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The data-driven output regulation problem via internal model principle has been studied by both policy-iteration method and value-
iteration method. But the results were limited to single-input single-output linear systems with zero input-output transmission matrix.
Recently, we have extended the existing results to multi-input multi-output linear systems with nonzero input-output transmission matrix
and improved the algorithm by value-iteration method. Since the policy-iteration method is simpler and has a much faster convergence
speed than the value-iteration method, in this paper, we further establish the results parallel to the value-iteration work by the policy-
iteration method. Compared with the existing policy-iteration results, we are able to handle multi-input multi-output linear systems with
nonzero input-output transmission matrix. Moreover, we further improve the existing policy-iteration algorithm by significantly reducing
the computational cost and weakening the solvability conditions. A numerical example is used to illustrate the advantages of the improved
algorithm.
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1. Introduction Since the output regulation problem arises from numer-
ous control problems such as aircraft landing and take-off,
Reinforcement Learning (RL) or Adaptive Dynamic Program-  vehicle cruise control, motor speed regulation [TTH13]], it has
ming (ADP) provides a way to iteratively solve a Ricatti equa- been well studied since 1970s by two model-based meth-

tion associated with a continuous-time linear control system  ods: The feedforward design method and internal model
without knowing some or all matrices defining the system  approach. Recently, there has been significant interest in
[1]. The approach was first developed to solve the Linear-  developing model-free approaches for solving the ORP. For
Quadratic-Regulator (LQR) problem [2-5]] and then the Out- example, [6] tackled the model-free ORP for linear systems
put Regulation Problem (ORP) [6H10]. There are essentially ~ with unknown state equation using the feedforward design
two ADP methods: Policy-Iteration (PI) method [2}3]] and approach by the PI method. Paper [[7] employed the internal
Value-Iteration (VI) method [4]. The PI method needs a sta-  model principle to address the ORP for completely unknown
bilizing control gain to start the iteration while the VI method Single-Input Single-Output (SISO) linear systems by the PI-
does not need it. On the other hand, the Pl method is simpler ~ based method. Paper [8] further adopted the VI method to
than the VI method and has a much faster convergence  solve the ORP with the feedforward design method. Later, [9]
speed. proposed both PI method and VI method to solve the coop-
erative optimal ORP for unknown linear multi-agent sys-
tems via the distributed internal model approach. However,
the followers in [9] are assumed to be SISO linear systems
Published 28 August 2025. This paper was recommended for publication in and the input-output transmiSSi(.m matrix of each follower is
its revised form by Special Issue Editors, Bin Xin and Hao Fang. assumed to be zero. Recently, using the VI method, [10] fur-
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transmission matrix, and improved the VI-based method
given in [9]] to reduce the computational cost and weaken the
solvability conditions.

Since the PI method is simpler than the VI method
and has a much faster convergence speed, it is interest-
ing to establish the results parallel to those in [10] by PI
method. More specifically, in this paper, we will extend the
Pl-based data-driven algorithm of [9] from SISO linear sys-
tems to MIMO linear systems. Besides, we allow the input-
output transmission matrix to be nonzero. Like in [9], the
PI algorithm comes down to iteratively solving a sequence
of linear equations. For a linear system with m inputs,
p outputs, n-dimensional state vector, and g-dimensional
exosystem, each equation in the sequence typically con-
tains FPDMPatl) | (m + g)(n + pq) unknown variables.
Thus, the computational cost can be quite high for a high-
dimensional system. For this reason, like in [[10], by defin-
ing a simplified dynamics for the learning phase, we are
able to solve our problem by solving a linear equation with
(tpq)(ntpgtl) (n + pqg)m + nq unknown variables and a

2
: . : + +pq+1
sequence of linear equations with @PO@4patl) \nknown

variables. As a result, this improved PI algorithm signifi-
cantly reduces the computational cost and weakens the solv-
ability conditions over the first PI algorithm. Moreover, if
the input-output transmission matrix is equal to zero like
in [6H9], the number of the unknown variables for the first
equation is further reduced to (ntpq)(ntpqil) | n(m+gq).In
this scenario, our improved PI algorithm will relax the solv-
ability condition more profoundly. It is also noted that, using
the same example in [[10] as a testbed, the PI method in this
paper takes seven steps to converge while the VI method of
[10] takes 293 steps to converge.

Notation. Throughout this paper, R,N, N, and C_ represent
the sets of real numbers, nonnegative integers, positive inte-
gers and the open left-half complex plane, respectively. |||
represents the Euclidean norm for vectors and the induced
norm for matrices. @ denotes the Kronecker product. For

b = [by, by, ..., b,]T € R™,
vecv(b) = [b?, byby, ..., byby, b2, bybs, ..., by_1 by, b2]T

n(n+1)

ER =2
For a symmetric matrix
P = [p;jlaxn € R,
vecs(P) = [P11)2P12) ) 2P1n P22 2D23) ) an—l,wpnn]T

n(n+1)
ER :2
Forv € R" |v|, = vTPv. For column vectors a,i =
1,..,s col(ay,..,a5) = [af, w,al”, and, if A = [ay, ..., a,],
then vec(4) = col(ay, ...,ay). For A € R™", g(A) denotes
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the set composed of all the eigenvalues of A. For matrices
A;,i = 1,..,n, blockdiag(4,, ...,4,,) is the block diagonal
Al
matrix [ ] I, denotes the identity matrix of dimen-
An

sion n.

2. Preliminaries

In this section, we summarize the internal model approach
for solving the output regulation problem based on [13]].

Consider a class of continuous-time linear systems in
the following form:

x=Ax+ Bu+ Ev,
y =Cx+ Du, (D
e=Cx+Du+Fv,

where x € R, u € R™ and y € RP are the state, control
input and output of the system, respectively, and v € RY is
the exogenous signal generated by the following exosystem:

v =Sv. (2)
Let y, = —Fv be the reference output generated by the
exosystem. Then, e € RP represents the tracking error of the

system.
The dynamic state feedback output regulation problem
is defined as follows.

Problem 1. Given plant and exosystem (2], design a

dynamic state feedback controller u of the following form:
u=Kx+K,z,
o (3)
z =G0,z + Gye,

with z € R"™ for some positive integer n, such that the
closed-loop system is exponentially stable with v set to zero
and lim;_,., e(t) = 0.

The solvability of Problem [I] needs the following
assumptions.

Assumption 1. The pair (4, B) is stabilizable.

Assumption 2. S has no eigenvalues with negative real
parts.

Assumption 3. Forall A € a(5), rank([A 'C’” g]) =n+np.

The concept of internal model is given as follows.

Definition 1. A pair of matrices (G, G,) is said to be a min-
imum p — copy internal model of the matrix S if
G, = blockdiag (8, ..., ), G, = blockdiag (o, ..., 0),

—_ N
p—tuple p—tuple

where [ is a constant square matrix whose characteristic
polynomial equals the minimal polynomial of S, and ¢ is a
constant column vector such that (8, o) is controllable.
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Let (G4, G,) be a minimum p — copy internal model of S.
We call the following system the augmented system.

x =Ax + Bu+ Ev,

z =0,z + Gye, (4)

e=Cx+Du+Fv.
Let & = col(x,2),Y = [ch (?1] and J = [an]. Then the state
equation of the augmented system ({4]) can be put into the fol-
lowing compact form:

. E
E=YE+Ju+ [GZF] V. (5)

Let K = [K,, K,]. Then, applying the static state feedback
control law u = K¢ to the augmented system (/5] gives

vy E
&= E+]u+[GZF]v

E
=Y +JK)¢+ [GZF] V. (6)

Remark 2.1. Generically, the minimal polynomial of S is
equal to the characteristic polynomial of S. Thus, typically,
n, = pq and hence the dimension of ¢ is typically equal to

(n + pg).

By [13} Lemma 1.26] and [13} Remark 1.28], the solv-
ability of Problem[I]is summarized as follows.

Theorem 2.1. Under Assumptions[1H3] let (G,, G,) be a min-
imum p — copy internal model of S. Then, the pair (Y,]) is sta-
bilizable. Let K be such thatY + ] K is Hurwitz. Then Problem[1]
is solved by the dynamic state feedback controller (3.

Since by Theorem[2.T} (Y, ]) is stabilizable, the following
Algebraic Riccati Equation (ARE)

Y'P*+PY +Q - P JR7YTP* =0, (7

where Q = QT > 0,R = RT > 0, with (Y, \/6) observable,
has a unique positive definite solution P* and an optimal sta-
bilizing feedback gain is given by K* = —R~1JTP* [14].

3. Adaptive Optimal Output Regulation via
Internal Model Principle and Policy Iteration

When the matrices 4, B, C, D, E, F are unknown, the output
regulation problem has been studied by a few papers using
various data-driven internal model approaches. For example,
paper [7] presented a PI-based method for solving the out-
put regulation problem of linear SISO systems with D = 0.
Reference [9] presented both Pl-based and VI-based meth-
ods for the cooperative output regulation problem for N SISO
linear systems, which contains the results of [7] as a special
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case with N = 1. Reference [10] further considered the adap-
tive ORP for MIMO linear systems with nonzero input-output
transmission matrix by an improved VI-based method with
less computing cost and milder solvability condition com-
pared with the VI method in [9]. Since the VI-based method
typically requires many more iteration steps to converge,
in this section, we will establish the results paralleled to
those in [10]] with PI-based method and make a comparison
between these two methods. To this end, we need one more
assumption as follows.

Assumption 4. The minimal polynomial of § is known.

Remark 3.1. Assumption[4] is made for two purposes. First,
under Assumption 4} the minimum p-copy internal model
(G4, G,) of the matrix S is known. Second, as pointed out
in [6], under Assumption |4} there exist known vector ¥(t),
known matrix S whose characteristic polynomial is equal to
the minimal polynomial of S, and unknown matrix G depend-
ing on v(0) such that
=30, v=G0
As aresult, can be recast as follows:
x = Ax + Bu+ Ev,
. (8)
e=Cx+Du+F7,

where £ = EG,F = FG are unknown matrices. In what fol-
lows, to save notation, we will still use while assuming v
is known.

3.1. PI-based data-driven algorithm

As is nonlinear, an iterative approach for obtaining P*
is given by solving the following linear Lyapunov equa-
tions [15]:

0= (Y +/K) P+ P.(Y +JK) + Q + K[RK,, (9a)
Kis1 = —R7YP, (9b)

where k = 0,1, .., and K, is such that Y + JK, is Hurwitz.

Equations and guarantee the following property for
k eN:

(1) o(Y +JK;) € C_;
(2) P* <Py <Py
(3) limy_o, K, = —R™YTP*, limy_,., P, = P*.

Then, from ([6]), we obtain

_y E
&= E+]u+[GZF]v

E
=Y +/KS +w + [GZF] v, (10)

where Y, =Y + /K.
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From (9] and ([10), we further obtain

|£(t+8D)]p, — €D,

t+6t T
- [|€|ykrpk+pkyk 2K +0)T]TBE
E T
+ 2v" P&|dr
G,F
t+6t T
= J; [_ |E|Q+KICRK’< + 2(K,¢§ —u) RKp 1€

+ ZUT[ E ]TP f] drt (11
G,F| 1

For convenience, for any vectors a € R", b € R™ and any
integer s € N, define
6, = [vecv(a(ty)) — vecv(a(ty)), ...,

vecv(a(ty)) — vecv(a(ts_1))]",

ty t, t T
Top = [f a®bd’[,f a®bd‘t‘,...,f a®bdr] .
to t ts—1

(12)
Then, and lead to
vecs(P,)

vee(s) | _ .

W E1T =%
vec [ ] P,
G,F

Y, = [V, WL W,

where

W =&,

Wi = —2lge(nsn, @ K R) + 2Ty (Inn, ® R),
W) = —2Iy,

@), = —Teevec(Q + K. RK,).

The solvability of is summarized by the following
lemma.

Lemma 3.1. The matrix ¥, has full column rank for any k €

Nif

n+n,)(n+n,+1)
2
+(m+n,)(m+q). 14

rank([F&», F{:u, FEU]) =

2544008 ISSN: 2301-3850

Proof. The proof of this lemma is similar to that of
[3} Lemma 6] and is thus omitted. DO

Remark 3.2. The difficulty of extending SISO systems to
MIMO systems is overcome by our adoption of minimum p-
copy internal model given in Definition [T} In contrast, [7,/9]
used one-copy internal model which cannot handle MIMO
systems. On the other hand, by defining the augmented sys-
tem [E]], we have made D part of the matrix J so that nonzero
D can also be handled.

3.2. Animproved PI-based data-driven algorithm

In this section, we will improve the Pl-based data-driven
algorithm presented in the last section.

First, like in [[10]], let us observe from that the matrix
P* and hence the optimal stabilizing feedback gain K* only
depend on the matrices Y and J and they have nothing to do
with the matrix [Gf F].

Thus, during the learning phase, we can replace the
dynamic compensator Z = G,z + G,e by the following
dynamic compensator ([15):

2 =G,2+ Gyy. (15)

Let & = col(x, 2). Then, we have

. A O0]. B E
¢= [GZC Gl] i [qu]u i [O] v
_YA E

= f+]u+[0]v

=Y +J(-K +u) + [5] . (16)

Thus, from (9) and ([16]), we have

1€(t +80)]p, — 1E(®)]p,

t+6t n n n
- [— (Elgsxtn, +2(-Kid + 17/ B

+ 207 [E]Tpé dt (17)
o] |

Combining and gives

vecs(P,)
vec(JTP,) .

P, _ =d,, (18)
Vec([o] Pk>
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where

N

= [PL 9292,

>

= 6@

>
Tw AN AR

2T (Insn, ® K) — 2Tg,,
—Zl"gv,

®) = —Tgzvec(Q + K RKy).

It is noted that there are three unknown matrices P, J
and E in (18]). Among these three matrices, only P, needs to
be updated with respect to k. Thus, we can first identify / and
E, and then simplify using identified J and E.

For this purpose, letting B, = I, in (17) gives

e+ 80, — O,

n+ny
t+ot | N ET" .

= f [€lyryy +2u"J7E + 207 [0] ¢ldr
t

Lot .
= j [€lyrsy +2uTJTE + 20TETx]dT.  (19)
¢

Since for any symmetric matrix H € R™", there exists a

n(n+1)
constant matrix M,, € R™*"= with full column rank such
that M,,vecs(H) = vec(H), (19)) leads to

vecs(YT +Y)
@'l vecgh) =9, (20)
vec(ET)
where
¥ = [Fff n+n :zrfu' Ll
' = §gvecs(lnyn,)-
The solvability of is guaranteed by the following
lemma.
Lemma 3.2. The matrix %' has full column rank if
n+n,)(n+n,+1)
2
+ M+ n,)m+nq. (21)

rank([Tgg, Ty, Iyp]) =

Proof. Given any column vector a € R™"z and any sym-
metric matrix H € R®*2X(™+12) it can be verified that
a"Ha = (a®a)Tvec(H) = vecv(a)Tvecs(H). Further, recall-
ir_1g that vec(H) = M, vecs(H) for some matrix My,
gives

(a ® )" My, vecs(H) = vecv(a)' vecs(H).

Since H can be any symmetric matrix, we obtain (a &
)M,y = vecv(a)” for any column vector a € R™*"z.
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Thus, [geMyy 4y = fg, where

ty N t, A ts a T
I = d, dr, ..., dr| .
F U; vecv(§)dt ftl vecv(§)dt J;S_l vecv($) ‘r]

0

Since My, is of full column rank, rank([['¢¢, I, Typ]) =
rank([f‘g, ¢ Tw])- The proofis complete. ]

Remark 3.3. The rank condition is milder than the
original one since the column dimension of the matrix
to be tested decreases by n,q. This improvement can be sig-
nificant when n,q is large.

Remark 3.4. If D = 0 as in [6H9], the rank condition
can be further relaxed to

n+n,)n+n,+1)
2
+nm + nq. (22)

rank([Teg, Dy D) =

Since in this case, ] = [ﬁ]
In contrast, even if D = 0, the rank condition in [9] is as
follows:
n+n,)n+n,+1)
2

+(m+n,)(m+q)

rank([l}f, Fgu, Ffv]) =

Thus, compared with [9], if D = 0, our method will relax the
rank condition more profoundly.

Once we have obtained J and E by solving (20]), the only
unknown matrix in is P. With the definition of M, ,
we have

vec(J"R) = Unsn, ® /" )Mpyp, vecs(Ry),

ET
([ ] Pk> <1n+nz ® [0] >Mn+nzvecs(Pk). (23)

From ((18) and ([23)), we obtain

B vecs(B,) = d;, (24)
where
Uy =63 + 2T (Iyan, @ KT My,
eru( n+n, ®] )Mn+nz
T
- Zrév <In+nz X [0] )Mn+nz'
d), = —Tgzvec(Q + K RKy).

The solvability of is guaranteed by the following lemma.
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Lemma 3.3. The matrix ‘i’,’{ has full column rank for any k €
. N — (mny)(n+ng+1)

N Ifrank(l“ff) ="

Proof. The proof of this lemma is similar to that of [3|

Lemma 6] and is thus omitted. O

Remark 3.5. Since ¥, has full column rank once is sat-

isfied, (21)) is the only requirement to ensure the solvability

of and (24).

Remark 3.6. Inourimproved Pl algorithm, forallk € N, we
have reduced the problem of solving linear equation to
that of solving . Thus, the number of unknown variables
decreases by (n + n,)(m + q) and the computational cost
decreases significantly.

Our improved Pl-based data-driven algorithm is sum-
marized as Algorithm T}

Remark 3.7. The results here are parallel to those in [10]
obtained by VI algorithm. In comparison with the VI method
in [10], the advantages of Pl method are that the algorithm is
simpler and the convergence rate is much faster. Neverthe-
less, these advantages are achieved at the cost of requiring
a known initially stabilizing feedback gain. In contrast, the
VI algorithm in [10] does not require an initially stabilizing
feedback gain to start the iteration.

For comparison of the two algorithms in this section, let
us consider a case withn = 10,m = 8,p = 5,q = 20,

Algorithm 1. Improved Pl-based Algorithm for
ORP.

1: Find a feedback gain K, such thatY + JK, is a Hurwitz
matrix. Apply an initial input u° = Koge + & with
exploration noise §. Collecting data starting from
arbitrary t; until the rank condition is satisfied.

2: Solve J and E from (20). k « 0.

3: repeat

4:  Solve P, from (24). Kjpy = —R"YTPo.k « k + 1.

5: until ||, — P,_,|| < & with a sufficiently small constant

e>0

6: K* =K}, K;]=—R TP,

7: Obtain the following optimal controller

u' =Kix+ K,z (25)

Table 1. Comparison of computational complexity.
Algorithm Equation label ~ Unknown variables
First algorithm (13) 3510
Improved algorithm 124) 1830

2544008 ISSN: 2301-3850

Table 2. Comparison of rank condition.

Algorithm Rank condition for data collecting

First algorithm rank([Tgg, ey, Tep]) = 3510

Improved algorithm rank([l“seé, Féu, I'yw]) = 2510

n, = 50. Tables[I]and[2]show the numbers of unknown vari-
ables and rank conditions of the two algorithms, respectively.
The contrast is stark.

4. An Application

In this section, we use an example to illustrate the effective-
ness of our proposed improved Pl-based data-driven algo-
rithm.

Consider a linear system in the form of with the
matrices 4, B, C, D, E, F as follows.

-1 1 01 0 O
A= , B= , E=
PR N A

10 0 0 -1 0
c=[ ] D= ] F=[ ] 26)
0 1 0 0 0 -2

The matrix S for the leader ([2) is as follows:

s=|% 1 27
=11 0]- (27)

It can be verified that Assumptions are all satisfied. The
minimal p — copy internal model of S used in this example is
given as

0
G =1,QS5, G2=Iz®[1]- (28)
Solving ARE with both Q and R being identity matrices
gives K* = —R™1JTP* as follows:
-0.2528 -3.2586 0.1276 —0.2507 0.3905 —1.3298
K= .
-1.1406 -0.2528 0.4131 -1.3230 -0.0330 0.2793

To implement Algorithm [T} we perform the learning process
with the initial input u® = K,& + 6, where

—0.9721 —-7.0206 —4.9093
K, =
—4.9794 0.0289

—1.9473 —10.9351 5.0930 4.1086

—3.8948 -—2.0526 —11.0652]

is a stabilizing initial gain and the exploration noise ¢ is as
follows:

_ sin(—=3t) + sin(—t) + sin(2t) + sin(5t)
B [sin(—7t) + sin(=3t) + sin(2t) + sin(4t)|
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Let tj = 0.2j sec,j =0,1,...,s with s = 40. Then, with
the initial condition £(0) = 0,v(0) = [3, 4], the trajectory
data under the initial input u° between [0, 8] s are collected
to fit the rank condition (21

Let ¢ = 0.01. Then it takes seven steps for the conver-
gence criterion |P, — P,_;| < ¢ to be satisfied. The com-
parison between P, K, and their target values P*, K* for the
improved PI-based data-driven Algorithm([I]is given in Fig.[1}
and we obtain the learned optimal control gain K, after seven
steps of iteration as follows:

-0.2528 -3.2586 0.1276 —0.2507 0.3905 —1.3298
K, = .
—1.1405 -0.2528 0.4131 -1.3229 -0.0330 0.2792
20 6 5]
5 - 2P| —O K- K
\ st )
150 !
\ 4 !
\ \
10 \ 3 !
\
=] 2 t{
5 \ '
\ 1 \n
o_ N
0 o —— B g pp—
0 2 4 6 8 0 2 4 6 8
Number of Iteration Number of Iteration
Fig. 1. Comparison of Py, K, and their target values P*,K* for Pl-based
method.
4¢ 3
-0 12— P é; -0 1K — K|
I 257
3H
1 2
\ 1
2h1 15!
\ 1
1 1 'l
1
t{ 05¢ !
o B0Bppannaaann LT T———

0 100 200 300 0 100 200 300
Number of Iteration Number of Iteration

Fig. 2. Comparison of Py, K, and their target values P*, K™ for VI-based
method in [10].

10

T
Data collecting

Controller Updated

0 5 10 15 20 25 30 35
Time

Fig. 3. Plots of the first component of y and y,, for PI-based method.
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15

T
Data collecting

10 Controller Updated

-10

15 | | | | | |
0 5 10 15 20 25 30 35
Time

Fig. 4. Plots of the second component of y and y,, for PI-based method.

Remark 4.1. The same example was solved in [10] by the
improved VI algorithm, which takes 293 steps to converge as
shown in Fig. [2] while the improved PI algorithm here only
takes seven steps to converge.

The control policy is updated to the learned optimal
controller at 8s and the evolution of the first and sec-
ond components of y and y, is shown in Figs.[3|and[4} respec-
tively. As expected, the improved PI-based algorithm works
satisfactorily.

In this example,n = 2,n, = 4m = 2,p = 2,q = 2.
Thus, by using instead of (13), we reduce the unknown
variables from 45 to 21.

5. Conclusions

In this paper, we have investigated the model-free ORP via
the internal model principle and policy iteration method.
We have first extended the PI-based data-driven algorithm
of [9] from SISO linear systems to MIMO linear systems.
Besides, we allow the input-output transmission matrix to
be nonzero. Then, like in [[10], by separating the dynamics
between the learning phase and the control phase, we have
further proposed an improved algorithm that has signifi-
cantly reduced the computational cost of the first algorithm
and hence weakened the solvability conditions of the first
algorithm. The extension of our PI approach to the cooper-
ative output regulation problem of unknown linear multi-
agent systems is underway.
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