AgVi(t) + LFVi(t) = yo(t), i=1,....M,

vit) = AoVi(t) — (di(t) + f1i(t))2i(t), i=M+1,...,N
di(t) = zy(t)Tz,(t),

(34)

where (;(t) is the state of the internal model, K,;, K, L, T
and P are the gain matrices, and (Gy,G,) is the minimum
p-copy internal model defined in [19]. Then, one can obtain
the following result.

Theorem 3.16 ([58]). Suppose Assumptions 3.10, 3.12,
3.14 and 3.15 hold. Choose the pair (K, K,) such that

[k ], i =1,...,N are Hurwitz, and L such that A, +

LF is HurWItz. LetT' = PZ, where P > 0 is a solution to the
following:

AP+ PAy+1—P?=0. (35)

Then, the robust COR problem is solved by the distrib-
uted controller (34).

3.4. Cooperative control of unknown linear MASs

In many real-world systems, the system parameters might
be difficult to obtain or slowly time-varying due to various
reasons. In this case, it is more appropriate to consider
those dynamical systems with unknown parameters. To
deal with unknown parameters, many adaptive control
approaches, such as model reference adaptive control
approaches and adaptive pole-placement control approa-
ches, have been well developed for single dynamical sys-
tems [59-61]. Recently, some results have been reported on
cooperative adaptive control of MASs with unknown para-
meters, see [62-66] and the references therein. The authors
in [62-64] propose distributed adaptive control strategies
for unknown MASs with relative degree one. By developing
an adaptive backstepping algorithm, the authors in [65]
study the COR problem of heterogeneous MASs with
arbitrary but uniform relative degree. To remove the
limitation of uniform relative degree, the authors in [67]
develop a novel design framework based on distributed
observers and distributed model reference adaptive
control approach.

Consider a class of heterogeneous MASs (22), where 4;,
B; and C; are unknown system matrices. The transfer
function of (22) can be expressed as follows:

Zpi(s)
G.:(s L7
pl( ) Rpi(S)
where k,,; is the high-frequency gain, Z,(s) and R (s) are
unknown monic polynomials of degree my; and n;, respec-
tively, and my,; < n;. The leader system is described by

- CI'(SI - Al) 7lBi == kpi (36)

o(8) — A
v(e) = Agu(®), -

Yolt) = Fu(o),
where v(t) and y,(t) are the state and output of the leader

respectively, and Ay and F are known matrices. The fol-
lowing assumptions are made.

Assumption 3.17. Z,(s), i=1,...,N are monic Huwriz
polynomials, that is, the agents are of minimum phase.
Assumption 3.18. The relative degrees r,; = n; —my;, i =
1,...,N are known.

pi»

Assumption 3.19. The graph G between N agents is

undirected and the leader is globally reachable in G.

Assumption 3.20. All the eigenvalues of A, are semi-
simple with zero real parts.

A distributed adaptive control design approach is de-
veloped based on a distributed observer and a model ref-
erence adaptive controller in [67]. In what follows, the
description relevant to the event-triggering mechanism
addressed in [67] will be left out for better illustration. The
distributed observer for agent i is the same as (30), re-
written as follows:

() Agvy(t

Zalj V(t))’

(38)

where 4 is a large enough positive constant. Based on the
distributed observer, a reference model of agent i is
designed as

= V() — ajo(vi(t) —

Xmi(t) = Amixmi(t) + BmiKmi‘A/i(t)v
ymi(t) = CmiXmi(t)v
where x,,;(t) and y,,;(t) are the state and output of the
reference model for agent i, respectively. A,,;, Bni, Cni and
K,,; are all design matrices. Then, the model reference
adaptive controller is designed as

(39)

ui(t) = 0] (6)w;(t),

0;(t) = [01:(t), 02;(t), 03:(£), 04(t)] ",

wi(t) = [Wi;(£), w3;(£),yi(t), KmiVi(8)] ", (40)
wy;(£) = Ajwy(€) + By (t),
Wyi(€) = Ajwa(t) + Bryi(t),
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where (A;, By;) is a controllable pair, §;(t) is the adaptive
controller gain and the adaptation law is designed as
follows:

éi(t) = L'jegi(t)di(t),
pi(t) = 7ieoi(t)(0] (£)pi(t) + ug(t ))
yi(t) — ymx(t) pit) (0]
+ o] ()it
6i(t) = —Gm,-<s>[w,-<t>17
up(t) = Gui(s)[u;(2)],
with the scalar ; > 0, the matrix I'; > 0, and eg;(t) being the
estimation error. Then, the following result can be obtained.

Theorem 3.21 ([67]). Suppose Assumptions 3.17-3.20
hold. There exist some matrices A,,; Bp; and C,; such that
under a distributed adaptive controller composed of (38)
to (41), the outputs of all the agents track the output of the
leader asymptotically and all the signals in the closed-loop
system are bounded.

eoi(t) =

v....
_|_A
<
=N
—~
~
~

3.5. Cooperative control of nonlinear MASs

In recent years, the cooperative control problem of MASs
with nonlinear agent dynamics has also been investigated
[68-75]. The agents with Lipschitz nonlinear dynamics can
be described as follows [70-72]:

X;(t) = Ax;(t) + f(x;(t)) + Bu(t),

where f(x;) is assumed to satisfy a Lipschitz condition. In
[70], a controller with adaptive coupling weight is devel-
oped to achieve consensus of MAS (42) under an undirected
communication graph. In [71], a distributed consensus
protocol with stochastic sampling is proposed for MAS (42)
with a directed communication graph. The authors in [72]
study the leader-following consensus problem of
MASs (42), where the agent dynamics satisfy Lipschitz
conditions with time-varying gains. The consensus pro-
blems of networked Euler-Lagrange systems have also re-
ceived particular attention since it can represent various
nonlinear systems, such as spacecrafts, unmanned aerial
vehicles, and so on. The Euler-Lagrange equation can be
described as follows [73-75]:

M;(x;) %; + Cilxi, %)% + gi(x;) = w;,
where M;(-) is the symmetric positive definite inertia ma-
trix, C;()x; is the vector of Coriolis and centripetal torque,
and g;(-) is the vector of gravitational torque. The authors in
[73] develop a distributed model-independent tracking
controller via a sliding model approach for MASs (43)
with a dynamic leader under a directed communication

graph. In [74], a distributed adaptive controller based on an
adaptive distributed observer is developed to solve the

i=1,...,N, (42)

i=1,...,N, (43)
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leader-following consensus problem of a group of uncertain
Euler-Lagrange systems and a dynamic leader under
switching topologies.

3.6. Formation control and containment control

Formation control and containment control can be recog-
nized as extensions to the well-studied consensus control of
MASs, and have also been studied widely. One of the most
interesting topics in formation control is the so-called cir-
cular formation control. The objective of circular formation
control is to make the orbit of multiple agents around a
center while maintaining a spaced formation. According to
the type of the center of the circular formation, circular
formation control can be classified into two types. One is
the collective circular motion, where the center is unspec-
ified [76-85]. The other is the target-enclosing or circum-
navigation, where the center is given [79,86-91]. Many
studies focus on the second type which is of more practical
significance. In particular, the authors in [92,93] study the
case where the target is a nonholonomic agent and linear
velocities of all agents are constant. In [94] and [95], the
moving-target circular formation control problem of non-
holonomic agents is studied with the time-varying velocity
of the target available to all agents. In [96], a translational
control design is developed for circular formation with the
assumption that measurements in the global inertial frame
and communication among the nonholonomic agents are
available. In [97], a cooperative control law based on a
consensus-based algorithm is proposed to stabilize non-
holonomic agents to a circular formation towards the
neighborhood of the source location. In [98], the moving-
target enclosing problem is addressed where some of
nonholonomic agents in the group have to know the target
velocity.

Containment control arises when followers of MASs are
driven to a specific area spanned by multiple leaders. The
containment control problem of MASs with multiple leaders
has received much attention due to their practical applica-
tions [99,100]. The authors in [101-103] develop contain-
ment controller for MASs with both fixed and switching
topologies. An adaptive containment controller based on the
sliding mode and backstepping control approaches is pro-
posed in [104] for nonlinear MASs with input quantization.
When the states of agents are not available, an observer-
based containment protocol is developed to achieve con-
tainment control of MASs under a directed graph [105]. In
[106], the output containment control problem of hetero-
geneous MASs is solved by proposing two control protocols
based on the internal model principle. Besides, several
approaches [107-109] are developed for containment
control of discrete-time MASs.
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3.7. Remarks

In this section, we have mainly reviewed two types of co-
operative control problems of MASs, namely, consensus and
cooperative output regulation. We have also briefly
reviewed other two types of cooperative control problems,
that is, formation control and containment control. We have
covered MASs with various agent dynamics, such as ho-
mogeneous and heterogeneous linear dynamics, unknown
linear dynamics, and nonlinear dynamics. It should be noted
that the review in this section do not consider MASs subject
to various communication constraints. However, communi-
cation constraints such as time-delays and bandwidth limits
would naturally arise in networked systems and are known
to have great adverse impact on the performance of the
concerned systems. Therefore, considerable effort has been
devoted to study of cooperative control of MASs with
communication delays and event-triggered cooperative
control of MASs, which will be reviewed in Secs. 4 and 5,
respectively.

4. Cooperative Control of MASs with Communication
Delays

Communication delays often exist in MASs when signals are
transmitted between agents through a network. Therefore,
in recent years, cooperative control problems of MASs with
time-delays have received increasing attention [21,27-31].
A number of cooperative control protocols are developed for
MASs with bounded time-delays or unbounded time-delays.

4.1. Bounded delays

The study of MASs with bounded delays is typically based
on Lyapunov-Razumikhin functions, Lyapunov-Krasovskii
functionals, the frequency domain method, or the contrac-
tion method, described as follows, respectively.

4.1.1. Methods based on Lyapunov-Razumikhin functions
The methods based on Lyapunov-Razumikhin functions for
MASs with bounded delays are developed as shown in
[110,111]. The authors in [110] consider an MAS with N
second-order agents and a first-order leader subject to a
bounded time-varying delay. To deal with the time-delay, a
neighbor-based coupling rule is introduced as follows:

ui(t) =Y az(x(e—7(t)) —x;(t—7(¢)))
JEN;
+ a0 (Xo(E—7(t)) —X;(t—7(t))) +k(vo —vi(t)), (44)

where x;(t) and v;(t) are the position vector and velocity
vector of the agent i, respectively, x,(t) is the position vector

of the leader, v, is the desired constant velocity, k > 1, and
the time-varying delay 7(t) > 0 is a continuously differen-
tiable function satisfying 0 < 7(t) < ¢. Defining X(t) =
X(t) = x(6)1, v(t) = v(t) —vol, x(t) = [x:(t),...,xn(t)]",
v(t) = [vq(t),...,vy(t)]T, the closed-loop system can be
given as follows:
Xo(t) = Cxc(t — 7(£)) + EX(t), (45)

where x,(¢) = k(). v O, C= [y % he=10 o)

Choose a Lyapunov-Razumikhin function candidate
V(x.(t)) = xI(t)Px.(t), where

[kﬁﬁ
P=|_ _

}, k>1, (46)
P P

is positive definite, P > 0 satisfies PH +HTP =1,, and
‘H > 0. Then, the following result can be readily obtained.

Theorem 4.1 ([110]). Suppose that the leader is globally

reachable in G. For the system (45), take k > k* = ﬁ +1,
p
where [i = Apax(PHHT P), and X, is the smallest eigenvalue

of P. Then, when 1 is sufficiently small, lim,_, . x.(t) = 0.

4.1.2. Methods based on Lyapunov-Krasovskii functionals

The methods based on Lyapunov-Krasovskii functionals are
developed as shown in [112]. To solve the consensus
problem of single-integrator MASs with both switching to-
pology and time-delay, a linear consensus protocol is in-
troduced in [112] as follows:

u(t) = ay(O)(x(t —7(8)) = x(t —7(0)),  (47)

jeN;
where x;(t) is the state of agent i. Denote x,(0)=
% S N x(0), 6(t) = x(t) — x,(0)1. Then, the closed-loop
system can be written as follows:
5(t) = —L,8(t — (t)). (48)

By defining a Lyapunov-Krasovskii functional candidate as
follows:

ot ¢ .
+/ 5 (s)R&(s)dsdo, (49)
—7Jt+0

where P > 0 and Q > 0, the following result can be readily
obtained.

Theorem 4.2 ([112]). Suppose the communication graph
G, is strongly connected and balanced. Under the con-
troller (47), the single-integrator MAS achieves average
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consensus asymptotically, if time-delay 7(t) < ¢, 7(t) <
€1 < 1, and there exist P > 0,Q > 0, R > 0 satisfying

—PL,—LIP+Q pPL,UT 0
- R(1—-c
v,e’p  _RO-c) 0
c
0 0 T"uTRu, L,
<0, (50)
where U; € R™("-1) js the first n — 1 columns of U, L, = UT
L,Uy, U is an orthogonal matrix satisfying UTOU = [”’" 1)
and
n—-1 -1 -1
-1 n-1 -1
0= )
-1 -1 n—1
4.1.3. Frequency domain methods

Another method to deal with MASs with bounded delays is
the frequency domain method. The authors in [113,114]
consider homogeneous MASs with special forms of time
delays, where agent dynamics are described as in (1) and
each agent collects a delayed measurement described as
follows:

N
zi(t) = Ix;(t — 7). (51)
=1
The following distributed controller is designed [113]

ui(t) =

where P, > 0 is the solution to

—aBTP.7(t), (52)

ATP. + P.A— P.BBTP, + ¢l =0, (53)

with € > 0. Then, the closed-loop system is given as follows:
gi(t) = Ag;(t) —

where ¢;(t) is defined in (7), ¥; = arg)\ € [—,¢], and

0<¢<3 If detljwl —A+ al\|e/¥")BBTP ] #0, the
system (54) is asymptotically stable. Let

|\ilae’ BBTP.g,(t — 7), (54)

0 A is Hurwitz.
W, =
e max{w € R|det(jwl —A) = 0} otherwise.
(55)

Then, the following result can be obtained.
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Theorem 4.3 ([113]). Suppose the graph G contains a
directed spanning tree. Given T satisfying

Vi
- 56
<5 (56)

there exist « > 0 and €* > 0 such that the MAS (1) with
controller (52) achieve consensus asymptotically for any T €
[0,7] and € € (0,&*].

77— Wmax

4.1.4. Contraction methods

Recently, the consensus problem of heterogeneous linear
MASs with three most common types of delays is investi-
gated in [115], and a contraction method is adopted. Con-
sider the heterogeneous linear MAS (22) with time delays.
Assume that (4;, B;) is stabilizable and (C;, 4;) is detectable.
To achieve consensus, the following controller is designed:

ui(t) = KyiX(t) + Kymi(t),
xi(t) = Aik(t )+B'U'( ) — Lii(¢) —yi(t)),

NZ U 771 U(S TbaTu))

where d; = Ejzl a;;, Tj(S,m;, 7;) is a delay operator defined
as follows:

(57)
Mi(t) = Smi(t

(1) for constant delays, T
0, TJ;

(2) for time-varying delays, Tj(S,n;,7;) = eSTU(t)nj(t - Ty
(t)), where 7; is piecewise continuous and has a dwell
time 7 > 0;

(3) for distributed delays, Tjy(S,n;,7y) fo 7;(0)eS?x
n;(t — 0)dd, with delay kernel 7; satisfying T,](G) >0,

6 €0,T] and [, 7;(6)d6 = 1.

(S, my,Ty) = e T'Jn](t —Ty), Tj €

Then one can obtain the following result.

Theorem 4.4 ([115]). Suppose the communication graph G
contains a directed spanning tree, there exist matrices (S, R)
such that o(S) C C,, A= max,c.s){Re[A(S)]} < B for
some constant 3, R # 0, and the regulator equation (26) has
a solution (II;,T;). Choose Ky;, K,;, L; such that A; + B;Ky;
A; — L;C; are Hurwitz and K,; =T1;— Ky;1I;, Under the
controller (57), the heterogeneous MAS (22) achieves
consensus exponentially, and there exists a constant vector
&o such that lim,_ . . |ly;(t) — ReSt&,|| = 0.

In addition, the consensus problem of discrete-time
MASs with time delays has also been investigated
[116-120]. The authors in [116] consider the consensus
problem of single integrator MASs with constant transmis-
sion and input delays. In [117], a consensus control strategy
is developed for single integrator MASs with time-varying
delays. The authors in [118] consider the second-order
MASs with constant communication delays and dynamically
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changing topologies. In [119], the consensus problem of
linear MASs with a constant communication delay is dis-
cussed. Recently, the authors in [120] consider heteroge-
neous linear MASs with time-varying communication delays
and constant input and output delays.

4.2. Unbounded delays

More recently, there are some works addressing coopera-
tive control of MASs with unbounded delays. For instance,
in [121,122], MASs with gamma-type distributed un-
bounded delays are used to model the car following sys-
tems. In [123], MASs with gamma-type distributed
unbounded delays are used to model multiple coupled
oscillators. In addition, single integrator MASs with time-
varying unbounded delays are considered in [124,125].
Cooperative control of homogeneous linear MASs with un-
bounded transmission delays and fixed topology is studied
in [126].

Consider a homogeneous general linear MAS (1), where
all eigenvalues of A are assumed to be on the imaginary
axis, (4,B) is controllable, and the communication graph
between neighboring agents contains a directed spanning
tree. The unbounded distributed transmission delay be-
tween neighboring agents i and j is described by a delay

kernel 7;, where f0+°° 7ij(z)dz =1 and the following as-
sumption is satisfied.

Assumption 4.5. There exist a nonincreasing non-negative
and Lebesgue integrable function p and a constant v > 0

such that T;(z) < e Vp(z),
N (58)
/0 P(2)](xi(2) = x(2))|dz < +oo.

To solve the consensus problem of homogeneous general
linear MASs with unbounded distributed transmission
delays, the following distributed low gain controller is
proposed [126]:

u;(t) = —puB"P i aj; /+Ock,j(z)eAZ(x,-(t —z) — x;(t — z))dz,
e (59)

where P is the solution to the following parametric ARE
with € > 0,

ATP 4+ PA— PBBTP = —¢P. (60)
Denoting £(¢) = [(x,(t) — xx(t)) ", (xy_1(6) — xu(£)) "],
the closed-loop system can be given by
+00
€O = (e Ao~ [ poln) & BETPeME(e — )
(61)

The corresponding characteristic matrix is
+00
H(s) =1® (s —A) + / u®(n)
0

® BBTPe~(I=4nqp, (62)

According to the low gain properties newly proved in [127],

one can obtain that for any u > W, there always exists

e*>0 such that Ve € (0,e*] and for any Re(s) >0,
det{H(s)} # 0. Then, via the stability theorem in [128], if
det{H(s)} #0, ¥s€ C", lim,_,.&(t) = 0. Then, one can
obtain the following result.

Theorem 4.6 ([126]). Suppose Assumption 4.5 holds. There
exists e* > 0 such that Ve € (0,e*], under the controller (59)
1

with p > Ry the homogeneous general linear MAS subject

to unbounded distributed time delays reaches consensus
asymptotically.

On the basis of [126], the COR problem of heterogeneous
linear MASs with unbounded distributed transmission
delays is studied in [129]. In addition, the authors in [130]
study the consensus problem of single integrator MASs with
unbounded time-varying transmission delays.

4.3. Remarks

This section reviews the cooperative control schemes for
MASs with bounded or unbounded delays. For MASs with
bounded delays, four typical methods are reviewed, namely,
the Lyapunov-Razumikhin functions-based methods, the
Lyapunov-Krasovskii functionals-based methods, the fre-
quency domain methods, and the contraction methods. For
MASs with unbounded delays, a newly developed low gain
approach is reviewed. It can be observed that the existing
works mainly focus on MASs with unbounded distributed
transmission delays under fixed communication topologies.
Many open problems on distributed control of MASs with
more general setting such as switching communication to-
pologies or time-varying unbounded delays, warrant fur-
ther investigation.

5. Event-Triggered Cooperative Control

Event-triggered control (ETC) is first introduced to reduce
the information flow in feedback control [32-34,131-133].
It has been shown that ETC strategies can be used to reduce
the number of controller update compared with traditional
periodic sampling, while maintaining the system perfor-
mance [32,33,134]. More recently, event-triggered strate-
gies have been widely adopted in cooperative control of
MASs to reduce the control law updates and information
transmission between agents and thus to increase their
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operation efficiency and lifespan, see, for example, [135-172]
and the references therein.

ETC strategies have been developed firstly for single-
integrator, double-integrator and then homogeneous MASs
[135-146]. In [142], a classical ETC strategy is proposed for
consensus of single-integrator MASs. The event-triggered
controller is designed as follows:

u(t) = = > ay(xi(th) — X)), (63)

JEN;

where t € [ti,t].,), t}, is the latest triggering instant of
agent j. Denote the measurement error as e(t) =
x;(th) — x;(t). Then, the following three basic event-trig-
gering mechanisms are proposed:

(1) The state-dependent triggering mechanism is given by

' ] - a(l —alN;
the1 = ti + inf {t — th|le ()12 > w
>t Wil

< ||z?<t>||}, (64)

where z;(t) is defined in (19).
(2) The absolute triggering mechanism is given by

tho = th+ inf{e—tile(@)] 2 0}, (65)
k

where 6 > 0.
(3) The time-dependent triggering mechanism is given by

thyr = b+ inf{e = tilllei()]| = ¢ +cre™}, (66)
k

where ¢y > 0 and ¢; > 0.

It is shown that under the ETC strategy (63) and the event-
triggering mechanisms (64)-(66), the MAS achieves con-
sensus asymptotically, meanwhile, the frequency of agent
control actuation is decreased significantly. Though the ETC
strategy proposed in [142] enjoys some advantages, it also
suffers from some limitations such as (i) continuous moni-
toring of neighboring agent states and (ii) Zeno behavior.
First, it can be observed from the event-triggering mecha-
nism (64) that when determining the next triggering in-
stant, continuous monitoring of neighbors’ states is
required. In other words, this mechanism will not be able to
reduce communication load. In order to reduce data
transmission, other two event-triggering mechanisms can
be used. In addition, a time-dependent threshold is pro-
posed in [143], which do not need to monitor neighbors’
states continuously. Second, the ETC strategy (63) with (64)
is effective for single integrator MASs. However, it fails to
work when agents are of high-order integrator and general
linear dynamics. More specifically, when consensus of the
concerned MAS is achieved, the threshold function will
approach zero but the error function may not converge to
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zero. Therefore, the event-triggering mechanism (64) may
lead to Zeno behavior which is not desirable.

Considerable effort has been devoted to developing new
distributed event-triggering mechanisms to avoid those
limitations. For example, in order to tackle the second
limitation, the following ETC strategy and event-triggering
mechanism are proposed [144],

u(t) = =Ky ay(x(th) —x(th),

JeN;

tirr = ti+ inf £ —tildillei(e)]|
t>l’;{
+hille)ll =8 D %) = x(©)lI2 +6 o,
JEN;
(67)
where &;(t) = [ef1(t), ..., e]; 1)(t),e];,1)(0), - ei(t)]”, ey

(t) = x;(tk) — x;(t), d;i = > jen, @iy by = \/Sjev,al, B and 6; are
positive constants. However, by using this event-triggering
mechanism (67), only bounded consensus rather than
perfect consensus can be achieved. To deal with this issue,
the authors in [145] propose a novel ETC strategy based on
the so-called combinational measurement approach. Define
the following combinational measurement error:

ei(t) = zi(ti) — z(¢). (68)
The control law for agent i is proposed as follows:

ui(t) = Kzi(ti), €€ [tk ticyr)- (69)
Then, the next triggering instant will be generated by
tiyr = ti + inf{t - tillea(t)ll > Billzi(t)Il} (70)
k

with 3; > 0. On the basis of the combinational measurement
approach developed in [145], the authors in [146] further
study the consensus problem of homogeneous linear MASs.
Compared with [144], the ETC strategies proposed in
[145,146] achieve perfect consensus asymptotically. It
should be noted that there is an error in the proof on the
exclusion of Zeno behavior in [145] which has been fixed
recently [173].

Then, based on the combinational measurement ap-
proach, some advanced event-triggering mechanisms are
proposed [147-151]. The event-triggering mechanism with
a timer is given as follows [147]:

t,';ﬂ =ti+ max{Tf(, Tits (71)
where

Th = inf{t— tillea(t)ll = villzi(t)l1}, (72)
k
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and 7; is the fixed timer acting as the lower bound of the
inter-event times. A unified framework of time- and event-
triggering strategy is given as follows [148]:

tii1 = max {tiiltfi{t[filqezi(t)”v 1zi(®)]]) = 0},

inf.{tlfiz(ta t;'ﬁTi) = 0}}7 (73)

L’>tl’(

where fil(‘lez{(t)||7 IZi(&)]1) = llex(®)| — aillzi(t)]| and fP(t,
ty, 7i) =t — t;, — 7;. To reduce the inter-event intervals, a
dynamic triggering mechanism with an additional internal
state variable is proposed in [149], and is given as follows:

tir = b+ g‘tf,{t — tilllea(®)* > &illzi(t)]|* + mei(t)},
k

2i(t) = —Bi0i(t) + 0:(8illz:(t)[|1* — llex(t)]|?),
(74)

where g;(0) > 0.

An approach to overcome the first limitation is the so-
called open-loop estimation approach [139,152-154]. The
event-triggered controller based on state feedback is given
as follows [139,153]:

ui(t) = pK Y (e (t)) — e txi(t))),  (75)
jeN;

where ¢ € [t}, th.1). The measurement error based on the
open-loop estimation is defined as

e(t) = eA(tft";)Xi(tli() —x;(¢). (76)

Then, the state-dependent triggering mechanism is
designed as follows [139]:

tipr = ti + inf{t — tilesi(t)Pey(t) > 0,2] (t)D2(¢)
t>t,’<
+ 6i}a
~ i i 4 i
zi(t) = ay(eAtthx(t}) — Mt (t],)),
JEN
(77)
where o; and §; are positive constants. A time-dependent

triggering mechanism is proposed in [153], and is given as
follows:

ther = th+ inf (¢~ thllea(@)] > cre ™}, (78)
k

where ¢; and « are positive constants. It can be observed
that in [139,153], the next triggering instant only depends
on the information of neighbors at their triggering instants,
and thus, continuous monitoring can be avoided.

Another approach to overcome the first limitation is
the so-called self-triggering mechanism, where the next

sampling instant is predicted based on the information at
the latest triggering instant and the knowledge of agent
dynamics [142,147,155-161]. A self-triggering mechanism
is presented in [142] to achieve consensus of single inte-
grator MASs. The next triggering instant is generated by

thir = ti + &, (79)

where ¢; satisfies
o1& = V/BilPi&i + @i, (80)

with p; = Y ien, (xi(tk) = X)), Pi = —INilpi + Y jen,0ps
®; = [Nipi| + Yjen, (pj(ti — th,)), and B; > 0. It has been
shown in [142] that the self-triggering mechanism is more
robust but will lead to more controller updates compared
with the event-triggering mechanism. However, the pro-
posed self-triggering mechanism in [142] cannot exclude
Zeno behavior. To solve this problem, a novel self-triggering
mechanism based on the combinational measurement ap-
proach is developed in [159] for single integrator MASs,
where a fixed timer is introduced into the proposed
mechanism. On the basis of [159], a self-triggering mecha-
nism is developed in [147] for heterogeneous linear MASs.A
distributed self-triggering mechanism is proposed in [174]
for resilient output synchronization of heterogeneous linear
MASs subject to denial-of-service (DoS) attacks. Moreover,
the authors in [175] propose a team-triggering mechanism,
which combines the advantages of both event-triggering
and self-triggering mechanisms.

It should be noted that most of the existing works on
ETC of MASs need to know the minimum nonzero eigen-
value of the corresponding Laplacian matrix A, and the
number of agents. In recent years, some fully distributed
adaptive ETC strategies are proposed. In [162,163], two
types of fully distributed ETC strategies based on node in-
formation and edge information are developed for homo-
geneous MASs, respectively. The fully distributed adaptive
event-triggered controller based on the node information is
given as follows [162]:

ui(t) = c;(t)Kz(t),
G(t) = e?z] ()2z(t),
where ¢;(t) is updated to be ¢;(t) and broadcast to neigh-

bors whenever c;(t) reaches previous ¢;(t) + k; r; > 0.
Then, the adaptive event-triggering mechanism is given as

(81)

ther = ti + inf {t — t}][|ex(t)]]
t>t;{

> 7i(0)1Z;(0)]] + 6i(t)e ™}, (82)

Where ’yl(t) = /m, 5,({:) = 1/m, 0 < g; < 1, 61’ > 0,
0i(t) = cilt) + 2Ly a;c(6), vi(t) = e (1 +6,(0)) | x:(t)]|1%,
and v;(0) > 0. The fully distributed adaptive event-triggered
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controller based on the edge information is given as
follows [163]:

t) = K> cy(t)ayz(t),
=1

ci(t) = ryaz[—pyc;(t) + 25 (6)Tz;(t)],

N i P 4 i
z;(t) = eAttx(t)) — e x (8,

(83)

and the adaptive triggering mechanism is given as

N
t11(+1 =t} + inf { Z (1 +5UCU Mex(t )Hz
j=1

i
t>tk

[UnN

zZaH )Tz >+ue”}, (84)

where 1 > 0 and v > 0. It should be noted that under the
proposed control strategies, the prior knowledge of global
graph information can be avoided.

More recently, cooperative control problems of hetero-
geneous MASs have been studied by using ETC strategies
[164-172]. Based on the distributed observer and the
combinational measurement approach, a distributed ETC
strategy is developed in [164], and is given as follows:

ui(t) = Kyi%(t) + Ko;v4(¢),

vi(t) = Agvi(t) + K, Z (Vj(th) — ViltR))

JEN;

+ap(v(ty) - Oi(tll;')))?

x(t) = Aixi(t) + Biuy(t) + E;v,(t)

+ Hi(ConiX;(£) + Dnjtti(t) + Fpni Vi(t) — ymi(t)),

(85)
where V;(t) is the state of the distributed observer. Define
the measurement errors as

eqi(t) = qi(tk) — qi(t), eu(t) = pi(ty) — pi(t),  (86)

where q,(t) = Sjox, (7(6) — 74(8)) and py(e) = v(e) — 7,(t)
Then, the event-triggering mechanism is designed as follows:

t;<|éqi(t) > (3;q(t)}, (87)

ther = ti + inf{t —
t>t1’(

where &,(t) = \/”eqi(t)HZ +ajlleu(0))? ai(t) = lla0)] +
apllpi(t)|| and B3; > 0. Under the proposed ETC strategy,
the output of each agent tracks the output of the leader
asymptotically. The authors in [165,166] propose adaptive
ETC strategies for heterogeneous MASs without and with
uncertainties, respectively. Based on the internal model

principle, the authors in [167] present a practical ETC
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strategy for a class of minimum-phase uncertain heteroge-
neous MASs.

In this section, various event-triggering mechanisms and
ETC strategies are reviewed. It should be noted that there
are two main issues in event-triggered cooperative control,
that is, continuous monitoring of measurement errors and
Zeno behavior. For the issue of Zeno behavior, some ad-
vanced event-triggering mechanisms are reviewed. For the
issue of continuous monitoring, advanced event-triggering
mechanisms based on the open-loop estimation approach
and self-triggering mechanisms are reviewed. Moreover, on
the basis of the above mentioned mechanisms, the studies
of adaptive event-triggering mechanisms are reviewed.

6. Conclusions

This paper presents a brief survey on recent advances of
distributed coordination of MASs. The particular attention
is given to cooperative control of MASs with various agent
dynamics, cooperative control of MASs with communication
delays and event-triggered cooperative control of MASs.

In cooperative control of MASs with various agent dy-
namics, we focus on consensus of homogeneous and het-
erogeneous linear MASs, COR of linear MASs, cooperative
control of MASs with unknown agent dynamics and coop-
erative control of MASs with nonlinear agent dynamics. In
addition, we also touch formation control and containment
control.

In cooperative control of MASs with communication
delays, approaches to convergence analysis and controller
synthesis of MASs with bounded communication delays
based on Lyapunov-Razumikhin functions, Lyapunov-Kra-
sovskii functionals, the frequency domain method, the
contraction method are first reviewed. Some more recent
results on cooperative control of MASs with unbounded
communication delays are also reviewed.

In event-triggered cooperative control of MASs, various
event-triggering mechanisms and corresponding ETC
strategies are reviewed. Moreover, two key issues in event-
triggered cooperative control of MASs, that is, continuous
monitoring and Zeno behavior have been highlighted.

It can be observed that although significant advances
have been achieved in distributed coordination of MASs,
there are still many interesting, important and challenging
problems deserving further investigation. Some of them are
listed as follows:

e Cooperative control with infinite transmission delays under
more general scenarios. It should be noted that the
existing works [126,129] focus on cooperative control of
MASs with unbounded distributed transmission delays
only under fixed communication topology. However,
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communication topologies among agents may change
dynamically when communication links experience fail-
ures or creations due to external disturbances or limited
communication/sensing ranges. Thus, it would be an in-
teresting topic to consider cooperative control of linear
MASs with unbounded distributed transmission delays
under switching topologies. On the other hand, the
existing works [130,124], only address cooperative con-
trol of single-integrator MASs with unbounded time
varying transmission delays. It is desirable to consider
MASs with more general agent dynamics and unbounded
time-varying delays.

e Cooperative control of MASs with more general nonlinear
dynamics. It is noted that the existing results on cooper-
ative control of nonlinear MASs are quite restrictive as
only very special nonlinear agent dynamics are consid-
ered. In practice, agent dynamics are often more general
and it is thus desirable to study cooperative control of
MASs with more general nonlinear agent dynamics.

e Performance of event-triggered cooperative control. As
mentioned in many literatures, compared with conven-
tional periodic sampling control, ETC can improve the
efficiency of resource utilization. However, to the best of
our knowledge, the quantitative performance comparison
between ETC and periodic sampling control in the con-
text of MASs is still an open problem. To evaluate how
much energy or bandwidth can be saved while guaran-
teeing a certain control performance, it is critical to de-
fine some proper quantitative performance indexes. Then
with such indexes, fair and more convincing comparison
can be made between ETC strategies and periodic sam-
pling control strategies.
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